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Abstract

The contamination of both the Difference-GMM and the System-GMM moment conditions depends on

the error process only through three consecutive autocovariances. The contamination of the level mo-

ment condition at instrument depth s is the exact negative of the contamination of the differenced mo-

ment condition at depth s+1, whatever the error process, so the System-GMM level block offers no

first-order protection against measurement error. In moving-average and autoregressive error processes

carry opposite practical implications: under an MA(q) error, instruments at depth q+3 and beyond are

exactly valid and consistency is recoverable at finite cost, whereas under an autoregressive error no fi-

nite truncation restores validity. Monte Carlo evidence confirms the closed-form expressions to within

simulation error and establishes a result of direct practical importance: a minimum-depth rule calibrated

to autoregressive error is not merely insufficient under moving-average error but actively harmful, pro-

ducing bias up to eight times larger than the conventional instrument set it was intended to improve

upon. We therefore characterize the lag profile of the contamination sequence, which terminates under

MA(q) and decays geometrically under AR(1), as a diagnostic that renders the maintained error-process

assumption an empirical question rather than an untestable premise.

Keywords: Dynamic panel data, Measurement error, Generalized method of moments, Instrument va-

lidity, Moving-average processes

1. Introduction

Dynamic panel data models are routinely estimated by the generalized method of moments, using internal

instruments constructed from lags of the dependent variable. The Difference-GMM estimator of Arellano et

al. (1991) 
[1]

 instruments the first-differenced equation with sufficiently deep lagged levels; the System-

GMM estimator of Arellano et al. (1995) 
[2]

 and Blundell et al. (1998) 
[3]

 augments this with a level equa-

tion instrumented by lagged first differences. Both rest entirely on orthogonality between the chosen instru-

ments and the model's composite disturbance.

That orthogonality fails when the dependent variable is measured with error. Griliches et al. (1986) 
[4]

 estab-

lished the consequences of errors-in-variables for panel estimation, and Biørn (2000, 2012) traced how mea-

surement error corrupts the instrument sets on which dynamic panel GMM depends. Wansbeek (2001) 
[5]

characterized the moment conditions available under mismeasurement, and Xiao, Shao, and Palta (2010) 
[6]

developed instrumental-variable and GMM procedures for panels with measurement error under more gen-

eral error structures. Lee, Moon, and Weidner (2012) 
[7]

 and Lee, Moon, and Zhou (2017) 
[8]

 take up the

problem in fixed-effects and large-N, large-T settings respectively. Staudenmayer et al. (2005) 
[9]

 analyse

measurement error in linear autoregressive models directly.

A companion analysis derives, in closed form, the contamination of both estimators’ moment conditions

when the measurement error follows a stationary AR(1) process, showing that the contamination vanishes at

only two points in the persistence parameter, and that the shallowest lag of each instrument set is contami-

nated whenever any measurement error is present. Those results, like the wider literature, are conditional on

the assumed parametric form of the error process. This is an uncomfortable position for applied work. The

measurement-error process is by construction unobserved, so the maintained assumption cannot be checked,

and there is no particular reason to expect reporting lags, periodic revisions, or aggregation across sources to

generate autoregressive rather than moving-average dependence.

This paper shows that the parametric assumption is dispensable in the derivation and partially testable in the

data. Section 3 establishes that the contamination of both moment conditions is a function of three consecu-

tive autocovariances of the error process and of nothing else. The AR(1) results follow by substitution, as do

the corresponding results for any moving-average process. Three findings emerge that are not visible within

a single parametric family.
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The contamination of the System-GMM level moment condition at

depth ‘s’ equals minus the contamination of the Difference-GMM

condition at depth s+1, for every covariance-stationary error process.

The additional block that motivates System-GMM therefore carries

the same contamination as the block it supplements, shifted by one

lag and with the sign reversed, and offers no first-order protection.

Under an MA(q) error, the contamination is exactly zero from lag

depth q+3 onward, so discarding a finite number of shallow instru-

ments restores exact validity and consistency. Under an AR(1) error

the contamination is geometric in the depth and never reaches zero, so

no truncation suffices. The two cases are usually conflated under the

informal heading of serially correlated measurement error, yet they

support opposite recommendations. From the simulation a minimum-

depth rule calibrated to autoregressive error discard the shallowest lag

is not merely insufficient when the error is moving average. It is ac-

tively harmful at moderate moving-average dependence it produces

bias roughly eight times larger than the conventional instrument set it

was meant to improve upon, because the lag it retains carries contam-

ination that grows with the dependence parameter while the lag it dis-

cards carries contamination of the opposite sign. Since the practi-

tioner cannot observe which process generated the error, this is an ar-

gument for the deeper rule, or for the diagnostic of Proposition 3.10,

rather than for the shallower one.

