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Abstract

The definition of fuzzy sublattice of a lattice and its properties are discussed. Characterization is given
through level sublattice of that lattice. The concepts of fuzzy sublattice and level sublattice are studied
and their properties are discussed. The characterization Theorem of a fuzzy sublattice is presented
through the level sublattice. The concept of level sublattice of a lattice is studied. Then the necessary and
sufficient condition of a fuzzy subset of a lattice to be a fuzzy sublattice of that lattice is proved. Further,
the necessary and sufficient condition of equality of two level sublattices in a family of level sublattices
is obtained. The union and intersection of two level sublattices are defined. Also, the complement of a
level sublattice is defined. Then a chain of level sublattices of a fuzzy sublattice is obtained. The relation
between a non-empty subset of a lattice and the fuzzy sublattice of the lattice, defined in terms of that
subset, is established. We made an attempt to study the algebraic nature of fuzzy subset of lattice
especially fuzzy sublattice, by using the ideas of fuzzy theory and lattice theory.
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Introduction

The notion of fuzzy sets was introduced by Lofti. A. Zadeh in 1965. Zadeh had initiated fuzzy
set theory as a modification of the ordinary set theory. The concept of lattice was first defined
by Dedekind in 1897, and then developed by Birkhoff G. in 1933.

Here we made an attempt to study the algebraic nature of fuzzy subset of lattice especially
fuzzy sublattice, by using the ideas of fuzzy theory and lattice theory.

1. Preliminaries
Some well - known definitions and preliminary results are recalled

Definition 1.1

A relation defined on a set S which is reflexive, antisymmetric and transitive is called a partial
ordering on S. A set S with a partial ordering p defined on it is called a partially ordered set or
a poset and is denoted by (S, p).

Definition 1.2

Let (P, <) be a poset. Let A be a non-empty subset of P.An element u € P is called an upper
bound of A if a <u for all ac A. An element ue P is called the least upper bound (l.u.b) of A if
1. uisan upper bound of A.

2. if v is any other upper bound of A, thenu<v.

An element le P is called the lower boundof A if 1 < a for all a €A. Anelement| € P is called
the greatest lower bound (g.1.b) of A if

1. lisan lower bound of A.

2. if misany other lower bound of A, then m < 1.

Definition 1.3
A lattice is a poset in which any two elements have a g.l.b and a l.u.b. We denote the l.u.b of a
VbandglbbyaAb.
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Definition 1.4

Let (L, v, A) be a lattice. A non-empty subset S of L is called anfilter of L if it satisfies the following conditions:
1. X, yeS=>XAYyEeS.

2. xeSandrelLwithr=x=reS.

Definition 1.5
LetX be a non-empty set. A mapping p: X - [0, 1] is called a fuzzy subset of X.

Definition 1.6
Let 4 be any fuzzy subset of a set X and p = {(xi, i) /i =1 to n and tie [0, 1]}. Then, {ti/ i =1 to n} is called the image set of p and
is denoted by Im p.

Definition 1.7
Let 4 be any fuzzy subset of a set X and t eIlm p. Then the set p: = {X € X/ p(x) >t} is called the level subset of p.
Clearly, i Us Whenever t > s.

Fuzzy sublattice of a lattice
Here, the concepts of fuzzy sublattice and level sublattice are studied and their properties are discussed. The characterization
Theorem of a fuzzy sublattice is presented through the level sublattice.

Definition: 2.1

A fuzzy subset p of a lattice L, is called a fuzzy sublattice of L, if the following conditions are satisfied:
Forallx,y € L,

L u(xvy)=min {u(x), p(y)}

2. U(XAy)=min {p(x), p(y)}-

Example: 2.2
Consider the fuzzy subset p; of the lattice (Z, v, A).

) Gif xe<2>
1(X) =
s 3 Z~<1>

Then s is a fuzzy sublattice of Z.

Example: 2.3
Consider the fuzzy subset p, of the lattice in Example: 1.6.

m2(x) = {(¢,.9),({1}..8), ({2},.3), ({3}..6), {1, 2},.5), {1, 3},.7), ({2, 3},.2), ({1, 2, 3},.4)}. Then W is not a fuzzy sublattice of Z.

For example, let x = {2} and y = {3}.

e Thenxvy={2, 3}

o Here p2(x) =.3 and p2(y) =.6.

e  Therefore, min {p2(x), pt2(y)} = min {.3,.6} =.3.
o Butp(xvy)=.2.

e Hence pa(X V'Y) £ min {H2(%), H2(y)}-Thus P2 is not a fuzzy sublattice.

