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Abstract

In this paper, we find that the Sadik transform of Bessel functions is essential for solving a variety of
differential equations and mathematical problems. This study main objective is to solve linked Bessel
relations by evaluating Bessel functions using the Sadik integral transform. Bessel functions can be used
to solve a variety of equations in cylindrical or spherical dimensions, including heat equations, wave
equations, Laplace equations, and Helmholtz equations. Additionally, this study derives the Sadik
transform of first-kind Bessel functions and shows how to use it to solve fractional differential equations
and evaluate complex integrals. The results demonstrate the Sadik transforms effectiveness grace, its
simplicity as a powerful alternative to conventional integral transforms, increasing its applicability in the
physical sciences and sophisticated engineering.
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Introduction

Bessel function are now essential for solving problems in the fields of engineering, Heat
transfer, vibrations, hydrodynamics, fluid mechanics, nuclear physics, mathematical physics,
atomic physics, acoustics, radio physics, and stress analysis, and nuclear reactor flux
distribution. The nonnegative integer is represented by the Bessel function of order [2,5,7,8].It
is also clear how crucial integral transformations are for precisely solving differential
equations. Numerous integral transformations have been proposed by researchers, each of
which addresses a problem in life sometimes social and economic, sometimes engineering,
physical, medical, or astronomical with the goal of finding solutions using less complicated,
more technical, and simpler approaches. It is thought that the authentic transformation is easier
to use and more universal 131,
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Forn = 0,The zero order Bessel function is represented by. Jo) The following infinite
power series is used to define.
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For n =1, The following infinite power series defines Bessel function of order one,
symbolizes by J; ).
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For n =2, The following infinite power series defines Bessel function of order one,
symbolizes by [, ¢).
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Some useful properties of sadik transform:

Sadik Transform (S — Transform)

Integral transforms methods (L - Transform, Mo - Transform,
M - Transform, S - Transform ,......... etc ) are practical
mathematical tools that can be used to solve complex science
and engineering problems that can be is expressed in terms of
integral and the differential equations.

Definition: [3,8] The Sadik Transform of the function [/ (¥) ,
¥ = 0 can be is defined

ST} =5 [ [()e™" du,

when v is a complex variable and a # 0, are any actual
numbers. The Sadik transform operator is denoted by the
letter S.

It should be noted that his Sadik transform of then functions
[(x) since ¥>0 exists if [(¥)is The only prerequisites for the
existence of Sadik transforms the function are piecewise
continuity and exponential order [(x).

Convolution Theorem the Sadik Transform

https://www.mathsjournal.com

To solve integral equation in any transform we should use the
convolution theorem it as we have observed in solving the
integral equations by previous transform. Let the sadik
Transform of the functions 7, () and /,(x) is S {/,(>)} and

S {[ , (x)} respectively, then: Inverse of S — Transform [3].

S{LG) + L)} =vF S {0} - S{T,)}[6]-
If S {/(¥)} is the Sadik Transforms of the function /(¥), the
[ () is known as the inverse of the Sadik Transform and has

the following mathematical definition.

[() =SS},

Such that operator S~ is called the inverse S - Transform
operator and for sure it have that linearity property:

s {as {1,} + b {1,)}
=aSTH{S{,P}+bSTHS{,H
=al,() +b[,().

Table 1: (Sadik —Transform) for some elementary functions
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va
7 S
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9 h —————
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Dualities between transforms

To illustrate the significance of these linkages for the integral
transforms mentioned, we give examples using ¢ as a symbol
for the other transform result. The dualities between the L-
Transform and a number of popular transforms, including the
M-Transform, S-Transform, Mo-Transform, and y-Transform,
will be covered in this section.

Mahgoub - Sadik Duality

MahgoubTransform of then is function [(¥) , since ¥ =0
such that define as:

M)} =v [ [G)e™ d,

and Sadik Transforms of then function [(¥) , since ¥ =0
symbolizes by S{/()} and can be defined as:

SUY =5 [ 1) e™" d,

Now, let v = u® then
M{[('X)}=U.f[('h’) .e_“a"dx=vﬁ+1[viﬁf[(7r)7rd7r]
0 0

=vh* o p) .

On the other hand: Let r = v* , then

L[ . 1
SUM) =15 [ 10) ™" dv = v [ 1) e av)

_ 1

=7y (o)}
Thus S ()} = 57, {93
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Sadik — mohand duality
Sadik Transforms of then function /() , since x = 0 denoted
by S {/(»)} and can be they know:

SUY =5 [ [()e™ dx,
With mohand Transform:

Mo {f(¥)} = v? [°[(¥) e dx = p(v).

Now let v* = u , then we have:
1 [ —xv* 1 2 [ —ux
SUEN = o [ 10t = (v [ 1) .7 av)
0 0
= pp gz P
Thus

S{f(x)} = # .@(w) . On the other hand:

Letv =r®, then:
Mo {f(x)} = v* Of [G) e dv = v?vf {viﬁ Of [G) e dx}

=v2vf o(r®,B)
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Thus

Mo {[(x)} = v*vF (r*,B) .

Example 1 Solve the following integral equation using
sadik integral transforms

u((x)) = cosx + sinx — fox u(t) dt
Solution
Since
S w0} =% - {p()}

1 v
S{u(x)} = v_ﬁ 1+v2
now let v = r¢

1 r®
S{u()} = 7 T
S{u(x)} = — A

()} = D 1422

. _ -1 1 Ta
sulx)=S {(Ta)b’ '—1+r2a}

u(x) = cosx

Fig1: u(x) = cosx

Relation between (Jo()) and (J1 )[4]:

%]O(t) = _]l(t) 5)
Relation between (Jo() ) and (J () )[4]:
Jawy = Jowy + 2J0(®) (6)

Sadik transform to solve Bessel function
Sadik transform to solve Bessel function of zero
order: Applying the sadik transform to both sides of equation

(2) yields the result.
t? t*
Joo-{1=5+ 5=}
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Sadik transform to solve Bessel function of order one
Equation (3) can be solved by applying the Sadik transform to
both sides:
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Sadik transform to solve Bessel’s function of order two
Equation (4) can be solved by applying the Sadik transform to
both sides

5
16v6%tH

1 3
patpB 16p4a+B

®)

t2 t4 t®
S GRS
J20)= {2.4 2246 2242638
2! 41, 6!
_{Sv‘Hﬁ = Seva B T 30720%%8 }
_ { v3 v> 12007 } (9)
T l4vzatB  gpsatB T 5y7a+p

By applying the second derivative Sadik transform property,
we arrive at:

S{h ()} = v*He,)
As a result, the Sadik transform of from J, . equation (7) is:
(R) t = Jor) @nd h(0)=0 and h'(0)=0

Consequently, by applying the transform relation linked to the
Bessel function of order one

h(t)= t*1(e)
and taking the inverse Sadik transform, we ultimately obtain:

v2Hy + hy = Sow}

Equation (7) thus gives the transform of{j,}, and the
inverse transform step that links the answer to {Jo.)} yields
equation (8).

3

1 1
S‘UO(t)}z{v_z it

6

Hey = 255Uow)} (10)
Practical example: Transient response of a cylindrical
system

The transient response of a cylindrical system in physics and
engineering frequently requires the solution of differential
equations with boundary conditions determined by the
object's geometry. system, like a thin circular plate or a
cylindrical heat conductor, responds to a time-dependent
stimulus by using the Sadik Transform. the Problem since by
equation (7,8,10) we option:

Examine a mechanical system in which the following second-
order differential equation controls the displacement h(t):

(h) 't + hey = Joe

With Initial conditions:h(0)=0 and h'(0)=0

v2he + hey = SUow)}

We use the following property for second-order derivatives by

applying the Sadik Transform S{h(t)} = h(v) to both sides of
the equation:
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1

S{]O(t)}:m

Substituting the known transform for the zero-order Bessel
function,

(v? + 1) Hpy= we option

1
/(u2+1)

Solving for h(t), we get:

_ 1
H(V)'(,,2+1)3/2

Using the inverse Sadik transform property for Bessel
functions, the solution in the time domain is:

t
hy=ho

Conclusion

In this work, we have effectively illustrated how the Sadik
integral transform can be used to solve differential equations
involving Bessel functions. We have demonstrated that the
Sadik transform offers a simple and effective substitute for
traditional techniques like Laplace or Hankel transforms by
moving the analysis from the time domain to the algebraic v-
domain.The power of the Sadik transform is demonstrated by
modeling the transient response of cylindrical systems and the
vibration of a system under Bessel-type excitation. It

produces results like h(t):gjl(t)with little  computational

overhead by breaking down complicated differential
equations into manageable algebraic forms. In the end, this
study demonstrates that the Sadik transform is a very useful
solution for engineers and physicists working with cylindrical
or spherical coordinates in addition to being a lovely
mathematical tool. Its capacity to solve non-homogeneous and
fractional equations indicates that it will become a more

valuable tool in the field of advanced computational
engineering.
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