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Abstract

This paper formulates and analyses a compartmental model of infectious-disease transmission with
imperfect vaccination, dividing the population into susceptible, vaccinated, exposed, infectious and
recovered classes, and studies optimal time-dependent vaccination as a control problem. The basic
reproduction number is derived using the next-generation matrix method and is shown, as a consistency
check, to reduce exactly to the classical susceptible-exposed-infectious-recovered expression when the
vaccination rate is set to zero and to fall to zero as vaccination coverage becomes complete with a
perfectly effective vaccine. The disease-free equilibrium is shown, both analytically for the exposed-
infectious subsystem and by direct numerical evaluation of the full Jacobian at representative parameter
sets, to be locally asymptotically stable exactly when the reproduction number is below one and unstable
above it, consistent with the general threshold theorem for compartmental disease models. Treating the
vaccination rate as a bounded time-dependent control, Pontryagin's Maximum Principle is applied to an
objective functional that penalises the exposed and infectious populations together with the cost of
vaccination effort, and the resulting two-point boundary value problem in the state and costate variables
is solved numerically using the forward-backward sweep method. For a disease with a reproduction
number of about 3.3 in the absence of vaccination, the optimal control front-loads vaccination effort near
the start of the outbreak and lets it taper off over the following weeks, reducing the peak number infected
from about 1870 to about 14 individuals and the cumulative incidence by a factor of more than seventy
relative to no vaccination, illustrating that early, intensive intervention achieves most of the benefit that
continued, later intervention cannot recover once exponential growth is underway.

Keywords: SEIR model, vaccination, basic reproduction number, next-generation matrix, stability
analysis, optimal control, pontryagin's maximum principle, forward-backward sweep

Introduction

Compartmental models that divide a population into classes such as susceptible, exposed,
infectious and recovered individuals have been the basic tool for describing how an infectious
disease spreads through a population since the earliest work on the subject, and remain the
starting point for evaluating the likely effect of an intervention such as vaccination before it is
deployed. A model of this kind is useful in two related ways: it identifies the disease's basic
reproduction number, the threshold quantity that separates conditions under which an
introduced infection dies out from conditions under which it spreads, and it can be embedded
in an optimal control framework, in which a public-health intervention is represented as a
time-dependent variable to be chosen so as to minimize a stated objective, typically some
combination of disease burden and the cost of the intervention itself.

Adding an imperfectly effective vaccine to a susceptible-exposed-infectious-recovered
structure, so that vaccinated individuals can still be infected, though generally at a reduced
rate, is a standard extension, and computing the resulting reproduction number by the next-
generation matrix method is now the standard approach for this class of model, with a general
theorem establishing that the disease-free state is locally stable exactly when this reproduction
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number is below one. Treating the vaccination rate as a time-
dependent control rather than as a fixed constant, to be
optimised via Pontryagin's Maximum Principle is likewise
well established, and the resulting two-point boundary value
problem—the original state equations forward in time coupled
to a costate system that must be solved backward in time from
a terminal condition—is routinely solved numerically by the
forward-backward sweep method.

This paper works through this standard pipeline end to end for
a susceptible-vaccinated-exposed-infectious-recovered model,
with two aims. First, every analytical step—the reproduction
number, the stability threshold, and the costate equations
arising from the Pontryagin Hamiltonian—is derived and then
checked against an independent computation, rather than
stated without verification, since it is easy for a sign or a
factor to be lost when a costate system is derived by hand.
Second, the resulting optimally controlled epidemic is
compared numerically against the uncontrolled case for a
disease whose reproduction number is high enough that, left
alone, it would produce a substantial outbreak, to quantify
how much of that outbreak a well-timed vaccination
campaign can prevent.

Model Formulation

The population is divided into five classes: susceptible (S),
vaccinated (V), exposed (E, infected but not yet infectious),
infectious (1), and recovered (R). New individuals enter the
susceptible class at a constant rate A (births or immigration)
and leave any class through natural death at rate p; infection
adds an additional death rate d to the infectious class.
Susceptible individuals are vaccinated at rate ¢ (a constant
baseline rate in the reproduction-number and stability
analysis, and a time-dependent control u(t) in the optimal
control problem below) and move to the vaccinated class;
vaccination is imperfect, reducing but not necessarily
eliminating the risk of infection, captured by an efficacy
parameter €€[0,1], so that a fully effective vaccine (e=1)
prevents infection entirely while &=0 corresponds to no
protection. New infections occur at rate B per contact with an
infectious individual, scaled by the fraction of the population
that is infectious, and move susceptible or vaccinated
individuals into the exposed class at rates B and (1—¢)p
respectively. Exposed individuals progress to the infectious
class at rate ¢ (the reciprocal of the mean incubation period),
and infectious individuals recover at rate y. With
N=S+V+E+I+R denoting the total population, the model is

dS/dt= A — BSIUN — (u+o)S,

dV/dt = ¢S — (1-€)BVI/N — uV,

dE/dt = BSI/N + (1-¢)BVI/N — (ut+o)E,
dl/dt = oE — (uty+d)l,

dR/dt =yI — pR.

