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ABSTRACT

In this paper, we introduce a generalized framework for measurable multi-functions defined on measur-
able and topological spaces, extending several classical concepts of measurable selection theory. The
proposed approach unifies measurable multifunction, generalized graph measurability, and selector
properties within a common setting that includes separable and non-separable spaces as particular cases.
We establish spaces as particular generalized conditions, under which measurable selectors exist and in-
vestigate the preservation of measurability under compositions, products, restrictions, and inverse
multi-functions. Furthermore, novel characterizations of generalized measurable graphs and stability
properties are obtained in product measurable spaces. The framework is further extended to generalized
fuzzy measurable multi-functions, providing a natural connection between classical multifunction the-
ory and fuzzy set-valued analysis. Several applications are presented to measurable optimization, differ-
ential inclusions, fixed-point theory, stochastic systems, and generalized Aumann integration. The ob-
tained results not only generalize many well-known measurable multifunction theorems but also pro-
vide a unified theoretical foundation for future developments in measurable analysis and its
applications.

Keywords: Generalized measurable multi-functions, Measurable selectors, Graph measurability,
Product measurable spaces, Topological spaces, Fuzzy measurable multifunctions, Generalized Aumann
integral, Differential inclusions, Fixed-point theory, Measurable optimization

1.Introduction

Measurable multi-functions also known as set-valued measurable mappings are an important part of modern
mathematical analysis and show up in measure theory, topology, optimization, control theory, probability,
and mathematical economics. Unlike standard functions that assign a single value to each point, this extra
flexibility makes them really useful for modeling uncertainty, incomplete information, and systems with
multiple possible outcomes.

The key problem in measurable multifunction theory is the measurable selectors problem, which asks when
we can pick a single-valued measurable function out of a measurable multifunction. Classical measurable se-
lections theorems give powerful conditions for when such selections exist, and they are widely used in opti-
mization, stochastic processes, variational analysis, differential inclusions, game theory, and economic equi-
librium models. These results basically form the backbone of many modern mathematical models that deal
with uncertainty and set-valued behavior.

Most existing measurable selection results on fairly strong assumptions, like standard measurable spaces
Polish or complete separable metric spaces, closed or compact-valued multifunctions, or strong graph mea-
surability conditions. These assumptions can be quite limiting when working in more general topological
fuzzy environments, hybrid measurable systems, or newer applications where such nice structure doesn't al-
ways hold. Many multifunctions that appear in modern models can't be properly handled using the classical
framework.

In this work, we introduce a generalized framework where measurability is described using generalized in-
verse-image operators and generalized measurable structures on topological measurable spaces. This extends
the classical notion of measurable multifunctions, still keeping the K-analytical properties needed for mea-
surable selection theory. It also provides a unified setting where many existing measurable concepts natu-
rally appear as special cases.

Although there has been a lot of research on measurable multifunctions and measurable selectors, not much
attention has been given to generalized measurable structures that combine topological. In particular, a uni-
fied treatment of generalized graph measurability, product multifunctions, and composition results is still
missing..
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The main focuses of this paper is to established extended theory of
measurable multifunctions and measurable selectors in topological
measurable spaces. We present new definitions of extended measur-
able multifunctions and extended measurable selectors, and then build
a series of fundamental results on graph measurability, composition,
product mappings, stability, and approximation. The framework is de-
signed to extend classical measurable selection theory while working
in a much broader setting.

The principal results of this paper are as follows:

* We propose an extended measurable multifunction structure in
topological space.

* We introduce broader measurable selectors under less restrictive
conditions used in classical theory.

* We establish new outcomes on broaden graph measurability, com-
position, and product.

* We present examples that show the formulate more broadly struc-
ture works in addition to classical theory.

This analysis continues to according to the following structure. The
section-2 present a specific review of recent literature and analyzed to
development of measurable multifunction theory across history. In the
third section the theoretical structure are investigated, in addition to
fundamental outcomes. The fourth section emphasizes related to mea-
surable selections and measurable multifunction theorems and their
proofs. The section fifth highlights applications and their examples.
And the lastly section six concludes the investigation with few impor-
tant major conclusions and suggested structure for future work.