The remainder of the paper is organized as follows. Section 2 states

the model and assumptions. Section 3 contains the theoretical results.

Section 4 reports the Monte Carlo evidence. Section 5 concludes.

2. Model and assumptions

Consider a panel of N cross-sectional units observed over T periods, i

= 1, . . . , N and t = 1, . . . , T. The latent dynamic panel data model is

𝑦
𝑖𝑡
* = 𝜌 𝑦

𝑖, 𝑡 − 1
* + 𝛼𝑖 + 𝑢𝑖𝑡, |𝜌| < 1 (1)

where 𝑦
𝑖𝑡
*
 is the true but unobserved dependent variable, 𝛼𝑖 a time-in-

variant individual effect, and 𝑢𝑖𝑡 an idiosyncratic disturbance.

Assumption 2.1 (Structural innovations). 𝐸 (𝑢𝑖𝑡 )= 0, Var(𝑢𝑖𝑡) = 𝜎𝑢
2
,

Cov(𝑢𝑖𝑡, 𝑢𝑖𝑠) = 0 for t ≠ s, and Cov(𝑢𝑖𝑡, 𝛼𝑖) = 0.

The observed variable is contaminated additively,

𝑦
𝑖𝑡

= 𝑦
𝑖𝑡
* + 𝑒𝑖𝑡 (2)

Assumption 2.2 (General stationary measurement error). The mea-

surement error {𝑒𝑖𝑡} is covariance stationary with 𝐸 (𝑒𝑖𝑡 )= 0 and auto-

covariance sequence

𝛾
𝑘

= 𝐶𝑜𝑣(𝑒𝑖𝑡, 𝑒𝑖, 𝑡 − 𝑘) = 𝛾
−𝑘

, 𝑘 = 0, 1, 2, . . . ,

satisfying ∑
𝑘 ≥ 0

|𝛾𝑘
| < ∞  and 𝛾

0
> 0. The error process is indepen-

dent of {𝑢𝑖𝑡}, of {𝑦
𝑖𝑡
*
} and of 𝛼𝑖, and is independent across individuals.

Assumption 2.2 imposes no parametric structure. Any stationary

ARMA process, any moving average of finite or infinite order, and

the classical white-noise case are all admitted. Where a specific

process is considered below, we impose the usual identification re-

strictions: |𝜙| < 1 for the autoregressive case, and invertibility |θ| < 1

for the moving-average case, since θ and θ
−1

 generate proportional

autocovariance sequences and are therefore observationally equiva-

lent up to a rescaling of the innovation variance.

Substituting Equation (2) into Equation (1) gives the observed model

𝑦
𝑖𝑡

= 𝜌 𝑦
𝑖, 𝑡 − 1

+ 𝛼𝑖 + 𝜀𝑖𝑡, 𝜀𝑖𝑡 = 𝑢𝑖𝑡 + 𝑒𝑖𝑡 − 𝜌 𝑒𝑖, 𝑡 − 1 (3)

and first-differencing removes αᵢ,

Δ𝑦
𝑖𝑡

= 𝜌 Δ𝑦
𝑖, 𝑡 − 1

+ Δ𝜀𝑖𝑡, Δ𝜀𝑖𝑡 = Δ𝑢𝑖𝑡 + Δ𝑒𝑖𝑡 − 𝜌 Δ𝑒𝑖, 𝑡 − 1 (4)

Difference-GMM exploits 𝐸(𝑦
𝑖, 𝑡 − 𝑠

Δ𝜀𝑖𝑡 ) = 0 for s ≥ 2; System-

GMM adds 𝐸(Δ𝑦
𝑖, 𝑡 − 𝑠

𝜀𝑖𝑡 )= 0 for s ≥ 1, the latter requiring the mean-

stationarity condition 𝐸(Δ𝑦
𝑖2
* 𝛼𝑖 )= 0 of Blundell et al. (1998) 

[3]
.

Both conditions hold in the absence of measurement error. Section 3

evaluates them when 𝛾
0
> 0.

3. Contamination under general error dependence

3.1 The contamination lemma

Lemma 3.1 (Contamination under general error dependence).