Basic Reproduction Number and Stability Analysis

At the disease-free equilibrium (E=I = 0), setting
dS/dt=dV/dt= 0 gives S*=A/(uto), V*=A¢/[w(put+e)], and
N*=S*+V*=A/u. Following the next-generation matrix
method, with the exposed and infectious classes ordered (E,I),
the new-infection matrix F and the transition matrix V,
evaluated at the disease-free equilibrium, are

F=1[10, B(S*+(1-e)V*)/N*], [0,0] ], V = [ [puto, 0], [-o,
pty+d] ],
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and the basic reproduction number is the dominant eigenvalue
of Fv1,

RO = of[pt(1-e)o] / [ (nwto)(uto)(pty+d) 1.

This expression was checked in two ways. Setting ¢=0 (no
vaccination) reduces it exactly to the classical susceptible-
exposed-infectious-recovered reproduction number
op/[(pt+o)(put+y+d)], confirming that the vaccination-related
terms vanish correctly when there is no vaccination. Setting
e=1 (a perfectly effective vaccine) and letting @—o
(universal, immediate vaccination) drives RO to zero,
confirming that complete, perfect vaccination eliminates
transmission in the model, as it must. The general threshold
theorem for compartmental disease models states that the
disease-free equilibrium is locally asymptotically stable if RO
< 1 and unstable if RO > 1; for the present model, the full five-
dimensional Jacobian at the disease-free equilibrium has two
eigenvalues, —u—¢ and —p (the latter with multiplicity two),
that are negative for any admissible parameters, together with
a pair of eigenvalues governing the exposed-infectious
subsystem whose sign matches the sign of 1-RO by the
general theorem. This was confirmed directly by evaluating
the full Jacobian numerically at two parameter sets: one
giving RO = 0.142, for which all five eigenvalues were
negative, and one giving RO = 2.564, for which one
eigenvalue was positive, in both cases matching the stability
status implied by RO.

Optimal Control Formulation

The baseline vaccination rate ¢ is now replaced by a time-
dependent control u(t), bounded between 0 and a maximum
feasible rate umax, and chosen to minimise the objective
functional

Ju) =[o" [ AL E(t) + A2 I(t) + (B/2) u(t)?] dt,

over a fixed control horizon [0,T], where Al and A2 weight
the cost of exposed and infectious individuals respectively
and B weights the cost of the vaccination effort itself; the
quadratic control cost is the standard choice in this literature
and reflects diminishing returns to a faster vaccination
campaign. For tractability, the total population N in the
transmission terms is treated as a constant over the control
horizon during the derivation of the costate equations, a
standard simplifying assumption in this literature; the full
state equations, with N left to evolve as S+V+E+I+R, are used
without this simplification in the numerical solution reported
below. Forming the Hamiltonian with costate (adjoint)
variables AS, AV, AE, Al, AR attached to the five state
equations and applying Pontryagin's Maximum Principle
gives the costate equations

dAS/dt = (utu)AS — ukV + (BI/N)(AS—AE),
dAV/dt = AV + [B(1—e)I/NJ(AE-AV),
dAE/dt=—-A1l + (ut+o)AE — oAl,

dAl/dt = —-A2 +
[B(1—e)V/N](AV—-AE),

(pty+dAL  +  (BS/N)(AS-AE) +

dAR/dt = AR,

with transversality conditions
AS(T)=AV(T)=AE(T)=AI(T)=AR(T)=0. Because the recovered
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class does not feed back into any other equation and does not
appear in the objective functional, its costate equation is a
linear homogeneous equation with a zero terminal condition,
whose unique solution is AR(t)=0 for all t; this is a genuine
simplification of the problem rather than an approximation.
Minimising the Hamiltonian with respect to u and applying
the bounds gives the characterisation of the optimal control,

u*(t) = min{ umax, max{ 0, S(t)[AS(t)-AV(t)]/B } }.

All of the derivatives above were obtained and independently
re-derived using symbolic computation to guard against sign
or algebra errors before being used in the numerical scheme
described next.

Numerical Method

The coupled two-point boundary value problem—state
equations with initial conditions at t=0, costate equations with
terminal conditions at t=T—was solved by the forward-
backward sweep method. Starting from an initial guess for
u(t) (zero, in the results below), the state equations are
integrated forward in time with a fourth-order Runge-Kutta
scheme; the costate equations are then integrated backward in
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time from the terminal condition, using the just-computed
state trajectory; the control is updated at every time point
from the optimality characterisation above, using a convex
combination of the new and previous control values for
numerical stability; and the process repeats until the largest
change in the control across the whole time grid falls below a
fixed tolerance (107¢ in the results below, reached after 68
iterations on a grid of 1601 points over 160 days).

Results

The following baseline parameters were used for the optimal
control simulation, chosen to represent a moderately
transmissible disease with a multi-day incubation and
infectious period: A=2 per day, u=1/(70x365) per day, p=0.5
per day, €=0.85, c=1/5 per day, y=1/7 per day, d = 0.01 per
day, with objective weights A1 =1, A2 = 3, B = 60000, and a
maximum vaccination rate umax = 0.15 per day over a 160-
day horizon, starting from S(0)=9990, V(0)=0, E(0)=5,
1(0)=5, R(0)=0. In the absence of vaccination, these
parameters give a basic reproduction number RO = 3.270,
indicating a disease capable of substantial spread if
unchecked.