2. Literature review

Measurable multifunctions and measurable selection theory have be-
come important implements in modern set-valued analysis, particu-
larly in optimization, differential inclusions, control theory, integra-
tion theory, and mathematical economics. Classical measurable selec-
tion results investigated the basic relationship between measurable
set-valued mappings and their single-valued measurable selections.
Kuratowski—Ryll-Nardzewski selection theorem established a suit-
able measurability under a fundamental framework for obtaining
measurable selectors and closed-valued suppositions. Latest evolution
concentrated on extensive these concepts to more general range spa-
ces, weaker measurability conditions, and applications containing in-
finite-dimensional systems.

Candeloro, Di Piazza, Musial, and Sambucini (2018) [2] established
integration of multifunctions with closed convex values in arbitrary
Banach spaces. Their work analyzed multifunction integration within
classical weakly compact convex-valued arrangements and studied
the relationship with several notions of integrations. Their results es-
tablished evidence that the existence and properties of appropriate se-
lections theorems are connected.

Ararat and Rudloff (2015) [!] analyzed the study of the theoretical
foundations of Aumann integration, proposing a characterization for
set-valued measurable mappings. They investigated a characterization
of Daniell-Stone type of Aumann integrals for multifunctions holding
closed, convex upper set values. Their result showed that the Aumann
integral conserves important structural holding such as closedness and
convexity, and equipped sufficient conditions which is a set-valued
functional can be illustrate as an Aumann integral. This work studied
provide the close relationship of set-valued integrations, measurable
multifunctions, and measurable selectors. This research illustrated the
use of closely between integrable of the associated multifunction.

In other important developments presented in this study, Candeloro et
al. investigated relationship between gauge and Pettis integrals for
multifunctions with weakly compact convex values in general Banach
spaces. They examined decomposition and selection theorem con-
cluded and verified How can used to classify different forms of multi-
function integrability in integrable selections these research outcomes
are particularly significant when the range space is not necessarily
separable. The theoretical framework of multifunction integration and
the important role play of future advantage in measurable multifunc-
tion theory.

https://www.mathsjournal.com

loffe (2024) 8- 121 investigated problem of maximum principals for
optimal control defined by differential inclusions these dynamical
systems. This study indicated necessary and sufficient conditions en-
gure the existence of an optimal trajectory and an optimal control
strategy under differentia inclusions controlled by via set-valued
maps. The investigator was able to obtained necessary optimality con-
ditions for a wide range of control systems. The importance of mea-
surable multifunction and measurable selection within frame work of
differential inclusions was highlights in this work.

Osineko and Streit (2024) investigated can be obtained constructively
rather than merely through abstract existence theorems when measur-
able selectors of set valued maps Their study is inspired by optimal
central theory, discontinuous systems and differential inclusions,
where a selector significance, an admissible central or a feasible
trajectory.

Di Piazza and Sambucini (2025) [4] studied investigated the concept
of Portegrable selections for multifunctions in arbitrary Banach spa-
ces These studied generalized the range of measurable selection the-
ory from separable spaces to general Banath spaces. They established
sufficient conditions for deriving integrable selectors for multifunc-
tions whose scope consists of closed and convex sets. The researched
investigated the connections between measurability, integrability and
the topology of Banach space.

This examined made significant development to the advancement at
measurable multifunction theory in infinite-dimensional spaces.
Cascales, Kadets and Rodriguez (2010) [3] established measurable se-
lectors of multifunction with condition of weakly compact values in
particularly Banach space. They describe sufficient condition for ob-
taining multifunction for strongly measurable selectors and showed
that scalarly measurable multifunctions can exhibit scalarly measur-
able selections without assuming separability on the range space. This
study has extended the applicability of measurable selection theory to
general Banach space.
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3. Theoretical framework

T

3.1 Preliminaries

Let (M, Y) be a measurable space and X is a non-empty topological
space, where X is a complete separable metric space and B(X) is the
letting c-algebra. We denote by 2* the collection of all subsets of X,
and by CI(X), Cb(X), Ck(X) the families of closed, closed bounded,
and compact subsets of X respectively, for a Banach space X.
Definition 3.2 (Measurable Space) :

A pair (M, Y) is called a measurable space, where M is a non-empty
set and Y is a c-algebra of subsets of M. Thus:

*Mey,

*AeYy=>M\Ae}

*If Ay € Y forn € N, then

Upo An€X

Definition 3.3 (Borel c-algebra) :

If X is a topological space, the Borel 5-algebra on X, denoted by B(X),
is the smallest c-algebra containing all open subsets of X.

