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Abstract

This paper presents a feasible generalized multi-component estimator for variance which for finite
population of a study variable under two-phase (double) sampling. The existing estimator’s formulation
combined ratio, difference and exponential adjustments but used the unknown auxiliary population
variance inside the difference component. In this paper the proposed formulation replaces that quantity
with the first-phase auxiliary sample variance, thereby making the estimator operational under the stated
design. A first-phase simple random sample without replacement of size n' is followed by a second-phase
simple random subsample of size n, with n < n’ < N. Relative error terms are defined for the second-
phase study-variable variance and the first- and second-phase auxiliary-variable variances. Taylor
expansions are developed to second order for the bias and to first order for the mean square error. Under
the standard first-order moment approximation for nested two-phase sampling, the MSE reduces to a
compact quadratic function of the effective adjustment coefficient A = a6 — 8 + y. This yields an
explicit optimality condition, A *= (15, — 1)/(As — 1).

Keywords: Finite population variance, double sampling, Multi-Component Estimation, difference
estimator, exponential estimator

1. Introduction

Srivastava and Jhajj (1980) made contribution to finite population variance estimation by
developing a class of estimators that incorporates auxiliary information to study variable.
Estimation of variance is a fundamental concern in survey sampling, as the variance provides
an essential measure of population variability and forms the basis for assessing the precision of
survey-based estimates. Early developments in sampling theory established the sample
variance as the conventional unbiased estimator of population variance, while subsequent
research demonstrated that auxiliary information could be effectively incorporated to obtain
more efficient estimators. In particular, the works of Isaki (1983) 3 and subsequent
researchers established the usefulness of ratio-type and related auxiliary-information-based
estimators for improving the estimation of parameters when the both variables are suitably
correlated. When relevant auxiliary information is available, ratio, product, difference,
regression and exponential-type estimators can provide substantial gains in efficiency over the
usual sample variance. However, in many practical surveys, the variance of the auxiliary
variable, (S2), is not known in advance. Double sampling, therefore, offers a natural
framework in which a relatively large first-phase sample is used to estimate the required
auxiliary characteristic, followed by a smaller second-phase sample in which the study
variable is observed. Motivated by this framework, the present study retains the central idea of
a generalized four-parameter estimator combining ratio, difference and exponential
adjustments. The mathematical formulation is revised to ensure feasibility under the sampling
design: the difference adjustment is constructed using the available phase-specific sample
variances, s2, and s2;, rather than the unavailable population variance S2. The proposed
formulation therefore preserves the flexibility of the generalized estimator while making its
implementation consistent with the information actually available under nested double
sampling.
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The objectives are to: (i) formulate a feasible generalized estimator; (ii) derive its second-order bias; (iii) obtain its first-order
MSE under nested double sampling; (iv) establish an explicit optimality condition; and (v) provide an auditable numerical
illustration for comparing with the usual sample variance and ratio-power estimator.

