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ABSTRACT

Nonresponse is a common challenge during sample surveys that tend to interfere with efficiency of pop-
ulation mean estimators. Nonresponse occurs when selected units fail to provide the required informa-
tion. If ignored the resulting estimator maybe unbiased. The study proposes an improved class of ratio
estimators for estimating the finite population mean using information from two auxiliary variables and
two stage sampling where nonresponse occurs at the second stage of sampling. The estimator allows the
two auxiliary variables to contribute simultaneously to the estimation of the population mean. Using
first order Taylor approximation, expressions for bias and mean squared error (MSE) of the proposed
estimators are derived. Theoretical efficiency conditions are established. Empirical comparison shows
the proposed estimators outperforms existing by Singh et al. (2018) with a percentage relative effi-
ciency (PRE) of over 120%

Keywords: Ratio estimator, Double sampling, Nonresponse, Auxiliary variables, Mean squared error,
Bias

1. Introduction

In survey sampling, auxiliary information is essential for improving precision and accuracy of estimators for
population parameter of interest. Such information can be utilized both during sample selection and the esti-
mation stage to enhance the design and yield more consistent estimates. For example, estimation becomes
more precise when the auxiliary variable X is highly correlated with the study variable Y. in many practical
survey, information on auxiliary variables may not be available for the entire population, necessitating two
stage sampling.

Furthermore, nonresponse is unavoidable in survey relating to health, education and industry. When nonre-
sponse occurs, the Hansen and Hurwitz (1946) subsampling technique is widely adopted. Singh et al. (2012)
proposed estimators under two-stage sampling with nonresponse using one auxiliary variable, Ongoma et al.
(2021) [T considered nonresponse in both study and auxiliary, limited work has addressed the use of two
auxiliary variables that are also subject to nonresponse at the second phase. This gap motivates the present
study.

The objective of this paper is to propose a ratio estimator using two auxiliary variables under two stage sam-
pling with nonresponse and derive its properties.

2. Methodology

2.1 Notation and sampling design

A finite population consisting N primary samples from 3, 5, ...... 3, clusters of sizes M; for i = 1,2....N. A
sample of n clusters were considered from N clusters using SRSWOR as the ssu's, assuming that m; units
provide the required information on the two auxiliary variables; Due to nonresponse, only m;; out of the m;
units selected provide complete data of study variable and two auxiliary variables. Remaining mj, units do
not respond. Non response occurs only at the second stage and is observed both on study and auxiliary vari-
ables. By the use of Hansen and Hurwitz methods of taking a subsample of the units that fail to respond
where another sample of hj, units are taken out of the total m;, that fail to respond in such a manner that
m;, = k;h;; where ki>1. Let Y be study variables and X;, X, be the two auxiliary variables. Therefore, the
samples picked on the second phase will have a total of the responding (m;; )and nonresponding (m;,) that is,
m; = my + my,. Let h;, units be a fraction of non-responding group that respond after callback, then the total

responding units are; m;; + h;,. with k;as inverse sampling rate. For the responding units W; = i a5 their
m;

cluster weight and W, = 22 cluster weight for the non-responding units.

m;
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2.2 Proposed estimator
The proposed ratio-type estimator using two auxiliary variables is de-
fined as:

with an  assumption that E (2§j) =E (21';) =Z; and
E(x) =E(x) = X;and E(y,) = Y;
To obtain MSE and Bias we will use the large sample approximation
and Tailor series expansion.
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2.3 Bias and mean squared error

define
5 — Y, . Y- X,
€ = y—’y = therefore y, =VYj(eo+1) , &= % therefore
iy ij
X = X6, + 1)
% - X 5 -2
&=—F— therefore  x; = Xjj(e; +1), &= 5 therefore
_ A ij
zi=2Z;(es+1)
iy L
€= Z’Z—’ therefore Z, = Ze, + 1), Where

ij

E(g) =0 fori=1,2,3,4

Expanding to the second order of approximation, the bias is
Bia

(v;) = (mi - %) (C2+C24+pCiC, = pCiCy = C,C,) + (mi - %) (pC2+0C2 + pC,C, — pC,C, — pC:C, ) + ( -
We then find MSE by squaring both sides of the estimator and taking
expectation neglecting powers that are >2 we have:

= 1 1 1 1 k-1
MSE(K) = <E - N)SRI + (a - E)SRZ + ( m; >wiZSR3

Were
Sgi = S; + SiR: + SoR: + SIR: + 20,,5,5:R, + 20, S.S,R.R, — 2SR} — p,SyS,R.R, — 2S:R}
Spy = <S§ + SYRy +2p_S.S,R.R, — 2p,,S SyRy — ZpyzSySsz>
Sgs = (s; + S2R: + S°R% — prnySny)
Table 1. The simulation results summary for Bias and MSE for one and two auxiliary variables

Estimator Bias Variance Mse %bias reduction vs naive % MSE reduction vs naive
Naive 0.0123 1.7591 1.7593 - -

l-auxiliary ratio -0.0011 0.9673 0.9673  75.9% 77.1%

2-auxiliary regression 0.0004 0.9599 0.9599  91.3% 84.1%

The proposed estimator has the lowest MSE

3.Results: Efficiency comparison

The following estimators were computed in each application:

Naive estimator that uses only respondent data while ignoring auxil-
iary variables and nonresponse mechanism. One auxiliary ratio esti-
mator that adjusts for the nonresponse while only making use of one
auxiliary variable. Two auxiliary ratio estimators. The proposed esti-
mator that listens to the nonresponse while in cooperating two auxil-
iary variables

The typical results obtained from 1000 replications, with the popula-
tion mean 89.4 and a 30% MAR nonresponse were as per the table
below.

4. Conclusion

The aim of this study was to come up with an estimator that incorpo-
rates two auxiliary variables considering two stage sampling with an
element of nonresponse.

Non response led the Naive estimator to decrease its bias but when
we incorporated the application of two auxiliary variables the bias
was reduced to as much as 91%. The use of two auxiliary variable as
well lowered the MSE by 84% as compared to the Naive estimator.

The use of two auxiliary variables also lowered the MSE by 31% as
compared to when using one auxiliary variable.
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