Definition 3.4 (Measurable Function) :

A mapping

f: (M, %) — (X, B(X)) p = Beeta

£1(B) € Y. for every B € p(X)

Definition 3.5 (Power set and closed sets) :

For a set X, denote by 2* the family of all subsets of X. If F(X) de-
notes the family of non-empty closed subsets of X, then:
F(X)={ACX:A+#¢,Aisclosed} (3.5.1)

Definition 3.6 (Multifunction) :

A mapping

a1 235 *[920Z/01

IE YO ‘asn Jo

FFX->X

F:(y)EX yeY
F:y—2%
Definition 3.7 (Graph of a Multifunction) :
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The graph of F: Y — Xis:

Gr(F) ={(y.x) eYxx:x € F(y)} (3.7.1)

Definition 3.8 (Graph-measurable Multifunction) :

A multifunction F : Y — X is called graph-measurable if
Gi(F) € ¥ ® B(Y)

Definition 3.9 (Measurable Multifunction) :

A multifunction F : Y — X is called measurable if
FlD)={yeY:Fy)N D¢} €3 (3.9.1)

Definition 3.10 (Selection) :

A mapping f1Y - X

fly) €F(y),Vy€y

fesel(F)

Definition 3.11 (Measurable Selector) :
A selection f:Y — X of F is called a measurable selector if f is mea-
surable and

fy)eF(y),Vyey

f €seln(F)

Definition 3.12 (Casting Representation) :

A sequence fn, > 1 of measurable selectors of F is called a casting
representation of F if:

Fy)={fu(®»:n 2 1}, Vyey@.12.1)

Definition 3.13 (Measurable Selector Set) :

The collection of all measurable selectors of F is denoted by:

F(x) =cl{f,(x):n € N}, u-almost every x € ¢

This construction is fundamental for the integration theory of multi-
functions. It derive to many questions about measurable multifunc-
tions to questions about countable families of measurable functions,
enabling the use of classical measure theory.

Theorem 4.3 (Generalization of Graph Measurability) :

Let F : y —X be a closed-valued multifunction, then if F is complete
measurable space:

F is measurable (=) G(F) € Y ® f (X)

where

Gi(F) = {(y.x) ey x X: x € F(y)}

Proof:

Let F is closed-valued

and x € F(x) if and only if

g(x,F(x)) =0.

So,

GF) = {(y,x) : g(x,F(x)) =0}
Now define

¢($.x) =g(x,F(x))

Measurability of F and separability of X is measurable of ¢.
¢ ({0} € X ® B

But
¢ ({0} = G, (F).
So,
G(F) € ¥ ® BY)

Product c-algebra is measurable and complete measurable space and
separable or Souslin.

Corresponding projection theorems are also projection measurable.
Hence,

F1(V) € ¥ therefore F is measurable.

Theorem 4.4:

Let F : y— Xis a measurable multifunction and
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Sel(F) = {f: y — X: f is measurable and f(y) € F(y)}

Definition 3.14 (Integrable Selection) :

If X is a Banach space and F : y — X, a measurable selector f € Sel,
(F) is called an integrable selection if

Ly Il dy(y) <0
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4. Main results

4.1 Theorem :

Let (y, Y)) be a measurable space, and let X be a Souslin. If F:y —
CI(X) is a weakly measurable multifunction with non-empty values,
then F admits a measurable selector.

Proof:

Let us construct a sequence of measurable functions recursively, now
we define {f,} using the Borel structure of X. For a fixed countable
dense set {yi} in Y, Let us define:

f1(x) = yk

where k = min{i =F(x) N D(yj, 1} # ¢ (4.1.1)

This defines a measurable function satisfying:

g(F (), fr(x)) < =

for each n. The pointwise limit:

f(x) = limy o0 (%)

is a measurable selector. Completeness of X ensures convergence, and
the measurability of each f, propagates to f. In this way F admits a
measurable selector.