The development of finite population variance estimation using auxiliary information has progressed through several stages. Das
and Tripathi (1978) [19 first established the usefulness of estimating finite population variance, followed by Isaki (1983) 3, who
further developed estimation of variance using auxiliary variable. Singh (1983) 3 developed ratio and product methods of
estimation for finite population variance, while Prasad and Singh (1990) ! introduced improved ratio-type estimators for
variance. Bahl and Tuteja (1991) [l developed ratio and product type exponential estimators, providing a foundation for
incorporating exponential adjustments in survey estimation. Garcia and Cebrian (1996) [*? studied the repeated substitution
method for ratio estimation of population variance Subsequently, Upadhyaya and Singh (1999) 9 considered the use of kurtosis
of an auxiliary variable, while Singh and Singh (2001, 2003) 22 3 developed improved ratio-type and regression-type approaches,
including regression estimation under two-phase sampling. Al-Jararha and Ahmed (2002) [ and Diana and Tommasi (2004) 4
further developed variance estimation under double sampling, while Arcos et al. (2005) ! and Jhajj et al. (2005) ¢! proposed
improved and chain estimators using auxiliary information. Kadilar and Cingi (2006, 2007) [*1, Shabbir and Gupta (2007) [?], and
Singh et al. (2008) * developed improved ratio, chain, product and other auxiliary-information-based estimators. Pradhan (2010)
[24] extended regression-type variance estimation to multiphase sampling, while Singh et al. (2010) B2, Jhajj and Walia (2011) [*9],
Singh and Solanki (2013) %1, and Shabbir and Gupta (2014) 28 further developed efficient regression, difference-cum-ratio and
other improved approaches. Singh et al. (2014) BY further studied estimation of finite population variance using auxiliary
information, while Swain (2015) 8, Sinha and Kumar (2015) 7, and Jhajj and Lata (2015) M proposed generalized, double-
sampling and difference-cum-exponential type estimators. Panda and Sahoo (2016) [?2 further considered estimation using
auxiliary information. Maji, Singh and Bandyopadhyay (2017) *! considered multiple auxiliary variables under double sampling,
while Chatterjee et al. (2017) [ developed exponential regression-type estimators. Asghar et al. (2018) [ developed a
multivariate regression-cum-exponential estimator, while Muneer et al. (2018) 1 proposed an improved ratio-product type
exponential estimator and Mishra et al. (2019) 2% studied log-product type estimators. More recently, Ahmad et al. (2023) 41, Ali
et al. (2024) B, Singh et al. (2024), Daraz et al. (2025) 1, Majhi (2025) (8], Panigrahi et al. (2025) 1%, Singh and Tiwari (2026),
and Ahmadini et al. (2026) @ have continued to develop improved variance estimators using auxiliary information, with emphasis
on bias, MSE, efficiency, simulation and empirical validation. These developments show a continuing shift toward generalized
and efficient estimators under complex sampling designs. A particularly important development was presented by Jhajj and Walia
(2011) 131 their estimator combined difference and ratio adjustments within a generalized framework, for Bias and MSE were
derived under the double-sampling design. Its performance was also compared with the regression-type estimator and the usual
sample variance through numerical and graphical illustrations. This work provides the immediate methodological motivation for
the present study. In particular, the generalized difference-cum-ratio structure demonstrates that different forms of auxiliary
adjustment can be incorporated within a single estimator under double sampling. Motivated by this approach, and by the earlier
development of exponential-type estimation by Bahl and Tuteja (1991) [, the present study extends the framework by
incorporating an additional exponential adjustment along with ratio and difference components, leading to a generalized ratio-
difference-exponential estimator for finite population variance.

In this paper, the proposed formulation replaces that quantity with the first-phase auxiliary sample variance, thereby making the
estimator operational under the stated design. A first-phase simple random sample without replacement of size n’ is followed by a
second-phase simple random subsample of size n, with n < n’ < N. Relative error terms are defined for the second-phase study-
variable variance and the first- and second-phase auxiliary-variable variances. Taylor expansions are developed to second order
for the bias and to first order for the mean square error. Under the standard first-order moment approximation for nested two-
phase sampling, the MSE reduces to a compact quadratic function of the effective adjustment coefficient A = a6 — B + y. This
yields an explicit optimality condition, A *= (1,, — 1)/(4g4 — 1).

2. General notation

e U =1,2,..,N="finite population

N = population size

Y = study variable

X = auxiliary variable

S2 = population variance of study variable Y

S2 = population variance of auxiliary variable X

n' = first-phase sample size

n = second-phase sample size, where (n < n' < N)
s" = first-phase sample

s = second-phase subsample

sj = second-phase sample variance of ¥

s,'? = first-phase sample variance of X

s2 = second-phase sample variance of X

f = n/N = second-phase sampling fraction

f" =n'/N = first-phase sampling fraction

Cpq = standardized population moment involving Y and X
40, Aoar A2 = standardized fourth-order moments

a = coefficient controlling the ratio component

e B = coefficient controlling the difference component
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e vy = coefficient controlling the exponential component

e 0 =ratio parameter

e Bias($?) = approximate bias of the proposed estimator

e MSE(S2) = Mean Square Error of the proposed estimator

e RE = Relative Efficiency

e  Sampling structure = [U(N) - s'(n") - s(n), n<n' <N]