Under Assumptions 2.1 and 2.2, the contamination of the Difference-

GMM moment condition at instrument depth s is

𝑏𝑠
𝐷
≡ 𝐸(𝑦

𝑖, 𝑡 − 𝑠
Δ𝜀𝑖𝑡 ) = (𝛾

𝑠
− 𝛾

𝑠 − 1
) − 𝜌 (𝛾

𝑠 − 1
− 𝛾

𝑠 − 2
), 𝑠 ≥ 2 (5)

and the contamination of the System-GMM level moment condition is

𝑏𝑠
𝑆
≡ 𝐸(Δ𝑦

𝑖, 𝑡 − 𝑠
𝜀𝑖𝑡 ) = (𝛾

𝑠
− 𝛾

𝑠 + 1
) − 𝜌 (𝛾

𝑠 − 1
− 𝛾

𝑠
), 𝑠 ≥ 1 (6)

Proof: Writing 𝑦
𝑖, 𝑡 − 𝑠

= 𝑦
𝑖, 𝑡 − 𝑠
* + 𝑒𝑖, 𝑡 − 𝑠 and applying Assumption 2.1

to the terms in u and Assumption 2.2 to the independence of y* and e,

𝐸(𝑦
𝑖, 𝑡 − 𝑠

Δ𝜀𝑖𝑡 ) = 𝐸 (𝑒𝑖, 𝑡 − 𝑠 Δ𝑒𝑖𝑡 ) − 𝜌 𝐸 (𝑒𝑖, 𝑡 − 𝑠 Δ𝑒𝑖, 𝑡 − 1 )

By stationarity 𝐸 (𝑒𝑖, 𝑡 − 𝑠 Δ𝑒𝑖𝑡 ) = 𝛾
𝑠

− 𝛾
𝑠 − 1

 and

𝐸 (𝑒𝑖, 𝑡 − 𝑠 Δ𝑒𝑖, 𝑡 − 1 ) = 𝛾
𝑠 − 1

− 𝛾
𝑠 − 2

, which gives Equation (5). For the

level condition, writing Δ𝑦
𝑖, 𝑡 − 𝑠

= Δ𝑦
𝑖, 𝑡 − 𝑠
* + Δ𝑒𝑖, 𝑡 − 𝑠, the same argu-

ments leave

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com
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𝐸(Δ𝑦
𝑖, 𝑡 − 𝑠

𝜀𝑖𝑡 ) = 𝐸 (Δ𝑒𝑖, 𝑡 − 𝑠 𝑒𝑖𝑡 ) − 𝜌 𝐸 (Δ𝑒𝑖, 𝑡 − 𝑠 𝑒𝑖, 𝑡 − 1 )

and 𝐸 (Δ𝑒𝑖, 𝑡 − 𝑠 𝑒𝑖𝑡 ) = 𝛾
𝑠

− 𝛾
𝑠 + 1

, 𝐸 (Δ𝑒𝑖, 𝑡 − 𝑠 𝑒𝑖, 𝑡 − 1 ) = 𝛾
𝑠 − 1

− 𝛾
𝑠
, giv-

ing Equation (6).

Lemma 3.1 says that the entire effect of measurement error on instru-

ment validity is transmitted through three consecutive autocovari-

ances of the error process. Nothing else about that process matters —

not its order, not whether it is autoregressive or moving average, not

whether it admits a finite parameterization at all.

3.2 A mirror relation between the two blocks

Proposition 3.2 (Mirror equivalence). Under Assumptions 2.1 and

2.2, for every s ≥ 1,

𝑏𝑠
𝑆 = − 𝑏𝑠 + 1

𝐷
(7)

Proof. Evaluating Equation (5) at s + 1 and negating,

−𝑏𝑠 + 1
𝐷 = − (𝛾

𝑠 + 1
− 𝛾

𝑠
) + 𝜌 (𝛾

𝑠
− 𝛾

𝑠 − 1
) = (𝛾

𝑠
− 𝛾

𝑠 + 1
) − 𝜌 (𝛾

𝑠 − 1
− 𝛾

𝑠
)

which is Equation (6).

Remark 3.3. System-GMM is adopted because its level moment con-

ditions add information the differenced conditions do not contain.

Under measurement error, however the contamination of the added

block is not merely of the same order as that of the differenced block:

it is the same quantity with the opposite sign, shifted by one lag. The

level equation therefore offers no first-order protection against mea-

surement error relative to the differenced equation at matched depths,

and the two estimators should be expected to exhibit near-identical

bias. Any advantage System-GMM retains under contamination is an

advantage in sampling variability, not in location. Section 4.3 con-

firms both halves of this prediction.

3.3 The autoregressive case

Corollary 3.4 (AR(1) measurement error). Suppose

𝑒𝑖𝑡 = 𝜙𝑒𝑖, 𝑡 − 1 + 𝜂
𝑖𝑡
 with | 𝜙 | < 1, so that 𝛾

𝑘
= 𝜙𝑘 𝜎𝑒

2
 with

𝜎𝑒
2 =

𝜎𝜂
2

(1 − 𝜙2 )
. Then

𝑏𝑠
𝐷 = (𝜙 − 1)(𝜙 − 𝜌) 𝜙𝑠 − 2 𝜎𝑒

2, 𝑏𝑠
𝑆 = (1 − 𝜙)(𝜙 − 𝜌) 𝜙𝑠 − 1 𝜎𝑒

2 (8)

Proof. Substituting 𝛾
𝑘

= 𝜙𝑘 𝜎𝑒
2
 into Equation (5),

𝑏𝑠
𝐷 = 𝜎𝑒

2𝜙𝑠 − 2 [ (𝜙2 − 𝜙) − 𝜌(𝜙 − 1)] = 𝜎𝑒
2𝜙𝑠 − 2(𝜙 − 1)(𝜙 − 𝜌),

and similarly for Equation (6).