Theorem 4.2 (Generalization of Casting Representation) :

Let F : y — Cl (X) be a measurable multifunction with values in a
Souslin space X. Then there exists a countable family {f, : n € N} of
measurable selectors of F such that:

F(x) = cl{fy(x) : n €N}

for p-almost every x € y
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4.2.1)

h : X — Z is a continuous mapping where X, Z are Souslin. Then
define:

(h oF) (x) = {h(x) : x € F(x)}. Then h o F is a measurable multifunc-
tion, and another is:

f:y — X, F is a measurable selector then

hof:y— Zthenh o F is a measurable selector.

Proof: Let us suppose f, is selector of F,

f(x) € F(x), applying h

h(f(x)) €{h(x):x € F(x)}

Hence

(hof) (x) e F(hoF) (x).

So, h o fis a selector. Now f is measurable and h is continuous, h o
is measurable.

hofe Sely, (hoF).

Now taken any D for measurability of multifunction:

then

(ho F) (D) = {x : h(F(x)) N B # ¢}

If h is a measurable isomorphism, then

(hoF) '(D)=1f"1(h"(D))

because h™!(D) € B(x) and F is measurable.

F-(h'D)ey

So,

Thus h o F is measurable.

F is measurable => h o F measurable

And

f € Sel,(F)= ho f&Sel,, (ghoF).

= h o F is measurable selector

e SULIQY, oY) 29§ ‘[0
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5. Applications

5.1 Optimal control

Aim of this study in optimal control theory admitted controls can be
represented by a multifunction measurable control function V v(t) in
the constraint set V(t), which minimized the cost functional.
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Associated with controlled dynamical systems can be explain the
means of multi-functions. Therefore, investigated the presence of an
optimal control requires the evidence of measurable selector of the as-
sociated multifunction that yields the minimum value of the cost
functional.

https://www.mathsjournal.com

5.2 Connections to stochastic

The established here in framework can naturally be increased to sto-
chastic settings. Assuming a set-valued stochastic process {F(t, X) : x
€ [0, X], x € X'y. Such a requires connect measurability with respect
to the product c-algebra on [0, X] X . The measurable selection re-
sults can be applied to obtain measurable selection of F. This gives a
foundation for investigating stochastic differential inclusions of the
form:

dy(x) € F(x,y(x))dt +G(x,y(x))dW(x)

where W(x) denotes wiener process. It required measurable selections
of both F and G. on suitable measurability and selection properties of
the multi-functions presented.

5.3 Random fixed point problems

Measurable selection theorems are applied to investigate to measura-
bility of the fixed-point mapping another classical application of mea-
surable selection theory. An upper-semi-continuous multifunction
mapping a compact and convex subset of a locally convex space into
itself with non-empty and convex values possesses at least one fixed
point. We established a parameterized fixed-point theorem including
measurable selections.

5.4 Game theory

In a parameterized game, a player's admissible strategy is associated
by a multifunction. It provides a measurable best response function
and correspondence, can then yield a Nash equilibrium. Recently
studies specifically connect measurable-selection-valued associated
with fixed and applications to stochastic games.

5.5 Dynamic programming

In present investigate a measurable optimal policy using the methods
of fixed points establish stationary optimal policies. The applications
to random dynamic programming and measurable stationary with the
help of optimal programs have been studied through random fixed
point methods.

5.6 (Fuzzy and random set-valued models)

Fixed point methods and measurable selections can be also merged
with fuzzy set-valued operators In recent studies has explicitly assum-
ing fixed point theorems for measurable selections arising from fuzzy
set-valued operators on polish spaces.

6. Conclusions

In this study, concepts of fundamental structures applications of mea-
surable multi-functions and measurable selectors have been estab-
lished systematically. This incorporates measurable multi-functions
and measurable selector theorems applicable to Polish space and
Banach spaces. Four theorems are analyzed in detail.

This examined the incorporation the Casting Representation
Theorem, The Kuratowski—Ryll-Nardzewski Selection Theorem,
Extension of measurability of graph to Banach space, Polish space, as
well as Aumann integral and its properties. Application of measurable
multi-functions and measurable selectors related theorems in various
fields of research have been evaluated to highlight their contributions
in across theoretical and applied disciplines. These applications ex-
tend to fixed point theory, optimization, control theory, game theory,
dynamic programming, fuzzy and random set-valued models, and in
another different-different areas.
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