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Abstract

Present paper deals with the integral involving of Rn(x, y).In this paper, a number of double infinite
integral in which the Integrand is a product of the polynomial Set Rn(x, y) and some special functions
like Meijer's G-function, the exponential functions and the Legendre function etc., have been evaluated.
Some integrals involving of these functions have most important role in Statistical problem. Most of the
integrals have been evaluated in two legs firstly, the double integrals have to be transformed to a single
one with the help of one of the known results ¥ and then these integrals can finally be evaluated on
making use of known results from tables of integral transform Vol.2 [, after making proper substitution.
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1. Introduction
Singh R.K [ defined the polynomial set Rn(x, y) by means of the generating relation.

(ap);(bu);bl;
Z phikishys&ioi(a, (b, )b

(§+k1y7”"t"’1 )G F Axt N,y "t =Y R (x,y)t"
(c,);

a0 hemim ey )

1.1)

Where 2; 11; Ay; o; &; are real and m1,m2, and e are positive integers.

The left hand side of (1.1) contains generalized Appell function [1] of two variables by
notation of Burchnall and Chaundy [,
After little simplification (1.1) gives

A(h, k)
o= by (—mih—myk)!
myh+myksn
... (1.2)
Where
A (]’l, k) _ |:(ap ):|n—mlh—(m2—l)k l:(bu ):|”*m1h*m2k(b’)k

[(C‘I ):|n—m1h7(m2—l)k b };h
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(—G)h (_7\’1 )h (Me )n—mlh—mzk }\’lek
kb y™t ot (n—mh—m,k )

2. Lemmas and Notations

I. Lemmas
The following lemmas which are the generalized form of the lemma due to Rainville ! have been used throughout the paper
. - [
D D A(kn)=D> A(k,n-mk)
(i) n=0 k=0 n=0 k=0

D A(hk)# A(h,k)

n,k>0 h=0 k=0

(l”) (A) mh+mpk<n

A(h,k) &
k>0 (n—mlh—ka)! (n—mlh—mQS)!
(B) mh+myk<n

1. Notations:

A () n=123, ... n-1,n.
(ii) (ap)=al, a2, a3, ...... ap.
(iii) [(ap)] = al, a2, ...... ap.

(iv) i-1
_ A(a;p)=L bxl b+2 = bra-l

B (i) a a a a

_b b+1 b+a-2

(") Ak[ (l)7b:|_a, a geeeaes a
a+r—-1)r=1,2...... m
A lmila,)|=| =

iy »)] [ m jkl—l,Q, ...... p

(ivyIM(@btcxtdy=r(a;b+c+d) a;b+c-d),
Ma;b-c+d), M@ b-c-d).

el T(E2) (2] (222) . b2=2)

s [ )= TT T[22

(ii) =l rl 3

| F[(ap)]zljll“(ai).

D (i)

c (i)
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r a+(£) = B Cla+L).
(ii) { m} ];_:i[ ( m)
F[(a;b)] = lj_l[l“(%)
F[A(m;(ap))]zlilli[[ai+n:_lj'

I.(atb)=T(a+b)I'(a-b).

(i)

(vi)

E (i)
i) I.(a+1)=T(a+b)I(a-b).

3. Evaluation of Double Infinite Integral
We proceed to evaluate the double integral

'c[
which on using (1.2), becomes

EE@)] ok [B)] s @

- éc ; ; [(Cq ):In—mlhf(mgfl)k &"h h! Fe!

Py*P(x+y)R ((xxgl,ByQQ)dxdy

o'-—;S

n— mlhmek

(1) (o )
(By* )™ "™ (n-mh—myk

_ G[mll} [%} [(ap )L,mlh,(ma,l)k [(bu )Jnfmlhfmak (b"),
a ; ; (e, )]n_mlh_(mz_l)k g h! kI
0, (1) (i)™

(B)™" ™" (n-mh —m,k)!

Y ﬁ x"y” f (x+y) dxdy

XJ‘ xD+eg1(n7m1h7m2k)yEfmIQthngQkF (x + y) dxdy
0

From [3]

O Ly 3

...(3.1)

T I'(a+1)T(b+1) ¢
X,[J x“y’F (x+y)dxdy = (F(aJ)rb(+1) )J‘z‘”b”F(Z)dz
00 0

... (32)

Then, we immediately get

SlE@)] o (6], ®)

I=¢° -
; ; [(Cq ):|n—m1h7(nbfl)k 5 Rt Kl
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o ) (ha)" AST (D +1+ neg, —eg,mh —eg,m,k)
(hap)™" " (n-mh-myk)!