Proposition: 2.4

Let p be a fuzzy sublattice of L. Then for all X € L, p(x) < n(0), where 0 is the least element of L.

Now, the relation between a non-empty subset of a lattice and the fuzzy sublattice of the lattice, defined in terms of that subset, is
established. Then it is also proved that the converse relation is also true.

Theorem: 2.5
Let H be any non-empty subset of a lattice L, H = L. If u is a fuzzy sublattice of L, defined by

(x) = sifxeH
Hx = tif xeL~H

Where s, t € [0, 1], s > t, then H is a sublattice of L.

Proof
Let H be any non- empty subset of a lattice L, H = L.
Let x, y € L be arbitrary.
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sif xeH
tif xeL~H

Consider the function, u(x) :{ where s, t € [0, 1],s > t.

Assume that [ is a fuzzy sublattice of L. Then,

1. p(x Vv y)>min {px), p(y)}
2. U(XAY)>min {p(X), uy)}

e Toprove H is a sublattice of L.

e Leta, b € Hbe arbitrary.

e Then, u(a) = sand u(b) =s.

e Here min {u(a), u(b)} =min{s, s} =s
Hence all the values of p(a v b) and p(a A b) are greater than or equal to s.
But p has only two values s and t with s > t.

o Therefore, all the values of p(a v b) and p(a A b) are equal to s.
e Thisimplies (a v b) and (a A b) € H.
e This proves that H is a sublattice of L.

Theorem: 2.6
If H is any sublattice of a lattice L, H = L, then the fuzzy subset p of L defined by

sif xeH

HX) :{tif xel~H

Where s, te[0, 1], s > tis a fuzzy sublattice of L.
Proof

Let H be any sublattice of a lattice L, H = L.
Consider the fuzzy subset p of L, defined by

sif xeH
tif xeL~H

mm={

Where s, te[0, 1], s>t
o Letx,y e L be arbitrary.
e Toprove p is a fuzzy sublattice of L.

It is enough to prove that

1. p(x Vv y)>min {p(x), py)}
2. U(XAy)=min {p(x), p(y)}

We prove this in three cases

Case (i) Letx,y € H
Then, p(x)=s, uy) =s

= min {u(x), u(y)} = min {s, s} =s.

Here,x,y e H

=X VY, XAY e H,since H is a sublattice of L.
= HXvy) = s, j(XAy) =s.

Now, p(xvy) = s =min {p(x), u(y)}

= H(Xvy) = min {p(x), p(y)}

And p(xay) =s = min {u(x), uy)}

~0~
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= U(xAy) = min {u(x), p(y)}

Then all the inequalities are satisfied in this case.
Case (ii) Letx,y e L~H

Then, p(x) =t, pu(y) =t

And min {pu(x), W(yY)} =min {t, t} = t.

Here xvy, xay € L.

Then all the values of p(xvy) and u(xAy) are either t or s.
If u(xvy) = s, then p(xvy) =s>t=min {p(x), Wy)}
= H(xvy) = min {pu(x), p(y)}.

If p(xvy) =t, then p(xvy) =t =min {u(x), u(y)}

= H(xvy) = min {p(x), p(y)}.

If p(xay) =, then p(xay) =s >t =min {pu(x), H(y)}
= H(XAy) = min {p(x), p(y)}-

If p(xay) =t, then p(xay) =t =min {u(x), p(y)}

= H(XAy) = min {p(x), p(y)}.

Then all the inequalities are satisfied in this case also.
Case (iii) Letxe H,y e L~H

Here, p(x) =s, p(y) =t

Andmin {u(x), K(y)} = min {s, t} = t.

Clearly xvy, xay € L

Then all the values of p(xvy) and u(xAy) are either t or s.
If u(xvy) = s, then p(xvy) =s >t=min {u(x), uy)}
= H(xvy) > min {p(x), u(y)}.

If p(xvy) = t, then p(xvy) =t = min {u(x), u(y)}

= H(xvy) > min {u(x), w(y)}.

If u(xAy) = s, then p(xay) = s >t =min {p(x), Ly)}
= H(XAy) > min {u(x), u(y)}.

If p(xay) = t, then p(xay) =t = min {u(x), u(y)}

= U(XAy) = min {u(x), p(y)}.

Then all the inequalities are satisfied in this case also.
Thus  is a fuzzy sublattice of L.

Remark: 2.7
¥, is the characteristic function of the subset H of L.