Corollary 3.4 reproduces exactly the closed-form contamination re-

sults derived for the AR(1) case elsewhere in this line of work. Note

that 𝜙ˢ−2
 > 0 for every finite s whenever 𝜙≠ 0: the contamination de-

cays but never reaches zero, so no truncation of the instrument set re-

stores exact validity. The practitioner is left choosing a depth at which

the residual contamination is judged tolerable, trading bias against the

loss of instrument relevance that deeper lags entail.

3.4 The moving-average case

Corollary 3.5 (MA(1) measurement error). Suppose

𝑒𝑖𝑡 = 𝜂
𝑖𝑡

+ 𝜃 𝜂
𝑖, 𝑡 − 1

 with 𝑉𝑎𝑟(𝜂
𝑖𝑡
) = 𝜎𝜂

2
 and |θ| < 1, so that

𝛾
0

= (1 + 𝜃2)𝜎𝜂
2
, 𝛾

1
= 𝜃𝜎𝜂

2
, and 𝛾

𝑘
= 0 for k ≥ 2. Then

𝑏2
𝐷 = 𝜎𝜂

2 [𝜌(1 − 𝜃 + 𝜃2 ) − 𝜃] (9)

𝑏3
𝐷 = 𝜌𝜃𝜎𝜂

2
(10)

𝑏𝑠
𝐷 = 0, 𝑠 ≥ 4 (11)

and 𝑏1
𝑆 = − 𝑏2

𝐷
, 𝑏2

𝑆 = − 𝑏3
𝐷

, and 𝑏𝑠
𝑆 = 0 for s ≥ 3.

Proof. Direct substitution into Lemma 3.1. For s ≥ 4 each of 𝛾
𝑠
, 𝛾

𝑠 − 1

and 𝛾
𝑠 − 2

 has index at least two and is therefore zero. The level results

follow from Proposition 3.2.

Corollary 3.6 (MA(q) measurement error). If {eᵢₜ} is a moving aver-

age of order q, so that 𝛾
𝑘

= 0 for k > q, then

𝑏𝑠
𝐷 = 0 𝑓𝑜𝑟 𝑠 ≥ 𝑞 + 3, 𝑏𝑠

𝑆 = 0 𝑓𝑜𝑟 𝑠 ≥ 𝑞 + 2 (12)

Instrument sets constructed from lag depth q+3 onward for the differ-

enced equation, and q+2 onward for the level equation, are therefore

exactly valid, and the resulting GMM estimators are consistent.

Proof. 𝑏𝑠
𝐷

 depends only on 𝛾
𝑠
, 𝛾

𝑠 − 1
, 𝛾

𝑠 − 2
, all of which vanish when

s
−2

 > q; 𝑏𝑠
𝑆
 depends only on 𝛾

𝑠 + 1
, 𝛾

𝑠
, 𝛾

𝑠 − 1
, all of which vanish when

s − 1 > q.

Remark 3.7 (The two error classes support opposite recommenda-

tions). Corollaries 3.4 and 3.6 describe fundamentally different situa-

tions. Under a moving-average error of known order, consistency is

recoverable exactly and at finite cost: discard the first q+2 lags and

the remaining moment conditions hold without approximation. Under

an autoregressive error no such remedy exists at any finite depth; the

contamination is merely made small. Since the two cases are usually

indistinguishable at the level of informal reasoning about serially cor-

related measurement error, and since they carry different recommen-

dations on instrument depth, the distinction matters.

Remark 3.8 (Consistency with the classical benchmark). Setting θ =

0 in Equation (9) gives 𝑏2
𝐷 = 𝜌𝜎𝜂

2
 and 𝑏3

𝐷 = 0, matching the classical

white-noise case obtained by setting 𝜙= 0 in Corollary 3.4. Both pa-

rameterizations agree that the shallowest instrument lag is contami-

nated whenever any measurement error is present, and that the con-

tamination there equals ρ times the error variance. The shallow-lag

exception established elsewhere in this line of work is therefore a

consequence of Lemma 3.1, not of the AR(1) specification.

Remark 3.9 (A vanishing point in the moving-average parameter).