I'(E+1-mg,h-m,g,k)
X
F(D+E+2+neg1 (eg, +g,)mh —(eg, +g2)m2k)

o0

XJ-F(Z)ZDJrEJanegl(eg1+g2)mlh(egl+g2)m2kdz
0 .. (33)
Which, for brevity, can be thrown into the form,
Gl .
I= A (D,E)J‘F(Z) ZD+E+1+ngl+(egl+g2)mlhf(egﬁgz)mahdz
o ° . (34

|:(Clp )]nfmlhf(mfl)k [(bu ):Infmlh—mzk (b')k €

A, (D, E) = |:(Cq )]nimlhi(mrl)k gh R k!

Where

y (=0)u (-2,)" ()" A5 T(D+1+neg, —eg,mh —eg,m,k)
(rap)™" " (n—mh-myk)!

I'(E+1-mg,h-m,g,k)
X
I'(D+E+2+neg, (eg, +g,)mh—(eg, +g,)mk) |

.. (3.5)

https://www.mathsjournal.com

Numerous interesting results, from (3.4), may be achieve on setting different functions for F(z).Some of them are given below

Relation 1: On making the substitution

F(z)= e_B(”y)Gf;’j; (D(x +y)

In (3.4) and then integrating the right hand side with the help of [4], we get

F

O ) 8

w P,
J.nyEe’B Y Gef( (x+y) ‘ ER ))] R, ((xxg‘,Bygz)dxdy

——
3
(B

Z An Bl+D+E+negr(egl+gz)mlh(egﬁgg)mqk
h=0 k=0
><C;ef+1(‘D m2(egl+gz)k+(eg1+gg)h_negl—E—D—1,]
E+LF | 1
E (Rr) (P) 56)

Provided that

E+F<2(e+f),|argD|<(e+f—g—g)n|argB|<%
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and Re(RJ.+D+E—ng2+2)>O,J:1,2 ...... ,e

Relation 2: On setting
In (3.4) and then using 1, we obtain

](i]lxD EG”{ x+Yy) ‘ EZE))J R, (oucgl,[?)ygz)dxdy

e

z][2] HF {(R;)+D+E+2+neg, —(eg, +g,)mh —(eg, +g,)mk}
= A,(D,E) =
h=0 k=0 H r {_(Rj)_ D-E-1- neg, + (eg1 + 92)m1h(eg1 +9 )mzk}
Jj=e+l

i
Z r{_(‘Pj)_D_E —1-neg, +(eg, + g,)mh(eg, + g, )m2k}

E
Z I'{~(P)+D+E+2+neg, - (eg, + g,)mh - (eg, + g,)mk|

[mll:| [@} |:(ap )]n—mlh—(mg—l)k [(bu )ilnfmlhfmgk (b')k (Koc)n
h=0 k=0 [(Cq ):|n_mlh_(mg_1)k ah h! k!(}MO(,B)mlh+m2k

(=0), (M) As T (D+1+neg, —eg;mh—egmyk)

https://www.mathsjournal.com

8 (n—mh —m,k)!T (D+E +2+neg, —(eg, + g,)mh —(eg, + g,)mk)

[(E+1-m,g,h—m,g,k)T {(Re)+D+E +2+neg, —(eg, + g,)mh(eg, + g,m,k}

X

F{_(RF)_ (e)—D-E-1-neg, +(eg, +g,)mh(eg, +g, )mzk}

I'{—(P,)-D-E-1-neg, +(eg, + g,)mh(eg, + g,)m,k}

I'{~(P,):(f)+D+E+2+neg, —(eg, + g,)mh —(eg, + g,)m,k} .37

[(ap )L [(b,)] & ()" T(D+1+neg,)T(E+DT{(Re)+D+E+2+neg, |

- [(c,)] n! T(D+E+2+neg) T(-By):(f) +D+E+2+neg,)