~]~
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lif xeH
Oif xeL~H

That is, ¥H={

Corollary: 2.8
If a non - empty subset H of a lattice L, is a sublattice of L, then ¥ is a fuzzy sublattice of L.

From theorem 2.5 and theorem 2.6, we have,

Theorem: 2.9
Let H be any non - empty subset of a lattice L, H = L. Let 1 be any fuzzy subset of L defined by

sif xeH
tif xeL~H

9 - |

Where s, te[0, 1], s > t. Then W is a fuzzy sublattice of L if and only if, H is a sublattice of L.

Here, the concept of level sublattice of a lattice is studied. Then the necessary and sufficient condition of a fuzzy subset of a lattice
to be a fuzzy sublattice of that lattice is proved. Further, the necessary and sufficient condition of equality of two level sublattices
in a family of level sublattices is obtained.

Proposition: 2.10
Let p be any fuzzy sublattice of L. Then the level subsets [, t elm p are sublattices of L.

Theorem: 2.11 [Characterization Theorem]
A fuzzy subset [ of a lattice L, is a fuzzy sublattice of L if and only if, the level subsetsy, t eIm L are sublattices of L.

Proof
e  First part is shown Proposition 2.10.

e  Conversely,assume that the level subsets pi, t €Im W are sublattices of L.
e Toprove: W is a fuzzy sublattice of L.
o Letx,y e L bearbitrary.

It is enough to prove that,

1. p(xvy) > min {p(x), p(y)}
2. U(XAy) > min {p(x), p(y)}

Let min {u(x), p(y)} =r

= Either p(x) =rand p(y) = p(x) =r or u(y) =rand p(x) = p(y) =r
= p(x)>rand p(y) >r

=X Y € W

= X VY, XAY € Wy, since | is a sublattice of L.

= H(Xvy) 213 H(XAY) Z T ==--mme- > (1)
For (i)
Let p(Xvy) = §1 --mmmmmmmmm- > (©2)

To prove p(Xvy) = min {p(x), p(y)}-

That is to prove s; >r
Suppose $i< f, ------------- 2> (3)
From (2) and (3), we have, H(xvy) = si<r.

= M(xvy) <r, which is a contradiction to (1).
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Hence si>r.

Thus p(xvy) = min {p(x), u(y)}-

Similarly, we can prove others.
Thus  is a fuzzy sublattice of L.

Definition: 2.12
Let 4 be any fuzzy sublattice of L; t € [0, 1]; and t < u (0). Then the sublattice i of L is called a level sublattice of .

Remark: 2.13
Let p be any fuzzy sublattice of a lattice L. From the above theorem, p, telm p are level sublattices of L. Then Fy = {p:/t €lm
L} is called as the family of level sublattices of p.

Theorem: 2.14

Two level sublattices ps and Y (with s < t) of a fuzzy sublattice p of L are equal if and only if, there is no x in L such that s < p(x)
<t.

Proof

Let ps and it be two level sublattices of a fuzzy sublattices p of L.

Heres<t.

Assume that s and i are equal.

To prove there is no x in L such that s < p(x) <t.

On the contrary, assume that s < p(x) <t for some x in L.

= u(x)=>sand px) <t

=X e Msand X ¢ [

= Hs # Ut.

This is a contradiction to our assumption and hence there is no x in L such thats<up(x)<t.
Conversely,assume that no x in L such that s < pu(x) <t. ------ 2> (1)

MBs={x e L/pux)>s}and pt={x e L/ u(x) >t} and s <t.

Then clearly e ps. ------ > ()
It is enough to show that psc it

Let X € Ys. Then pu(x) >s

Suppose p(x) <t.Then, s < u(x) <t.
This is a contradiction to (1).
Hence u(x) > t.

= X € .

From (2) and (3), we have ps = . Hence two level sublattices are equal.
Next, the union and intersection of two level sublattices are defined. Also, the complement of a level sublattice is defined. Then a
chain of level sublattices of a fuzzy sublattice is obtained. Further it is shown that (F, v, A) is a completely distributive lattice.

Definition: 2.15
Let p be any fuzzy sublattice of a lattice L. Let P and ps be any two level sublattices of p. Now, we define u and n on Fy by,

Mo s = { Xe L /u(x) > min {t, s} }

M Us = { Xe L /u(x) > max {t, s} }

~)3~
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Theorem: 2.16
Let 1 be any fuzzy sublattice of a lattice L. Let W; and ps be any two level sublattices of p. Then p: U ps and pe s are also level
sublattices of .

Proof

Let 4 be any fuzzy sublattices of a lattice L.