Equation (9) vanishes where 𝜌𝜃2 − (1 + 𝜌)𝜃 + 𝜌 = 0. For ρ = 0.70 the

invertible root is θ* ≈ 0.526. At that value the shallowest differenced

instrument is exactly valid despite the presence of measurement error,

which is the moving-average analogue of the point 𝜙 = ρ at which the

autoregressive contamination vanishes. Unlike that point, however, θ*

leaves 𝑏3
𝐷 = 𝜌𝜃* 𝜎𝜂

2 ≠ 0, so validity is restored at one lag only rather

than at all of them.
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3.5 A testable implication

Proposition 3.10 (The lag profile identifies the error class). Under

Assumptions 2.1 and 2.2:

(i) if the error process is MA(q), then 𝑏𝑠
𝐷 = 0 for all s ≥ q + 3:

the contamination sequence terminates;

(ii) if the error process is AR(1) with 𝜙 ∉ {0, ρ}, then 𝑏𝑠
𝐷
≠ 0 for

every finite s, and successive terms satisfy 𝑏𝑠 + 1
𝐷 / 𝑏𝑠

𝐷 = 𝜙, a con-

stant independent of s, ρ and 𝜎𝑒
2
.

The two classes are therefore distinguished by whether the contami-

nation sequence terminates at a finite depth or decays geometrically

without reaching zero.

Proof. Claim (i) is Corollary 3.6. Claim (ii) follows from Equation

(8), where the ratio of successive terms is 𝜙 because ρ, 𝜎𝑒
2
 and the fac-

tor (𝜙 − 1)( 𝜙 − ρ) are common to both.

Remark 3.11 (Implementation). The quantities 𝑏𝑠
𝐷

 are population

moments of observed data evaluated at the true parameter, so their

sample analogues 
̂
𝑏𝑠 = 𝑁−1 ∑

𝑖
∑

𝑡
𝑦

𝑖, 𝑡 − 𝑠
Δ𝜀̂𝑖𝑡 are computable from

any preliminary consistent estimate of ρ — for instance one based on

instruments at a depth greater than the largest q under consideration,

which Corollary 3.6 guarantees to be valid. Of the two claims in

Proposition 3.10, the termination criterion is by far the more useful in

practice. The ratio in claim (ii) is exact in population but poorly be-

haved in finite samples, because 𝑏𝑠
𝐷

 decays geometrically toward zero

while the sampling variability of 
̂
𝑏𝑠 does not, so beyond the first two

or three lags the ratio is essentially noise divided by noise. Section 4.5

documents both behaviours. Testing whether 
̂𝑏𝑠 is distinguishable

from zero beyond a given depth is correspondingly the version we

recommend.

4. Monte Carlo evidence

4.1 Design

We simulate from Equation (1) with ρ=0.70, 𝜎𝑢 = 𝜎𝛼 = 1, N = 500, T

= 10 and R = 1000 replications. Initial conditions are drawn from the

stationary distribution and each panel is run through a burn-in period,

so that both the latent process and the error process are stationary

from the first retained observation.

The measurement error is generated in two forms. The autoregressive

form is 𝑒𝑖𝑡 = 𝜙𝑒𝑖, 𝑡 − 1 + 𝜂
𝑖𝑡
; the moving-average form is

𝑒𝑖𝑡 = 𝜂
𝑖𝑡

+ 𝜃𝜂
𝑖, 𝑡 − 1

. In both cases the stationary standard deviation of

the error is held fixed at σme = 0.50, so that varying the dependence

parameter does not also vary the magnitude of the contamination.

This requires

𝜎𝜂 = 𝜎𝑚𝑒√ (1 − 𝜙2) 𝑓𝑜𝑟 𝐴𝑅(1), 𝜎𝜂 =
𝜎𝑚𝑒

√
(1 + 𝜃2)

𝑓𝑜𝑟𝑀𝐴(1)
(13)

and without it a comparison across the dependence grid would con-

found persistence with magnitude. The dependence parameter takes

the values 0, 0.3, 0.5 and 0.8 in each case.

All estimators are one-step with an identity weighting matrix and a

collapsed instrument set in the sense of Roodman (2009) 
[10]

, of fixed

depth independent of T. Instruments unavailable in a given period are

set to zero, following Holtz-Eakin, Newey, and Rosen (1988) 
[11]

.

Five specifications are compared:

DIF2: differenced equation, lagged levels s = 2, . . . , 5. The

conventional Difference-GMM instrument set.

DIF3: differenced equation, s = 3, . . . , 6. The minimum depth

implied by the AR(1) analysis, which discards only the shallow-

est lag.

DIF4: differenced equation, s = 4, . . . , 7. The minimum depth

implied by Corollary 3.6 for q = 1.

SYS1: DIF2 plus the level equation instrumented with Δ𝑦
𝑖, 𝑡 − 𝑠

, s

= 1, . . . , 4. The conventional System-GMM instrument set, re-

taining the standard Blundell et al. (1998) 
[3]

 instrument Δ𝑦
𝑖, 𝑡 − 1

.