I'{(P-D-E-1-neg,}
T{(R:);(f)~B-E~-1-neg,}|

Z Aplmy;—n]A, [my;1-(e,)—n]
Anlm;1—(a,)-nlA,[m;1-(b,)—n]

Anlmieg;—D - E -1-neg,|A,[meg,;—D - E —1-neg, - (P)-n]
Ay[meg;;—-D-neg,| A,[meg;;~(Rp)-D—-E-1-neg,]

Aulmiegii~D—E ~1-neg, (B (£ mieg, )" T

A, [meg,;~D—-E —neg,(R,);(c)] A,[em,g,;~E](rap)™"
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(__rrl)nq(Q—p+l+q)h

X

h!
A(mz;—n+m1h),A(m2 —1;1—(cq)—n+m1h),b',
A(ergl +gz;_D_E_1_negl +(eg1 "‘gz)m1 (Rf)7
A(m,(eg; +g,);-D-E-1-neg, +(eg, + 9, ), (Ps);
A(egl +92) m,;—-D—E-1-neg, +(eg, + g,)m,);
- oy (_1)%(egl+gz)(E—f) (-m, )M2(1+u) {—(m2 _ 1)}(%*1)(61*17)
X

g5 (1xy)™ ()™ (gre+g,)™ (gie+9,)" " (eg,)™™
A(n12 —1;1—(ap)—n+mlh),A(mQ;l—(bu)—erlh),
A(eg;my;—E),A(eg,m,;—D—neg, +eg;h),
A(eg1 +9g, my;—D—-E—-2-neg, +(eg, +g2)h—(Re));

A(egl+92 mz;—D—E—l—negl+(991+92)h_(Pf)); 1..38)

Where 0 1e O F, 01 fJE (E+F)<2(e+f),D+E+ne+ (Pf)+1, E + D + ngl + (Rf; ) + 1), should not be positive integer
andRe (Pj—ng2) +1<Re(D+E)<min.ReRj+ngl+E); 1 C jOf, 10 e
similarly, (3.6) can be also thrown into the form;
[(a,)] [(b.)], & ()" T (D+1+neg,)T(E+1)
[(cq)] n! I'(D+E+2+neg,)

F{(Re)+D+E+2+negl)}F{—(Pf)—D—E—l—negl}
T{(-Pe)s(e) 52 T{(Ry): (£ 5o}

L"LJ Ay [my;—n+myh]A, [mQ;l—(Cq)—n+m1h}

A, [mQ;l—(ap)—nerlh]Ak [my;1-(b,)-n+mh]

X
k=0

_Ailegi +g,my;-D—E-1-neg, +(eg, +g,)m ~ (R,
A [egmy;—E] A, [egim,;—D —neg, +eg,h]

- h
«{maeg, + g;-D~E~1-neg, +(eg, +g,)" ~(P;)}
« (€9, + g;my;—~D—E—2-neg, +(eg, + g,)" —(R.)}

A
X
A

h
y Ak{egl+92m2;—D—E—1—n691+(egl+gz) }7»’5
Ak{eg1+92m2;_D_E_1_neg1+(eg1+gz)h_(Pf)}géngg2k

(—1)meleortaa)(B-f)k (-m )mQ(l—ll.)k {(—m _1)}(m2—1)(q—p)k
2 2

mak my ex(eg1+9o ) E-F— eg,
(xxey) (XQQ‘B) " (gle+92) (carta) B (egl) ok

X
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_A(ml;—n)A(ml;l—(Cq)—n)A(mlegl;—D—E—l—negl),
A(m,eg,;—-D—E -1-neg, —(P)),
A(mlgle;—D—E —-1-neg, —(PE);m),

2 (_1)emlgl(E— f-e) (meg, )mlegl(E—FJrl) (-m, )ml(q—1+u)
(Ro)™
A(ml;1—(ap)—n),A(ml;l—(bu)—n),A(emlgl;—E),
A(m,eg,;;—-D—-neg,),A(meg,;—(R,)-D—-E -1-neg,),

I A(emlgl;—D—E—l—TLe%—(RF)’(e)); 1..3.9

xF

Relation 3: On making the substitution

F(z)=(1+2)" B, (};—i)

In (3.4) and then [4], we achieve for (m2 > 1)