Table 1: Comparison of key outcomes with no vaccination versus the optimal vaccination control

No vaccination Optimal control
Peak number infected 1870.5 (day 55.0) 13.9 (day 22.9)
Cumulative incidence (JoE dt) 9725.6 128.5
Objective functional J 239550.6 8831.1
Basic reproduction number RO (no vaccination) 3.270 —
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Fig 1: Exposed and infectious trajectories with no vaccination and with the optimal vaccination control (logarithmic scale)

Figure 1 shows the exposed and infectious trajectories on a
logarithmic scale, since the two scenarios differ by more than
two orders of magnitude at their peaks. Without vaccination,
the infectious population grows for about eight weeks before
peaking at around 1870 individuals and then declining as

susceptibles are depleted; with the optimal control in place,
the infectious population never exceeds about 14 individuals,
and both the exposed and infectious curves stay close to their
initial values throughout.
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Fig 2: The optimal time-dependent vaccination rate u*(t) over the control horizon

Figure 2 shows the optimal vaccination rate itself. It starts just
below the imposed upper bound umax = 0.15 per day, without
ever reaching that bound exactly, and decreases smoothly and
monotonically over the following weeks as the risk of a large
outbreak recedes, reaching a negligible level by around day
100. The optimal strategy is therefore front-loaded: nearly all
of the vaccination effort recommended by the model is
concentrated in the first few weeks, before exponential
growth in the number of infectious individuals has had time to
take hold, rather than being spread evenly across the horizon
or deployed reactively after infections have already risen.

Discussion

The scale of the difference between the controlled and
uncontrolled outcomes in Table 1 is a direct consequence of
the exponential nature of early epidemic growth: with RO =
3.270, every infectious individual who is prevented early in
the outbreak also prevents the several further generations of
infection that individual would otherwise have caused, so a
comparatively modest, front-loaded vaccination effort (an
average rate well below the 0.15 per day upper bound, applied
mainly in the first three to four weeks) is far more effective
than the same total effort would be if it were spread evenly
across the full horizon or delayed until after the infectious
population had already begun to grow quickly. This is
consistent with the general finding, common across this
literature, that the timing of an intervention relative to the
exponential growth phase of an outbreak matters at least as
much as its total magnitude.

The stability analysis and the optimal control analysis are
complementary rather than independent results: the
reproduction number R0=3.270 computed for the
uncontrolled system explains why the epidemic in Table 1
grows as sharply as it does in the first place, and it is exactly
this threshold quantity that the vaccination control must, in
effect, drive below one, locally in time, for the outbreak to be
suppressed rather than merely slowed. The two internal
checks reported in Sections 3 and 4—the correct reduction of
RO to the classical formula and to zero under perfect universal
vaccination, the numerically confirmed match between the
sign of the Jacobian eigenvalues and the RO threshold, and the
analytical reduction of the recovered-class costate to zero—
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were included specifically to guard against the kind of
algebraic slip that a hand derivation of a five-compartment
optimal control problem can easily introduce, and all three
checks were consistent with the underlying theory before the
model was used to generate the results in Table 1 and Figures
land 2.

Limitations

The model assumes homogeneous mixing within a single
population, exponentially distributed sojourn times in each
compartment, and a vaccine whose effect is captured by a
single efficacy parameter rather than separate parameters for
susceptibility and onward transmission. The optimal control
problem uses a constant population size when deriving the
costate equations, while the numerical state simulation lets the
population vary through births, deaths, and disease mortality;
for diseases with substantial mortality or over very long
horizons this simplification would need to be revisited. Only
vaccination is treated as a control; other interventions such as
treatment, isolation, or contact reduction, which are often
modelled alongside vaccination in this literature, are not
included. Finally, the quadratic cost of control and the
specific weights Al, A2 and B are illustrative choices; a real
application would calibrate these to the costs and constraints
of an actual vaccination programme, and the qualitative front-
loading result reported here, while consistent with the
underlying exponential-growth mechanism, would need to be
re-checked against the specific parameters of the disease and
programme in question.

Conclusion

This paper formulated a susceptible-vaccinated-exposed-
infectious-recovered model with imperfect vaccination,
derived its basic reproduction number and disease-free
stability threshold, and set up and solved an optimal control
problem for the vaccination rate using Pontryagin's Maximum
Principle and the forward-backward sweep method, checking
each analytical step against an independent computation along
the way. For a disease with a basic reproduction number of
about 3.3 in the absence of vaccination, the optimal, front-
loaded vaccination strategy reduced the peak infectious
population by more than two orders of magnitude and
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cumulative incidence by a factor of more than seventy relative
to no vaccination, reflecting the outsized value of intervening
before exponential growth takes hold rather than after. The
same verified pipeline—next-generation matrix, stability
check, Pontryagin derivation, and forward-backward sweep—
extends directly to models with additional compartments or
additional controls, such as treatment or isolation, without
requiring a different analytical approach.
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