SYS3: DIF4 plus the level equation with s = 3, . . . , 6, so that

both blocks satisfy Corollary 3.6.

Bias, Monte Carlo standard deviation (MCSD) and root mean squared

error use divisor R throughout, so that RMSE
2
=Bias

2
+MCSD

2
 holds

exactly; this identity is verified in every cell reported. We also report

the empirical rejection frequency of the Hansen (1982) 
[12]

 overiden-

tification test at the 5% level and the empirical coverage of nominal

95% intervals. With R = 1000 the Monte Carlo standard error of a re-

ported bias is at most 0.006.

4.2 Verification of the closed-form contamination

Table 1 compares the contamination terms predicted by Corollaries

3.4 and 3.5 with their simulated counterparts, computed directly as

sample averages of 𝑦
𝑖, 𝑡 − 𝑠

Δ𝜀𝑖𝑡 evaluated at the true ρ.

Table 1. Predicted and simulated contamination bᴰₛ (N = 500, T = 10, R = 1000, ρ = 0.70, 𝜎𝑚𝑒= 0.50)

Process Parameter Predicted s = 2 Simulated s = 2 Predicted s = 3 Simulated s = 3 Predicted s = 4 Simulated s = 4

MA(1) θ = 0.0 0.1750 0.1748 0.0000 0.0004 0.0000 −0.0007

θ = 0.3 0.0580 0.0575 0.0482 0.0499 0.0000 −0.0010

θ = 0.5 0.0050 0.0043 0.0700 0.0697 0.0000 −0.0021

θ = 0.8 −0.0323 −0.0327 0.0854 0.0851 0.0000 −0.0022

AR(1) φ = 0.0 0.1750 0.1726 0.0000 −0.0032 0.0000 −0.0024

φ = 0.3 0.0700 0.0711 0.0210 0.0228 0.0063 0.0066

φ = 0.5 0.0250 0.0261 0.0125 0.0114 0.0063 0.0067

φ = 0.8 −0.0050 −0.0043 −0.0040 −0.0015 −0.0032 −0.0017

Agreement is close throughout, and the two qualitative predictions are

clearly visible. Under MA(1) the simulated bᴰ4 is at most 0.0022 in

absolute value at every θ, against a bᴰ3 of up to 0.085; the same holds

for bᴰ5 through bᴰ7, none of which exceeds 0.003. The sequence ter-

minates, as Corollary 3.5 requires. Under AR(1) it does not: at 𝜙= 0.3

the simulated values decline as 0.0711, 0.0228, 0.0066, 0.0040 with-

out reaching zero.

The mirror relation of Proposition 3.2 is confirmed independently.

Across all forty combinations of process, dependence parameter and

lag depth, the quantity b̂ ˢₛ + b̂ ᴰₛ+1 never exceeds 0.0035 in absolute

value, against contamination terms up to 0.175. Since nothing in the

estimation code enforces this identity, its appearance is a joint check

on the derivation and on the implementation.
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4.3 Estimator performance

Table 2 reports the five specifications under MA(1) error.

Table 2. Performance under MA(1) measurement error (N = 500, T = 10, R = 1000, ρ = 0.70, 𝜎𝑚𝑒 = 0.50)

θ Spec. Bias MCSD RMSE Hansen rej. Coverage

0 DIF2 -0.1660 0.0533 0.1743 0.443 0.104

DIF3 -0.0070 0.1115 0.1118 0.062 0.952

DIF4 -0.0164 0.1810 0.1817 0.057 0.967

SYS1 -0.1626 0.0361 0.1666 0.612 0.004

SYS3 -0.0090 0.1082 0.1086 0.084 0.958

0.3 DIF2 -0.0766 0.0514 0.0923 0.084 0.668

DIF3 -0.0797 0.0932 0.1226 0.085 0.874

DIF4 -0.0111 0.1719 0.1722 0.066 0.979

SYS1 -0.0755 0.0337 0.0827 0.095 0.380

SYS3 -0.0068 0.1056 0.1058 0.073 0.954

0.5 DIF2 -0.0387 0.0510 0.0641 0.277 0.883

DIF3 -0.1048 0.0913 0.1390 0.128 0.771

DIF4 -0.0033 0.1886 0.1887 0.069 0.961

SYS1 -0.0382 0.0327 0.0503 0.382 0.800

SYS3 -0.0012 0.1086 0.1086 0.098 0.943

0.8 DIF2 -0.0153 0.0510 0.0533 0.628 0.944

DIF3 -0.1245 0.0878 0.1523 0.173 0.688

DIF4 -0.0065 0.1801 0.1802 0.053 0.966

SYS1 -0.0142 0.0314 0.0344 0.818 0.939

SYS3 -0.0007 0.1049 0.1049 0.093 0.952

Four findings deserve comment.

Corollary 3.6 delivers what it promises. DIF4 has bias between

−0.0164 and −0.0033 across the whole θ grid, with Hansen rejection

frequencies between 0.053 and 0.069 against a nominal 0.05 and cov-

erage between 0.961 and 0.979 against a nominal 0.95. SYS3 behaves

similarly, with bias between −0.0090 and −0.0007 and coverage be-

tween 0.943 and 0.958. Both are, to within simulation error, exactly

valid at every value of the moving-average parameter, which is the

central prediction of the paper.

The AR(1) depth rule fails, and fails badly. DIF3 discards the shal-

lowest lag, which is the correct remedy under autoregressive error.

Under moving-average error it is not merely insufficient but counter-

productive: its bias grows monotonically from −0.0070 at θ = 0 to

−0.1245 at θ = 0.8, where it is eight times the bias of the conventional

DIF2 it was meant to improve upon, and its coverage falls to 0.688.

The mechanism is transparent from Corollary 3.5: DIF3 retains lag 3,

whose contamination bᴰ3 = ρθση
2
 grows with θ, while discarding lag

2, whose contamination is of the opposite sign at large θ and therefore

partially offsetting. Because the practitioner cannot observe which

process generated the error, this is a strong argument for the deeper

rule.

The mirror relation is visible in the estimator biases. At every θ,

DIF2 and SYS1 differ in bias by less than 0.006 , −0.1660 against

−0.1626, −0.0766 against −0.0755, −0.0387 against −0.0382, −0.0153

against −0.0142 — while SYS1’s MCSD is roughly one third smaller

throughout. This is exactly the pattern Remark 3.3 predicts: the level

block buys precision, not location. The consequence for inference is

severe, and follows the pattern documented in the companion analy-

sis: at θ = 0 SYS1’s coverage is 0.004 against DIF2’s 0.104, because

the same displacement is measured against a narrower interval.

Exact validity is not free. DIF4’s MCSD is roughly 0.18 against

DIF2’s 0.051, a factor of three and a half, and SYS3’s is 0.105 against

SYS1’s 0.033. At θ = 0.8 the conventional DIF2 has both lower

RMSE (0.0533 against 0.1802) and adequate coverage (0.944), so the

deeper instrument set is dominated there on every criterion except the

Hansen test. The recommendation of Corollary 3.6 is therefore about

guaranteed validity across the parameter space rather than about mini-

mal RMSE at any particular point. Comparing the two System-GMM

specifications is instructive in this regard: SYS3 attains the same

near-zero bias as DIF4 at roughly half its sampling variability, so

where an exactly valid estimator is wanted, the level block remains

worth including even though Proposition 3.2 shows it contributes

nothing to bias reduction.

A note on the Hansen test. At θ = 0.8 the test rejects DIF2 in 62.8%

of samples although that estimator’s bias is only −0.0153 and its cov-

erage is 0.944. The test is detecting invalid moment conditions, which

is what it is designed to do, rather than biased estimates; at that value

of θ the individual contamination terms are large but largely offsetting

in their effect on ρ̂. The converse failure also occurs: at θ = 0.3 the re-

jection frequency is 0.084, close to nominal, while DIF2’s coverage

has already fallen to 0.668. Neither direction of error should be sur-

prising, but together they caution against reading the overidentifica-

tion test as a direct indicator of estimator reliability.

4.4 The autoregressive comparison

Table 3 repeats the exercise with AR(1) error on the identical design,

so that the two error classes can be compared directly.

Table 3. Performance under AR(1) measurement error (N = 500, T = 10, R = 1000, ρ = 0.70, 𝜎𝑚𝑒 = 0.50)

φ Spec. Bias MCSD RMSE Hansen rej. Coverage

0 DIF2 -0.1620 0.0533 0.1705 0.476 0.119

DIF3 0.0004 0.1122 0.1122 0.077 0.953

(continued on next page)
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DIF4 -0.0112 0.1871 0.1874 0.064 0.956

SYS1 -0.1613 0.0356 0.1651 0.616 0.001

SYS3 -0.0081 0.1118 0.1121 0.101 0.956

0.3 DIF2 -0.0805 0.0515 0.0956 0.090 0.648

DIF3 -0.0456 0.0974 0.1076 0.066 0.926

DIF4 -0.0368 0.1778 0.1816 0.064 0.944

SYS1 -0.0763 0.0325 0.0829 0.114 0.367

SYS3 -0.0255 0.1063 0.1094 0.107 0.939

0.5 DIF2 -0.0331 0.0531 0.0626 0.069 0.918

DIF3 -0.0251 0.0922 0.0956 0.069 0.946

DIF4 -0.0267 0.1575 0.1598 0.070 0.951

SYS1 -0.0317 0.0340 0.0465 0.064 0.852

SYS3 -0.0209 0.0973 0.0995 0.080 0.953

0.8 DIF2 0.0039 0.0556 0.0557 0.068 0.949

DIF3 -0.0005 0.0903 0.0903 0.062 0.954

DIF4 -0.0069 0.1492 0.1493 0.061 0.966

SYS1 0.0067 0.0352 0.0359 0.072 0.936

SYS3 0.0009 0.0925 0.0925 0.082 0.950

The contrast with Table 2 is the substantive point. Under AR(1), in-

creasing the instrument depth reduces the bias but does not eliminate

it: at 𝜙= 0.3, DIF4’s bias is −0.0368, smaller than DIF2’s −0.0805 but

far from zero, exactly as Corollary 3.4 requires, since

𝑏4
𝐷 = 0.0063 ≠ 0 there. Under MA(1) the corresponding cell has

DIF4 bias −0.0111 with a predicted contamination of exactly zero.

Depth buys exact validity in one case and only approximate improve-

ment in the other.

The small biases at 𝜙= 0.8 reflect proximity to the vanishing point 𝜙
=ρ=0.70, where all contamination terms are zero irrespective of

depth; they are not evidence that deep instruments are exactly valid

under autoregressive error.

4.5 The lag-profile diagnostic

Proposition 3.10 suggests two ways of discriminating between the er-

ror classes. The termination criterion performs well. Under MA(1) the

estimated b̂ ₛ for s ≥ 4 lie within 0.003 of zero at every θ, while b̂ 3
reaches 0.085; under AR(1) at 𝜙= 0.3 the same terms are 0.0066,

0.0040, 0.0006 and 0.0033, small but not systematically nearer zero

than b̂ 3 = 0.0228. A formal test of H0: bᴰₛ = 0 for s ≥ q + 3 is therefore

feasible, and we regard this as the usable form of the diagnostic.

The ratio criterion does not perform well, and we report this explic-

itly. At φ = 0.3 the estimated ratios b̂ ₛ+1/b̂ ₛ across s = 2, . . . , 6 are

0.320, 0.289, 0.607, 0.151 and 5.454; only the first two are close to 𝜙
= 0.3. The reason is structural rather than a matter of sample size: bᴰₛ
decays geometrically toward zero while the sampling variability of b̂ ₛ
does not, so beyond the second or third lag the ratio approaches a ra-

tio of two noise terms and is not informative. Claim (ii) of

Proposition 3.10 is an exact population identity and remains useful for

interpreting the shallowest two ratios, but it should not be relied upon

as a practical test.

5. Conclusion

The analysis of measurement error in dynamic panel GMM has gen-

erally proceeded by fixing a parametric form for the error process and

deriving the consequences. This paper shows that the parametric step

is unnecessary. The contamination of both the Difference-GMM and

the System-GMM moment conditions depends on the error process

only through three consecutive autocovariances, so a single lemma

covers every covariance-stationary error process, and the autoregres-

sive results familiar from the literature follow as one instance among

many.

Three results follow that are not visible within a single parametric

family. The contamination of the System-GMM level moment condi-

tion at depth s is exactly minus that of the differenced condition at

depth s+1, whatever the error process, so the level block contributes

no first-order protection against measurement error; the simulation

evidence confirms that the two estimators’ biases differ by less than

0.006 at every design point while their sampling variabilities differ by

a third. Under MA(q) error the contamination is exactly zero from

depth q+3 onward, so consistency is recoverable at finite cost,

whereas under AR(1) error no finite truncation suffices. And a mini-

mum-depth rule calibrated to the autoregressive case is actively harm-

ful under moving-average error, producing bias up to eight times that

of the conventional instrument set it was intended to improve upon.

For practice, three implications follow. Where measurement error is

suspected and its form is unknown, the deeper instrument set is the

safer choice, and it should include the level block: SYS3 attains the

same near-zero bias as the differenced-only DIF4 at roughly half the

sampling variability, even though Proposition 3.2 shows the level

block contributes nothing to bias reduction. Where the error form can

be established, the depth requirement follows directly from Corollary

3.6. And in either case the Hansen test should not be read as an indi-

cator of estimator reliability: our design contains points where it re-

jects in two-thirds of samples while coverage is at its nominal level,

and points where it is near nominal size while coverage has fallen be-

low seventy per cent.

Finally, the maintained assumption about the error process need not

be maintained blindly. Proposition 3.10 shows that the two error

classes leave different signatures in the lag profile of the contamina-

tion sequence: termination under MA(q), geometric decay under

AR(1). Developing the limiting distribution of a formal test based on

the termination criterion, and extending the analysis to mixed ARMA

error processes where both features are present, are natural continua-

tions of this work.
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