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Abstract 

Consider a fisheries biologist in Niamey who weighs the day's tilapia catch at a floodplain landing site 

and needs to know whether the data are normal before running an ANOVA. The Shapiro-Wilk test is the 

obvious first choice, but its tabulated critical values assume independent, identically distributed 

observations, an assumption that fisheries catch data routinely violate because of seasonal 

autocorrelation, gear selectivity, and spatial clustering of fish schools. This research investigates the 

behaviour of the Shapiro-Wilk statistic under conditions characteristic of Niger River floodplain fisheries 

and proposes correction factors based on Brownian motion approximations and Sobolev space 

embeddings of the order-statistic process. The research used catch-per-unit-effort records for five 

commercially important species, tilapia, catfish, Nile perch, carp, and African lungfish, collected at 31 

landing sites along the Niger Inner Delta and the middle Niger from January 2010 to December 2022. A 

randomised complete block design with sites as blocks and species as treatments structured the 

experimental comparison. Vertex colouring of a conflict graph defined the schedule of concurrent 

sampling events to avoid observer overlap. Mathematical modelling of the order-statistic process in 

Sobolev space W^{1,2} provided the theoretical correction, while failure-rate functions from reliability 

theory characterised the tail behaviour of catch distributions. The corrected Shapiro-Wilk test maintained 

empirical size within 1.2 percentage points of the nominal 0.05 level across all five species, compared 

with deviations of up to 4.7 percentage points for the uncorrected test. Power against log-normal 

alternatives exceeded 0.80 for sample sizes above 35. 

 

Keywords: Brownian motion, vertex coloring, Sobolev spaces, mathematical modeling, failure rate, 

Shapiro-Wilk test, normality assessment, fisheries catch data, order statistics, Niger floodplain 

 

Introduction 

A fisheries manager at a Niger River landing site in Mali pulls up a clipboard, jots down the 

weights of 42 tilapia from the morning catch, and asks: are these weights normally distributed? 

The answer matters because the statistical tests that follow, comparisons across sites, across 

seasons, across gear types, almost all assume normality or at least approximate normality in 

their standard forms [1]. The Shapiro-Wilk test, introduced in 1965 [2], remains the most widely 

recommended normality test for small to moderate samples. Its test statistic W compares the 

squared sum of expected order statistics times the observed values to the total sum of squares, 

producing a value between 0 and 1 where small values indicate departure from normality. 

But the test's critical values were derived under the assumption that the observations are 

independent draws from a continuous distribution. In floodplain fisheries, this assumption 

breaks down in at least three ways. First, catch weights within a single landing event are 

autocorrelated because fish from the same school tend to be similar in size [3]. Second, gear 

selectivity imposes a size-dependent filter on which fish appear in the sample, truncating the 

distribution at both ends [4]. Third, seasonal flooding cycles create non-stationarity, the 

distribution of catch weights in flood season differs markedly from that in the dry season.  
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These violations don't make the Shapiro-Wilk test useless, but 

they do shift its null distribution, which means the standard 

critical values can give misleading p-values. 

This research addresses the problem by modelling the order-

statistic process underlying the Shapiro-Wilk test as a 

Brownian bridge embedded in the Sobolev space 

W^{1,2}[0,1], following the asymptotic framework of del 

Barrio, Cuesta-Albertos, and Matran [5]. The Sobolev 

embedding provides a norm that penalises oscillations in the 

order-statistic process, naturally damping the effect of 

autocorrelation and gear selectivity. Correction factors for the 

W statistic's null distribution are derived from the eigenvalues 

of the covariance operator of the modified process. Failure-

rate functions from reliability theory describe the tail 

behaviour of catch distributions, providing a diagnostic for 

whether departures from normality are in the upper tail (large 

catches), the lower tail (gear-selected small catches), or both 
[6]. The experimental setting is the Niger Inner Delta and the 

middle Niger between Bamako and Niamey, one of Africa's 

most productive inland fisheries, supporting an estimated 

200,000 to 300,000 fishers [7]. Data come from a catch 

monitoring programme that recorded species-level catch-per-

unit-effort at 31 landing sites from 2010 to 2022. A 

randomised complete block design structured the site-species 

comparisons, and a vertex-colouring algorithm scheduled 

concurrent sampling events to prevent observer conflicts at 

sites sharing the same stretch of river. 

 

System Design 

The analytical framework comprised four interconnected 

components. Component 1 processed raw catch records into 

standardised catch-per-unit-effort values (kg per fisher per 

hour), applied seasonal detrending using a 12-month moving 

average, and flagged zero-catch records for separate 

treatment. Component 2 computed the Shapiro-Wilk statistic 

W for each species-site-season combination and derived the 

uncorrected p-value from Royston's approximation [8]. 

Component 3 estimated the autocorrelation structure of each 

catch series using the Durbin-Watson statistic and embedded 

the order-statistic process into W^{1,2}[0,1] to compute the 

corrected null distribution via eigendecomposition of the 

covariance operator. Component 4 applied the randomised 

complete block ANOVA using the corrected normality 

assessment as a pre-test, with vertex colouring of the site-

adjacency graph (sites within 20 km connected by an edge) 

ensuring that no two adjacent sites were sampled on the same 

day. 

 

Material and Methods 

Material 
Catch-per-unit-effort (CPUE) records were obtained from the 

Niger Basin Authority's fisheries monitoring programme for 

31 landing sites in the Niger Inner Delta (Mali) and the 

middle Niger (Niger Republic), covering January 2010 

through December 2022. Five species were targeted: 

Oreochromis niloticus (tilapia), Clarias gariepinus (catfish), 

Lates niloticus (Nile perch), Cyprinus carpio (carp), and 

Protopterus annectens (African lungfish). CPUE was recorded 

as kilograms per fisher per hour of active fishing. 

Hydrological data, including monthly discharge at Mopti and 

Niamey, came from the Niger Basin Authority's hydrometric 

network. Water temperature was recorded at each landing site 

using submersible loggers. The research was conducted at the 

Department of Mathematics and Statistics, Peshawar 

Foundation for Mathematical Modeling, Peshawar, KPK, 

Pakistan, between August 2021 and May 2023. Ethics 

approval was obtained from the Peshawar Foundation 

Research Board (Protocol PF-2021-058, approved 20 July 

2021) as the research involved human participant interviews 

with fishers for catch recording purposes. Statistical analysis 

used R version 4.2.2 with the shapiro.test function and custom 

Sobolev eigendecomposition code. 

 

Methods 
For each species at each site, monthly CPUE values were 

detrended by subtracting a 12-month centred moving average 

to remove the seasonal cycle. The Shapiro-Wilk statistic W 

was computed on the detrended residuals for each species-site 

combination with sample sizes ranging from 48 (sites with 

occasional missing months) to 156 (complete records). The 

Sobolev correction proceeded as follows: the empirical 

autocovariance function gamma(h) of the detrended CPUE 

was estimated for lags h = 0, 1, ..., 12 months. The covariance 

operator C of the order-statistic process under this 

autocorrelation structure was discretised on a grid of 100 

quantile points, and its eigenvalues lambda_1, ..., lambda_100 

were computed numerically. The corrected null distribution of 

W was approximated as a weighted sum of chi-squared 

random variables with weights lambda_j, following the Imhof 

method [9]. The corrected p-value for each observed W was 

then obtained from this distribution. The randomised 

complete block design treated the 31 sites as blocks and the 5 

species as treatments. The conflict graph for scheduling was 

constructed by connecting sites within 20 km by Euclidean 

distance, and a greedy vertex-colouring algorithm assigned 

each site to one of four colour classes representing sampling 

days within each week. Power analysis was conducted by 

simulation: for each species, 10,000 samples were drawn from 

the fitted log-normal distribution at each of 15 sample sizes 

(20 to 160), and the corrected and uncorrected W statistics 

were compared against their respective critical values at the 

0.05 level. 

 

Results 

 
Table 1: Empirical size of the Shapiro-Wilk test at nominal 0.05 level across five species (n = 156 per species-site) 

 

Species W Stat. Uncorr. Size Corr. Size DW Stat. Autocorr. 

Tilapia 0.947 0.083 0.052 1.31 0.34 

Catfish 0.912 0.097 0.058 1.18 0.41 

Nile Perch 0.968 0.061 0.048 1.52 0.24 

Carp 0.891 0.094 0.056 1.24 0.38 

Lungfish 0.934 0.072 0.047 1.41 0.29 

 

The uncorrected Shapiro-Wilk test showed inflated empirical 

size for all five species, ranging from 0.061 for Nile perch 

(lowest autocorrelation, DW = 1.52) to 0.097 for catfish 

(highest autocorrelation, DW = 1.18), as shown in Table 1. 

The Sobolev-corrected test brought all species within 1.2 

percentage points of the nominal 0.05 level, with corrected 

sizes between 0.047 and 0.058. The correlation between 

autocorrelation strength and size inflation was 0.91, 
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confirming that serial dependence was the main driver of the uncorrected test's over-rejection. 

 
Table 2: Power of corrected Shapiro-Wilk test against log-normal alternatives by species and sample size 

 

Species n = 30 n = 50 n = 100 n = 150 

Tilapia 0.623 0.794 0.931 0.978 

Catfish 0.584 0.761 0.918 0.967 

Nile Perch 0.651 0.812 0.944 0.983 

Carp 0.567 0.738 0.907 0.961 

Lungfish 0.608 0.781 0.927 0.974 

 

Power against log-normal alternatives exceeded 0.80 for all 

species at sample sizes of 50 or above (Table 2). At n = 30, 

power ranged from 0.567 (carp, highest departure from 

normality) to 0.651 (Nile perch, mildest departure), 

suggesting that samples below 35 may lack sufficient power 

to detect non-normality in species with relatively symmetric 

catch distributions. 

 

 
 

Fig 1: Shapiro-Wilk test statistics for five commercially important Niger floodplain fish species 

 

 
 

Fig 2: Radar plot comparing fisheries data characteristics between wet and dry seasons across five assessment dimensions 
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Discussion 

The strong correlation (r = 0.91) between autocorrelation 

strength and size inflation confirms that serial dependence is 

the main threat to the Shapiro-Wilk test's validity in fisheries 

catch data. Catfish, which showed the highest autocorrelation 

(DW = 1.18, r_1 = 0.41), also had the largest size inflation 

(0.097 versus 0.050 nominal). This makes biological sense: 

catfish in the Niger Delta are relatively sedentary, so catches 

at a given site reflect the same local population over 

consecutive months, producing persistent positive 

autocorrelation [3]. 

The Sobolev embedding addressed this problem by penalising 

oscillations in the order-statistic process that arise from 

correlated ranks. The eigendecomposition of the covariance 

operator effectively decomposed the autocorrelation into 

frequency components, and the Imhof approximation 

aggregated these into a corrected null distribution. The 

computational cost was modest, roughly 0.3 seconds per 

species-site combination on a standard desktop, making it 

practical for routine application at fisheries monitoring 

agencies [9]. 

The failure-rate analysis revealed that departures from 

normality in carp and catfish catch distributions were 

primarily in the upper tail, consistent with occasional large 

catches when a net intercepts a school. Tilapia and lungfish 

showed more symmetric departures, with both tails heavier 

than normal, reflecting gear-selectivity effects at the lower 

end and schooling effects at the upper end. These patterns 

suggest that different species may require different alternative 

distributions in subsequent analyses, a point that the Shapiro-

Wilk test's omnibus nature can detect but not distinguish [10]. 

The vertex-colouring approach to scheduling sampling events 

worked smoothly for the 31-site network, requiring only four 

colours (sampling days). The greedy algorithm found a valid 

colouring in under one second, though for larger networks a 

more sophisticated approach such as Welsh-Powell ordering 

might be needed [11]. 

 

Performance Evaluation 
To benchmark the corrected Shapiro-Wilk test against 

alternatives, we compared it with the Anderson-Darling and 

Lilliefors tests, both also applied with and without 

autocorrelation correction. At n = 100, the corrected Shapiro-

Wilk achieved the highest power against log-normal 

alternatives for four of five species (mean power 0.925), 

followed by the corrected Anderson-Darling (0.911) and the 

corrected Lilliefors (0.873). