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Abstract 

Estimating a population mean more precisely by using an auxiliary variable correlated with the variable 

of interest is a long-standing idea in survey sampling, and ratio, product and exponential-type estimators 

are the most widely used devices for doing so. Bahl and Tuteja's exponential ratio-type estimator is a 

classical member of this class; it has since been extended to stratified random sampling and generalised, 

in a substantial later literature, by inserting a known population constant into its exponent, giving a one-

parameter family that also contains the linear regression estimator as a limiting member. This paper 

works through that family for stratified random sampling: the bias and mean squared error (MSE) are 

derived to the first order of approximation, the family member that minimises MSE is identified in closed 

form, and it is shown to attain exactly the efficiency of the linear regression estimator. The practically 

important question is then how close a real, easily available known constant gets to that optimum. Two 

choices are examined: the population coefficient of variation of the auxiliary variable, the constant most 

commonly used in the published literature on this family, and a constant derived from a previously 

available regression slope between the study and auxiliary variables. For a simulated four-stratum 

population with an auxiliary variable on a typical business-survey scale, the coefficient-of-variation 

choice is shown, both theoretically and by a 20,000-replication Monte Carlo simulation, to differ 

negligibly from the classical Bahl-Tuteja estimator, because the constant it introduces is of order one 

while the quantity it is added to is of order one hundred; the regression-slope-based constant, by contrast, 

is of the right order of magnitude and recovers almost all of the efficiency gap to the regression 

estimator. Percent relative efficiencies from the simulation agree with the theoretical values to within 

about two percent. The results indicate that the choice of auxiliary constant in this family should be 

judged by how well its magnitude matches that of the auxiliary variable's mean, not merely by whether 

the constant is known, and this is easy to check before an estimator from this family is adopted for a 

given survey. 

 

Keywords: Stratified random sampling, auxiliary information, exponential-type estimator, mean squared 

error, Neyman allocation, percent relative efficiency, regression estimator, Monte Carlo simulation 

 

Introduction 

Using an auxiliary variable that is correlated with the variable of real interest is one of the 

oldest ways of making a survey estimate more precise, and ratio, product and linear regression 

estimators are the classical tools for doing it. Bahl and Tuteja proposed an exponential ratio-

type estimator that wraps the usual ratio of sample to population auxiliary means inside an 

exponential function; because the exponent is small when the sample is well behaved, the 

estimator tracks the ratio estimator closely while typically carrying a smaller mean squared 

error (MSE). The estimator was later extended from simple random sampling to stratified 

random sampling, and a further, quite large literature generalised it again by inserting a known 

constant—the auxiliary variable's coefficient of variation, its correlation with the study 

variable, or its coefficient of kurtosis, among others—into the exponent, producing a family of 

“modified” or “improved” estimators. 

Almost every paper in that generalised-constant tradition follows the same pattern: a new 

constant is proposed, the bias and MSE are re-derived, and the new estimator is shown to beat  
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its predecessors on one or two example populations, often the 

same widely reused agricultural or forestry data sets. What is 

less often asked is a more basic question: does inserting a 

known constant of a given size actually move the estimator 

toward the best member of the family it belongs to, or does 

the improvement (or lack of it) depend on how that constant's 

numerical size compares with the auxiliary variable's own 

mean? Because the constant enters additively alongside the 

auxiliary population mean, a constant that is small relative to 

that mean can only nudge the estimator's effective behaviour 

by a small amount, however cleverly it is chosen. 

This paper addresses that question directly for the stratified-

sampling case. Section 2 sets out the sampling framework and 

the estimator family. Section 3 derives the bias and MSE to 

the first order of approximation, obtains the MSE-minimising 

member of the family in closed form, and shows that it 

coincides with the linear regression estimator's efficiency. 

Section 4 describes a simulation built around a synthetic four-

stratum population whose auxiliary variable has a mean of the 

order of one hundred, a scale that is typical of many real 

business or agricultural surveys but far from the order-one 

scale of a coefficient of variation. Section 5 reports, both 

analytically and from the simulation, how far the coefficient-

of-variation member of the family falls short of the optimum 

in this setting, and how a constant scaled to match the 

auxiliary mean closes most of that gap. 

 

Sampling Framework and Estimators 
Consider a population of N units divided into L strata, with 

Nh units in stratum h, Wh=Nh/N. A stratified random sample 

without replacement of size nh is drawn independently from 

each stratum, with total sample size n=Σnh. Let yhi and xhi 

denote the study and auxiliary variable values for unit i in 

stratum h, with stratum means ȳh, x̄h and population means 

Ȳ=ΣWhȲh, X̄=ΣWhX̄h. The auxiliary variable's population 

mean X̄, and the other auxiliary population parameters used 

below, are assumed known or available from the sampling 

frame, a standard assumption in this literature. The usual 

unbiased estimators of the population means are ȳst=ΣWhȳh 

and x̄st=ΣWhx̄h. 

Three classical estimators of Ȳ serve as benchmarks: the 

usual stratified mean ȳst itself; the classical ratio estimator 

ŷR=ȳst(X̄/x̄st); and the linear regression estimator 

ŷreg=ȳst+b(X̄−x̄st), where b is a regression coefficient 

assumed known or estimated with negligible extra variance 

from a previous survey. The exponential-type estimator of 

Bahl and Tuteja, extended to stratified sampling, is 

 

t(k) = ȳst · exp[ (X̄−x̄st) / (X̄+x̄st+2k) ], 

 

where k is a constant taken from known population 

information about the auxiliary variable. Setting k=0 recovers 

the original Bahl-Tuteja stratified exponential estimator. It is 

convenient to reparametrise the family by λ=X̄/[2(X̄+k)], so 

that t(k) becomes a one-parameter family indexed by λ, with 

λ=1/2 corresponding to k=0. Because dλ/dk=−1/[2(X̄+k)]², a 

unit change in k moves λ by an amount of order 1/X̄; 

consequently, a constant k that is numerically small compared 

with X̄—as a coefficient of variation, a correlation coefficient, 

or a coefficient of kurtosis typically is—can only move λ a 

small distance away from one half, regardless of how that 

constant is chosen substantively. This observation, which 

follows directly from the definition of the family, motivates 

the comparison carried out in this paper. Sample sizes nh are 

allocated across strata by Neyman allocation, 

nh=n·NhSyh/Σ(NhSyh), which minimises the variance of ȳst 

for a fixed total sample size. 

 

Theoretical Derivation of Bias and MSE 

Write e0=(ȳst−Ȳ)/Ȳ and e1=(x̄st−X̄)/X̄, so that 

E(e0)=E(e1)=0 and, to the order needed here, 

 

E(e0²)=ΣWh²θhSyh²/Ȳ², E(e1²)=ΣWh²θhSxh²/X̄², 

E(e0e1)=ΣWh²θhSxyh/(ȲX̄), 

 

where θh = 1/nh−1/Nh, and Syh², Sxh², Sxyh are the stratum 

population variances and covariance. Writing x̄st=X̄(1+e1) 

and expanding t(k)=Ȳ(1+e0)·exp[−λe1/(1+λe1)] as a series in 

e1 and collecting terms up to combined second order gives 

 

t(k) ≈ Ȳ[ 1 + e0 − λe1 − λe0e1 + (3/2)λ²e1² ]. 

 

Taking expectations, and retaining only the terms of order 

1/n, the bias of t(k) to the first order of approximation is 

 

Bias[t(k)] ≈ Ȳ[ (3/2)λ²·E(e1²) − λ·E(e0e1) ], 

 

which is itself O(1/n) and so is small relative to the estimator's 

standard error for moderate sample sizes; the bias values 

reported in Section 5 confirm this. For the MSE, only the 

first-order term (e0−λe1) needs to be kept, since squaring the 

retained quadratic terms would contribute at O(1/n²). This 

gives 

 

MSE[t(k)] ≈ ΣWh²θh[ Syh² − 2λR·Sxyh + λ²R²·Sxh² ], 

R=Ȳ/X̄, 

 

a quadratic function of λ with a positive leading coefficient 

(assuming R²ΣWh²θhSxh²>0), so it has a unique minimum. 

Differentiating with respect to λ and setting the result to zero 

gives the MSE-minimising value 

 

λ_opt = ΣWh²θhSxyh / (R·ΣWh²θhSxh²), 

 

and substituting back gives the minimum attainable MSE 

within the family, 

 

MSE_min = ΣWh²θhSyh² − (ΣWh²θhSxyh)² / ΣWh²θhSxh², 

 

which is identical to the first-order MSE of the linear 

regression estimator with its own optimal coefficient 

b*=ΣWh²θhSxyh/ΣWh²θhSxh². In other words, whatever 

specific known constant k is used to define a practical 

member of this exponential-type family, the family as a whole 

cannot do better, to the first order of approximation, than the 

regression estimator; the best it can do is match it, and only if 

λ (equivalently, k) happens to equal λ_opt. Achieving λ_opt 

in practice requires knowing, or having a good pre-estimate 

of, the pooled quantity ΣWh²θhSxyh/ΣWh²θhSxh² essentially 

a regression slope which is a stronger informational 

requirement than knowing a single scale-free constant such as 

the auxiliary coefficient of variation C̄x or the correlation 

coefficient ρ̄, the constants most commonly used to define k 

in the published literature on this family. 

 

Simulation Design 

To make the scale argument in Section 2 concrete, a synthetic 

finite population was constructed with four strata whose 

auxiliary variable X is of an order of magnitude typical of a 

business or agricultural survey (population mean of about 96), 
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rather than of order one. Within each stratum, (X,Y) pairs 

were drawn once from a bivariate normal distribution with the 

stratum parameters below, and this draw was then treated as a 

fixed finite population for the whole simulation. 

 

 Stratum 1: Nh = 1000, mean X = 50, mean Y = 200, 

correlation = 0.80. 

 Stratum 2: Nh = 800, mean X = 80, mean Y = 300, 

correlation = 0.75. 

 Stratum 3: Nh = 600, mean X = 120, mean Y = 420, 

correlation = 0.85. 

 Stratum 4: Nh = 400, mean X = 200, mean Y = 650, 

correlation = 0.70. 

 

This gives a population of N=2800 units, population means 

X̄≈96.08 and Ȳ≈341.74, and an overall auxiliary coefficient 

of variation C̄x≈0.195. A total sample of n=200 was allocated 

across strata by Neyman allocation using the stratum standard 

deviations of Y, giving nh=(47,52,52,48). Six estimators were 

compared: the usual stratified mean; the classical ratio 

estimator; the linear regression estimator with the pooled 

optimal coefficient; the Bahl-Tuteja stratified exponential 

estimator (k=0); the proposed estimator with k set to the 

overall auxiliary coefficient of variation, k=C̄x≈0.195, the 

choice most often used in the published literature on this 

family; and a scaled member of the family with k set so that λ 

equals the pooled working regression slope divided by R, 

using a slope value that would typically be available from a 

previous survey round. For each of 20,000 Monte Carlo 

replications, an independent stratified random sample without 

replacement was drawn using the allocation above, all six 

estimators were computed from that sample, and the empirical 

MSE and bias of each estimator across the 20,000 replications 

were recorded and compared with the first-order theoretical 

expressions derived in Section 3. 

 

Results 
Table 1 reports, for each of the six estimators, the theoretical 

first-order MSE, the Monte Carlo MSE from 20,000 

replications, and the resulting percent relative efficiency 

(PRE) against the usual stratified mean. 

 
Table 1: Theoretical and simulated MSE, and percent relative efficiency (PRE), for six estimators of the population mean (N = 2800, n = 200, 

Neyman allocation) 
 

Estimator k λ MSE (theory) MSE (sim., M = 20,000) PRE, sim. (%) 

Usual stratified mean — — 16.460 16.367 100.00 

Classical ratio — 1.000 9.174 9.116 179.55 

Linear regression — — 6.889 6.768 241.82 

Bahl-Tuteja exponential 0 0.500 7.515 7.381 221.73 

Proposed, k = C̄x 0.196 0.499 7.523 7.389 221.51 

Scaled, k from regression slope −19.02 0.623 6.939 6.813 240.22 

 

The simulated MSE values track the theoretical first-order 

values closely for every estimator, running about 1-2% below 

the theoretical value throughout, which is the usual small 

finite-sample discrepancy expected from a first-order (large-

sample) approximation and is consistent across all five 

estimators that use auxiliary information, indicating that the 

theoretical expressions derived in Section 3 are reliable at this 

sample size. The two headline comparisons are consistent 

with the scale argument of Section 2. The proposed estimator 

with k=C̄x (PRE=221.51) is essentially indistinguishable from 

the classical Bahl-Tuteja estimator (PRE=221.73): both 

correspond to λ within 0.002 of one half, because C̄x=0.195 is 

negligible next to X̄=96.08. The scaled estimator, whose 

constant k≈−19.0 is of the same order of magnitude as X̄, 

reaches a PRE of 240.22, closing most of the gap between 

Bahl-Tuteja and the regression estimator's PRE of 241.82, the 

best attainable within this family. 

 

 
 

Fig 1: First-order MSE of the exponential-type family as a function of λ, with the Bahl-Tuteja estimator, the coefficient-of-variation member, 

the regression-slope-scaled member, and the family optimum marked 

 

Figure 1 shows the full MSE(λ) curve implied by the formula 

in Section 3 for the simulated population, together with the 

four members compared in Table 1. The curve makes the 

scale issue visually clear: Bahl-Tuteja and the coefficient-of-

variation member sit almost on top of each other near λ=0.5, 

some distance up the left side of the parabola, while the scaled 

member sits close to the trough that marks λ_opt. 
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Fig 2: Percent relative efficiency of each estimator against the usual stratified mean: theoretical values versus 20,000-replication Monte Carlo 

simulation 

 

Figure 2 summarises the same comparison as a bar chart of 

theoretical versus simulated PRE for all six estimators, 

showing the same close agreement between theory and 

simulation seen in Table 1, and the same clear efficiency gap 

between the two coefficient-of-variation-based estimators and 

the two estimators (regression, scaled exponential) that use 

information on the same numerical scale as X̄. 

 

Discussion 
The derivation in Section 3 shows that this entire family of 

exponential-type estimators is bounded above, in first-order 

efficiency, by the linear regression estimator, and can only 

approach that bound if its tuning constant is chosen so that λ 

is close to λ_opt. The simulation shows that this is not 

automatic just because a constant is described as known: the 

coefficient of variation of the auxiliary variable is a natural, 

easily available number, but because it is dimensionless and 

of order one, it barely perturbs λ away from the Bahl-Tuteja 

value of one half whenever the auxiliary variable's own mean 

is much larger than one, as it is in many real business, 

agricultural, or health-survey contexts. 

This has a direct bearing on how results in the wider literature 

on this family should be read. Many of the published 

"improved" exponential-type and ratio-type estimators that 

insert a coefficient of variation, a correlation coefficient, or a 

coefficient of kurtosis into the estimator's exponent or 

denominator are demonstrated on a small number of 

frequently reused example populations. Where those 

populations happen to have an auxiliary mean of a size that 

makes the inserted constant numerically consequential, 

worthwhile gains can appear; where the auxiliary mean is 

much larger, as in the population used here, the same style of 

modification is unlikely to move the estimator far from its 

unmodified counterpart, however the constant is chosen, 

simply because of the arithmetic of how the constant enters 

the formula. The scaled member examined here suggests a 

practical alternative: where a previous survey round or a 

related data source gives even an approximate regression 

slope between Y and X, using that slope to set k, rather than 

defaulting to a dimensionless auxiliary constant, recovers 

most of the efficiency available within this family. 

Two caveats temper this conclusion. First, the comparison 

here uses a single simulated population; the qualitative point 

about scale should hold generally, since it follows from the 

algebra of the family rather than from any property specific to 

this population, but the size of the resulting efficiency gap 

will vary with how far the auxiliary mean is from one. 

Second, obtaining a usable regression-slope estimate requires 

auxiliary information beyond a single summary constant, 

which will not always be available; in that situation, the 

coefficient-of-variation or correlation-based members of the 

family remain simple to compute and still improve on the 

usual stratified mean, even if they fall well short of the 

family's best attainable efficiency in absolute terms. 

 

Limitations 

This study is based on a single synthetic finite population with 

four strata and bivariate normal auxiliary and study variables 

within each stratum; many real auxiliary variables in business 

and agricultural surveys are right-skewed rather than normal, 

and results could differ in detail, though not in the underlying 

scale argument, under such distributions. Only Neyman 

allocation based on the study variable's stratum standard 

deviations was examined; other allocations (proportional, or 

allocation optimised jointly with the auxiliary variable) were 

not compared. The regression-slope-based constant was 

constructed using a pooled slope computed from the same 

population used for the simulation, which is optimistic 

relative to a real setting where the slope would come from an 

earlier, imperfectly related survey round. Finally, only the 

exponential-type family was examined; other known-constant 

families (ratio-type, product-type, and power-transformation-

type estimators) that appear in the same literature were not 

compared here. 

 

Conclusion 

This paper derived the bias and mean squared error of a 

generalised exponential-type estimator of the population mean 

under stratified random sampling, identified the family 

member that minimises MSE, and showed that this optimum 

coincides exactly with the efficiency of the linear regression 

estimator. Because the family's tuning constant enters 

additively alongside the auxiliary population mean, its ability 

to move the estimator toward that optimum depends on 

whether the constant is of the same order of magnitude as the 

auxiliary mean, not merely on whether it is a known 

population parameter. For a simulated population whose 

auxiliary variable has a mean of about 96, the coefficient of 

variation—the constant most often used in the published 

literature on this estimator family—was shown, both 
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theoretically and in a 20,000-replication simulation, to leave 

the estimator essentially unchanged from the classical Bahl-

Tuteja form, while a constant scaled to match the auxiliary 

mean recovered nearly all of the efficiency gap to the 

regression estimator. Before adopting a member of this 

estimator family for a particular survey, checking the ratio of 

the proposed constant to the auxiliary variable's mean is a 

simple and informative diagnostic, and extending the same 

scale check to the related ratio-type and product-type families 

is a natural next step. 
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