3. Sampling design for proposed estimator

Let U = 1,2, ..., N be a finite population. Let Y be the study variable and X be an auxiliary variable. A first-phase simple random
sample without replacement of size n’ is selected from U. The auxiliary variable X observed at phase one. A second-phase simple
random sample without replacement of size n is selected from the first-phase sample, where n < n’ < N. At phase two, both X
and Y are observed. (Singh, 2026)

Let S,% and S, *denote the finite population variances of Y and X. Let s, 2%denote the unbiased second-phase sample variance of
Y, and let s, 1% and s,.22 denote the unbiased first- and second-phase sample variances of X.

S2=1/(N-DEY; - Y).....(1)
S2=1/(N=DEX; = X) .....(2)

Define
§:=1/n"—1/N.....(3)

8y =1/n—1/N ....(4)
A=62—61= 1/n—1/n'>0

Relative Errors and Moment Relations
o 5,2°=5%(1+e,)
o 5 12°=S52%1+ey)
o 5.2°=57%1+ey)

E(e,) =E(e)) =E(ez) =0.....(5)

Standardized fourth-order moments
o Q4= .1140/11202

o Jldos= #04/H022

o a2 = Uzz/Hz0lo2

140 *= 140 — 1, 104 *= 104, — 1,),22 *= /’{22 —-1..... (6)

First-order double-sampling moment relations:

Under the standard first-order approximation for nested two-phase sampling, the error moments used in the revised derivation are:
o E(ey?) = 82240

o E(er’) =81hoa*

o E(er?) = 6204 %

o E(eiez) = 81dos *

) E(eyel) = 81455 *

° E(eyez) = 0,45, *

The relation E (e,e;) = E (e, ?)reflects the nested phase structure. These are first-order approximations. If a target journal requires
an exact finite-sample variance-of-sample-variance expression, its finite-population fourth-moment correction should be
substituted consistently in all six relations.

4. Proposed Feasible Generalized Estimator

The present work is motivated directly by the evolution of auxiliary-information-based variance estimation and, more specifically,
by the generalized difference-cum-ratio framework of Jhajj and Walia (2011) [, while extending it through a feasible multi-
component ratio-difference-exponential structure. Proposed Feasible Generalized Estimator is as follow-

The original difference term used the unknown S,.%. The corrected observable components are:

R=s,1%/s,2....... (7)

d =s,2% —5,1%/s5,1%

E, = exp(—d)
~11~
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§2=s5,2[aR0 + A+ d) +yexp(-d) +1—a—B —v]...... (8)
Here a controls the ratio component, B the difference component, y the exponential component, and 0 the ratio-power parameter.
The original numerical setup uses a=1, $=0.50 and y=0.50.

5. Derivation of Taylor-Series for estimator

The following derivation is developed using the standard Taylor-series linearization approach commonly employed in the analysis
of ratio, product, exponential and generalized classes of sampling estimators. The expansion framework is motivated by the
established work on auxiliary-information-based estimators, particularly the approach adopted by Jhajj and Walia (2011) [,
while the present formulation extends the underlying idea to the proposed multi-component estimator.

Ratio component: The ratio component is linearized by expressing the relevant sample-to-population auxiliary-variable ratio in
terms of small sampling errors. This follows the conventional Taylor-series treatment used for ratio-type estimators in survey
sampling, as developed in the earlier literature and subsequently utilized in generalized estimator formulations. (Panigrahi, 2025)

R=1+ 61/1 + e,

R=(1+e)(1—e,+e?)

R~1+e,—e,+e2—eqe;

RO =(1+e)?(1+e) 0

RO ~1+0(e;—ey) +0(8—1)/2e;2+60(0 +1)/2e,%> — 6%eqe,...... 9

Thus, the ratio component is represented in terms of first- and second-order error terms, which will subsequently contribute to the
bias and MSE of proposed estimator.

Difference component: Following the linearization principle used in classical difference and regression-type estimators, the
difference component is expressed through the corresponding sampling errors. This step provides a convenient form for
combining the difference adjustment with the ratio and exponential components.

d=e,—e;/l1+e;

d~e,—e;+e’—ee;

1+d=1+e,—e;+e’—ee,...... (10)

Exponential component: For the exponential component, a Taylor expansion of the exponential function is employed around the
point corresponding to zero sampling error. Such exponential-type transformations have been widely considered in the
development of improved estimators using auxiliary information. The present expansion adapts this established technique to the
proposed estimator structure.

exp(—d) ~ 1 —d +d?*/2

exp(—d) =~ 1+e;—ey;—e?/2+e%/2...... (1D

After obtaining the individual expansions of the ratio, difference and exponential components, these expressions are combined to
derive the complete approximation of the proposed estimator. The procedure follows the general strategy used in earlier
generalized estimator studies, while the particular combination and parameterization are specific to the present work.

B=aR? +B(1+d)+yexp(-d)+1—a—-L -y

B = 1+A(el_ez) +01812+Q2922+Q36132 ...... (12)

A=ab —F+y

Qr=ab(0-1)/2+B—y/2

Q,=ab(0+1)/2+y/2

Qs =—ab*—p

$%/5,>=(1+e,)B

SIZ/SyZ 1= ey + A(el - ez) + Q1612 + Qzezz + Q3€1€2 + Aey(el - ez) ves (13)

The resulting expression provides the required second-order approximation of the proposed estimator and forms the basis for
deriving its approximate bias and first-order MSE.

~12~
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6. Expression of Bias calculation of the proposed estimator

The approximate bias is obtained by taking the expectation of the expanded estimator derived in Section 5. The derivation follows
the standard error-moment approach used in sampling theory, where terms involving first-order errors vanish under expectation
and the remaining second-order terms determine the leading approximation to bias. (Singh, 2024)

Bias(5,%) ~ 5,2[Q1E (e1%) + Q2E(e2%) + Q:E(e1e2) + AE(eyeq) — AE(eye;)]

Bias(glz) =~ Syle(SlA(M, * +Q252/104 * +Q361/‘{04 * +A61/‘{22 * —A52/122 *

Q1+ Q3 =-0Q:

Bias(5,%) = S,24[Q2A04 ¥ —Adzz2 %] ....... (14)

Thus, the approximate bias is determined by the interaction between the sampling fractions of the two phases and the second-
order moment structure involving the auxiliary and study variables. This formulation also highlights the role of the phase-wise
sampling design in controlling the bias of the proposed estimator.

Thus, the approximate bias is driven by the difference between the two-phase sampling fractions and by the second-order
auxiliary and study-auxiliary moment structure.

7. Development of First-Order Mean Square Error of proposed estimator

The first-order mean square error is derived from the linearized form of the proposed estimator obtained in the preceding section.
Following the conventional MSE derivation for generalized sampling estimators, terms of order higher than the required

approximation are neglected, and the expectation of the squared estimation error is evaluated using the relevant variance and
covariance components. (Daraz, 2025) ]

SIZ - Syz =~ Syz[ey + A(el - eZ)]

MSE(8,%) ~ S, *E[ey, + A(es — e3)]?

MSE(S,%) ~ S,*E(ey,*) + A’E[(e1 — €2)*] + 24E e, (e1 — ;)]

E[(e1 — e2)?’] = E(e1®) + E(ez?) — 2E(e1e2) = Ados *

E[ey(el — ez)] = E(eyel) — E(eyez) = —Aly; *

MSE(5/%) = S)*[62440 % +AA* Aoy * =242, %] ........ (15)

The resulting expression incorporates the contribution of the study-variable variance, auxiliary-variable variances and their
corresponding covariance terms. Hence, the first-order MSE provides a direct basis for comparing proposed estimator and existing
estimators.

8. Optimization of parameter of population

To further improve the performance of the proposed estimator, the unknown tuning parameter is selected by minimizing the first-
order MSE with respect to that parameter. This optimization principle is consistent with the standard procedure followed in the
development of optimum classes of sampling estimators, where the parameter is chosen to minimize the derived approximate
MSE.

MSE(A) = Sy4[5214,0 * +A(A2)lo4 * —ZAAZZ *)]

aMSE/aA = 25y4A(A/104_ * —/122 *)

Ax= Ay, *//104 *

(?ZM.S'E/(')A2 = 25y4A/104 *> (0
a@*—ﬁ+y=/122—1/lo4—1
0 *=[(A22—1)/(Aoa— 1)+ B —y]/a

MSEmlTl = Sy4[6214,0 * _A(AZZ *)2/).04, *] ...... (16)
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The resulting optimum value represents the parameter choice under which the proposed estimator attains its minimum first-order
MSE. Substitution of this optimum value into the MSE expression gives the corresponding minimum MSE, which is subsequently
used for efficiency comparison.

9. Efficiency condition of the proposed estimator

The proposed estimator efficiency is assessed by comparing its minimum MSE with the MSE of the usual sample mean and other
relevant existing estimators. Such comparative MSE criteria are routinely used in the sampling-estimation literature to establish
the conditions under which an improved estimator performs better than its competing estimators.

MSE(s,2%) = S,*82240 *

MSE(S,?) < MSE(s,2%) & A(A*Ags * =242, %) <O0...... (17)

0<AKL 2122 *//104 *

RE = MSE(s,2*)/MSE(S,%) x 100

RE = 62140 */62140 * +A(A2/104 * —2A/122 *) x 100...... (18)

Therefore, whenever the derived condition is satisfied, the proposed estimator has a smaller first-order MSE than the
corresponding benchmark estimator and can consequently be regarded as more efficient under the specified sampling and moment

conditions.

Table 1: Condition of parameter Restriction

Case Restriction Result
Usual sample variance a=B8=y=0 §?=5,2?
Ratio-power class B=y=0 $°=sy2*[aR? +1—q]
Difference class a=y=0 $%=5s,2’[B(1+d)+1-p]
Exponential class a=8=0 $;% = s,2%[yexp(—=d) + 1 —y]
Original numerical weights a=1, =0.50, y=0.50 A=6

Source: Authors own observation and calculation

10. Numerical Illustration and Discussion

Numerical values of the population N=89, n'=45, n=23, Sy2:716.65, Ao = 3.81, 10s=3.60 and 12=2.95. optimal values of the

estimator contain a=1, $=0.50 and y=0.50, with 0 varied over 0, 0.5, 1, 1.5 and 2.

Table 2: Value of parameters

Parameter Value
N 89
n' 45
n 23

Sy2 716.65
Aso 3.81
Aoa 3.60
A2z 2.95
a 1.00
B 0.50
y 0.50

Source: Authors own observation and calculation
61 =1/45-1/89 = 0.011000

6, =1/23-1/89 =0.032234
A=6,—6,=1/23-1/45=0.021234
Aso ¥= 2.81, Ags * = 2.60, 152 = 1.95
A=ab0 - +y=280

0 x=A*x=195/2.60 = 0.75

MSE,in ~ (716.65)2[(0.032234)(2.81) — (0.021234)(1.95)%/2.60] [ From eq" 16]

~14~
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MSE,in = 30,565.59

MSE(s,,2?) ~ (716.65)%(0.032234)(2.81) = 46,531.45
REax ~ 46,531.45/30,565.59 x 100 = 152.23

MSE,equction ~ 46,531.45 — 30,565.59/46,531.45 x 100 = 34.31

Comparative Performance with Existing Estimators

Since the proposed estimator is motivated by the generalized difference-cum-ratio estimator of Jhajj and Walia (2011) 31 its
performance is evaluated against three relevant benchmarks: (i) the usual second-phase sample variance, (ii) the ratio-power
estimator, and (iii) the generalized difference-cum-ratio estimator. The same population characteristics are retained for the
comparison wherever applicable. They considered N=89, n'=45, n=23, and S} = 716.65, and reported the MSE of their
generalized difference-cum-ratio estimator for different values of 8. In the present study, the proposed estimators MSE is
calculated using @ = 1, § = 0.50 and y = 0.50.

Table 3: Comparative MSE and Relative Efficiency

Usual Sample Variance Ratio-Power [Jhajj & Walia (2011) [19] RE of Proposed vs. Usual | RE of Proposed vs. J&W

(G MpSE MSE ) MSE( ) Proposed MSE p(%) p(%)

0.00 46,531.45 46,531.45 56,329.12 46,531.45 100.00 121.05

0.50 46,531.45 32,339.58 46,105.85 32,339.58 143.88 142.58

0.75 46,531.45 30,565.59 - 30,565.59 152.23 -

1.00 46,531.45 32,339.58 42,698.09 32,339.58 143.88 132.02

1.50 46,531.45 46,531.45 46,105.85 46,531.45 100.00 99.08

2.00 46,531.45 74,915.21 56,329.12 74,915.21 62.11 75.19

Source: Authors own observation and calculation

Efficiency Profile of the Proposed Estimator

Opti :8 =0.75
160 - R!'E) I:m]‘.JSnS.Za% t LPjroposea estimator )
152.23% sual sample variance (100%)

140 4

Relative Efficiency (%)

80 1

60 1
62.11%

0.00 0.50 0.75 1.00 1.50 2.00
Ratio-power parameter, ©

Source: Authors own creation based on table no. 10.2

Fig 1: Efficiency profile of the proposed estimator

The comparative results indicate that the proposed generalized ratio-difference-exponential estimator provides a substantial
improvement over the usual sample variance for appropriate values of 6.The minimum MSE of the proposed estimator in the
corrected numerical illustration occurs at 6=0.75, with MSE = 30,565.59 and relative efficiency =152.23% relative to the usual
sample variance. The comparison with the motivating estimator of Jhajj and Walia (2011) ** is particularly relevant: at §=0.5, the
proposed estimator reduces the MSE by approximately 29.86% compared with their generalized difference-cum-ratio estimator,
while at 6=1.0, the reduction is approximately 24.26%. Thus, the incorporation of the additional exponential component can
provide appreciable improvement over the motivating generalized difference-cum-ratio structure for suitable parameter values.
The ratio-power estimator is also retained as an important benchmark because it represents the ratio component of the generalized
estimation framework. The results show that the proposed estimator can attain the same or improved performance around the
theoretically favourable range of the tuning parameter. However, the proposed estimator does not uniformly dominate all
competing estimators for every value of 6. In particular, its performance deteriorates at 6=2.0, demonstrating the importance of
appropriate parameter selection. Therefore, the results should be interpreted as evidence of conditional efficiency, rather than
universal dominance.

The comparison provides a clear empirical progression from the usual sample variance to the ratio-power estimator, the
generalized difference-cum-ratio estimator and finally the proposed generalized ratio-difference-exponential estimator. The results
support the motivation of the present study by showing that the additional exponential component, when appropriately tuned, can
improve the efficiency of the generalized framework developed by Jhajj and Walia (2011) 1. The proposed estimator therefore
represents a natural and practically feasible extension of the motivating estimator under double sampling.
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11. Conclusion

A corrected and feasible generalized ratio-difference-exponential estimator has been developed for variance estimation for
variance of the population under double sampling. The unknown auxiliary population variance in the original difference
component has been replaced by the first-phase auxiliary sample variance. The estimator has been expanded through second order
for bias and first order for MSE. The first-order MSE is minimized when A = a6 — 8 + y equals A,, */A¢4 *With .= 1, p = 0.50
and vy = 0.50, the optimal ratio-power parameter is 8 = = 0.75for the numerical moment structure reported in the original
manuscript. The corrected illustrative calculation gives MSE,,;, = 30,565.59 and RE ~ 152.23 relative to the usual sample
variance. The proposed estimator would be useful in agriculture, business and industrial and socio-economic surveys.
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