Let 4 and s be any two level sublattices of .

= W and s are sublattices of L.

To prove (i) pv Us and (i) i s are level sublattices of .

That is to prove:piw ps and e s are sublattices of L.

For (i)

Let X, y € peU s be arbitrary.

= X, Yy €L such that pu(x) > min {t, s} and p(y) > min {t, s} ------------- > (1)
Case (1)Letmin {t,s} =t

= X € L such that p(x) >t and y € L such that p(y) > t, by (1)

=X Y € M

= XVY, XAY € I, Since W is a sublattice of L.

= XVY, XAy € L such that p(xvy) > t; p(xay) > t.

= XvY, XAy € L such that p(xvy) > min {t, s}; p(xAy) > min {t, s}, by the assumption in this case.

SXVYEMUMs,  XAYE WU s

Hence p: s is a sublattice of L.
Thus, HeU s is a level sublattice of .

Case (2)Letmin {t, s} =s

= X € L such that p(x) > s and y e L such that p(y) >s, by (1)

=X Y € s

= XVY, XAY € Us, Since s is a sublattice of L.

= XVvY, XAY € L such that p(xvy) > s; u(xAy) > s.

= XVvY, XAY € L such that p(xvy) > min {t, s}; u(xAy) > min {t, s}, by the assumption in this case.
SXVYE WU M XAY € U Ws.

Hence U s is a sublattice of L. Thus, pu s is a level sublattice of .

For (ii)
Again, let X, y € W Ws be arbitrary.

= X € L such that p(x) > max {t, s} and ye L such that u(y) > max {t, s}--> (2)
Case (1)Let max {t, s} =t

=X € Lsuchthat u(x)>t  and y € L such that pu(y) > t, by (1)

=X Y € M

= XVY, XAY € W, Since | is a sublattice of L.

= XVY, XAy € L such that p(xvy) > t; p(xay) > t.


https://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com

= XVvY, XAy € L such that p(xvy) > max {t, s}; W(XAy) > max {t, s}, by the assumption in this case.
SXVYE N Hs; XAY € N Hs.

Hence i s is a sublattice of L.
Thus, W Ws is a level sublattice of .

Case (2) Let max {t, s} =s

= X € L such that u(x) > s and y e L such that u(y) > s, by (1)

=X, Y € s => XVY, XAY € W, Since s is a sublattice of L.

= XVY, XAY € L such that p(xvy) > s; u(xAy) > s.

= XvY, XAy € L such that p(xvy) > max {t, s}; H(XAy) > max {t, s}, by the assumption in this case.
SXVYeEMNHs; XAYE RN s

Hence i s is a sublattice of L.
Thus, i Ys is a level sublattice of .

Theorem: 2.17
Let u be any fuzzy sublattice of a lattice L. If Im p = {to, t1, to, ..., ta} With to> t1 > t2> ... >t,, then we have the following chain of

ﬂtogﬂtlgﬂtzg g/ut

level sublattices of n=L.

Proof
Let p be any fuzzy sublattice of a lattice L.

Let Imu={to, tg, to, ..., ta} With to> t1> to> ... >t —-------—-- 2> Q)

Let x,e #h, =Xz1€ L such that pi(x1) > to.
= U(x1) > t1, by (1).

Hence x1e L such that p(x1) > ti.

/Utl_

= X1€

Thus, we have g g’utl.

Again, let xe Hy

=Xze L such that p(xz) > ti.

= H(x2) = tz, by (2).

Hence X2e L such that p(X2) > to.= Xo€ #, .

Thus, we have’utlgﬂ‘Z.

Hence we get /utog'utlg'utz.

Proceeding like this, we get ﬂ‘Og’”“g’qu... Hro-

~)5~
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Remark: 2.18
Let u be any fuzzy sublattice of a lattice L. Lett, s €Im p with s > t. Then, by previous Theorem, we have, p and s are two level
sublattices of u such that psc . Here, min {s, t} = t and max {s, t} =s.

Now, ps e = { Xe L /u(x) > min {s, t} }
= U e ={X € L/u(x) >t} = .

Again, g e = { Xe L /u(x) > max {s, t} }
= PN e = {X € L/u(x) > s} = ps.

Theorem: 2.19
Let p be any fuzzy sublattice of a lattice L. Then (Fy,v, A) is a completely distributive lattice.

Proof
Define v and A on F, by

MV Hs = MY Hs
And HeA Hs = HeO .

Where p; and pseFy. Then it is easy to verify that (Fyv, A) is a completely distributive lattice.
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