) -N l1-x-y ' )
jjnyE (1+x+y) P, (ijn (axg ,by? )dxdy
00

[

3p

[

n
my

=0

F{D+E+2+negl+(eg1+g2)mlh—m2(991+92)k}

A(D.E)
= 1“{—D—E—neg1+(egl+g2

)mlh+m2

>
b
Il

+m, (egl +9, )k}

1"{N—D—E—1—neg1 +(eg, + g, )mh +(eg, +g2)m2k}2
r(N)

X

Gl (a,)] ()], (b))
Z n—-myh—(my-1)k yh-my

h=0 k=0 |:(Cq) n-mh—(m,-1)k E”h h! k!(x‘aﬁ)mlh-'-mzk

y (=0), (=1,)"As T (D+1+neg, —egymh—egm,k)
(n-mh-m,k)! T(D+E+2+neg, —(eg, +g,)mh —(eg, + g,)m,k)

I'(E+1-m,g,h —m,g,k)T'(D+E +2+neg, —(eg, + g,)mh(eg, +g,)m,k)

X

https://www.mathsjournal.com

1“(—D—E—1—negl +(eg, +g,)mh +(eg, +gz)m2k)

F{N—D—E—Q—negl+(eg1+g2)mqh+(egl+g2)m2k}
L(Ny

X

[(ap )]n [(bu )L £°(ha)"T'(D+1+neg, )T (E+1)
_[(cq) n! T'(D+E+2+neg,)I (-D-E-1-neg,)

I'{D+E+2+neg,}I'..(N-D-E-2-neg,)
I.N

X

X[”ﬂ A, [m;—n]A, [ml;l—(Cq)—n]Ah [em,h;N-D-E-2-neg, |

= A, [mi1-(a,)-n]A, [m;1-(b,)-n](rap)™" h!
~141~
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(V) my(g—p+l+m)h
(_h)eglml _
y (=)
Ah[eg,h;—D—neg, |

A(mQ;—n+m1h),A(m2 —1;1—(Cq)—n+m1h),b',
A? (mQW N-D-E-2-neg, +(eg, +g2)ml),
N )mz(l—u) {_(mz _1)}(m2-1)(q—P) (~gie— g, )"b(egﬁgz)
<k (raB)™ (eg,) ™™ g5
A(m2 —1;1—(ap)—n+mlh),A(mQ;l—(bu)—n+m1h),
A(eg,m,;—E)A(egm,;—D —neg, +(eg, +g,)m, ),
A(mQTJrgQ;—D—E—l—neg1 +eg, +g2m1);

1..3.10)

Where Re negl-2 <Re(D + E) <R (N + ng2)-2 and (c + d + ne3gl — N + L) is a non-positive integer.

Relation 4: On using (3.4) and [4], we arrive at the result (for (m2 > 1)

1

T.TnyE B*(x+y) }_5{{B +(x+y) }% (x+y)T’
R, (ang1 ,by*% )dxdy

]

h=

X

—

BD'+D+E+1+2negl 4(€g1+92 )m1h+(991+92 )mzk

D
A”( ? ) 2D+E+2+2neg1 B2(691+gz)m1h+2(eg1+92)”'Qk

o

k=0

1"{D+E+2+2neg1 -2(eg, +g,)mg, —2(eg, +gQ)m2k}

X
D+E+3-D+2
F{ S —(egl+gg)mlgl—(egl+gz)m2k}
-D-E-D'-1-2
F( 5 ) _(391 +g2)m1h—(eg1 +92)m2kj
X
1

Z % ] _— [(B)], e P

& h1 o s!(ap)™"

)]n —myh(my-1)k

y (ra)" (6)x A} T'(D+1+neg, —eg,hm, —eg,m,k)
(n—-mh-mk)!T' (D+E+2+neg, —(eg, +g,)mh—(eg, + g,k)

F(E +1- mqglh _ m2g2k)BD'+D+E+l+neg1
X

O D+E+2+2neg, B2(egl+gg)m1h+2(egl+gz)mzk

4(eg1+g2)m1h+(egl+gz)m2kF{_D_E _D,_Qngl +(eg1 +gQ )rn'lh +(egl +g2 )mZk}
2

X

D+E+3-D'+2
F{ ) daz ) _(eg1 +gz)m1h_(eg1 +92)m’1k=

~142~
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- [(ap)]n [(bu)ll £° (ka)"r(D+1+neg1)1“(E+1)

[(c,)], n'T(D+E+2+neg,) F{%(D+E+3—D'+2ne3gl)}

r {% (D+E+D'+1+2neg, )} BP+D+E+2neg; 4(egrtgz)mih

2D+E+2+2neg1 BQ(egl+gg)m1h)

[mll A, [my;—n] Ah[ml;l—(cq)—n](—csl)h Al
i A, [m;1-(a,)-n] A,[m;1-(b,)-n] &" h!

X

)ml(q7p+1+u)h

y A,[meg;;-D-E-1-neg,] (-m,

mh
A,[myeg,;—D —neg, ] Ah[em1g1§_E](7‘aB)

Ay [egl+ggm1;—2—§+2—l—2negl}

X

NCErre e —

A(my;-n+myh),A(m, -1;1-(C,)-n+mh),b’,
D

A(egl +g2)m2;— D) _%i%_%_negl(e% +9g,)m,),

A<eg1 +g2)m2;—D—Ei1—neg1(egl +9g,)m,),
Ay (_m2 )ml(l—u) {_(m2 _1)}(rng—1)(qu) {_(691 ‘g, )}(egﬁgz)mz 4(eg1+g2)m2
(LoB)™ B0 (g,e)™"™ g7
A(m2 —1;1—(ap)—n+mlh),A(mz;l—(bu)—n+m1h),
A(egym;;—E),A(eg,m;;—D —neg, +eg,h),

-D-E-D'+2ne
A(eg1 +g,m,; 5 9 Jr(eg1 +g2)hj;

xF

431D
Where Re B > 0, -z —Re, 2ne3gl < Re(D + E) < —Re (D-1-Re 2negl) and 2negl + D + E + 1 is non-Positive integer.

Relation 5: Form2 > 1
On setting

F(z)=e "L (x+y)

In (3.4) and then using [4], we have

O Ly 8

J‘nyEemy)L(nf’ (x+y)R, (ocxg1 ,by* )dxdy
0

)3
:;;A"(D’E) F{f—D—E—l—negl+(egl+g2)m1h+(eg1+gQ)m1k}

I'{f-D-E-1-neg, +N+(eg,+9g,)mh+(eg, +9g,)mk}

FD+E+2+neg1+(eg1+g2)mqh+(egl+gz)mzk
X
N!
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[(a,)] [(b.)], & ()" [ (D+1+neg, )T (E+ DI (f ~-D~E~1-neg, +N)

https://www.mathsjournal.com

- [(c,)] n! T(D+E+2+neg,) N! T(f-D-E-1-neg,)

[I—

%: Anlmy;-n] Ay [m;;1-(c,)-n] A, (egimy;—~D-E -1-neg;)
Anlm;1-(a,)-n] A, [m;1-(b,)-n] A, (meg,;—D -neg, )

h=0

A,legim;;~1-D—E—1+N-neg,] Al (-m, )@ ?*
myh
A,lemg;;—E] A,legmy; f —D—E-1-neg,J"h!(1ap)

A(my;-n+myh),A(m, -1;1-(C,)-n+mh),b),
A(egl+gg)m2;—D—E—1—neg1(eg1+g2)mlh),
A(eg1 +g2);f—D—E—1+N—neg1 +(eg, + g,)mh),

my(1-u) (my-1)(g—p)
<F Ay (—m, )™ {=(m,-1)} P
(k(X.B)mQ (egl )391 ggzmg (691 +g2 )"12(691+92)
A(m2—1;1—(ap)—n+m1h),A(m2;1—(bu)—n+mlh),

A(engQ;—E),A(eglmz;—D—negl —(eg, +92)h)>
_A((eg1 +9g,)my; f —D—-E—-1-neg, +(eg, +g2)mh);_

.. (3.12)

Provided that Re(D +E — neg2 + 2) > 0, +D + E+ negl + — N —f) and (D + E + negl — N + 1) are non-positive ineteger and

1) (x+y)

is the well known Leguerre polynomial of order n.

Conclusion

In this paper, we have obtained many interesting new results for the polynomial set Rn(x, y) followed by important and interesting
particular cases. These are of at most important for scientist, Engineers and physical Sciences, because these occurs in the solution

of statical and physical problems.
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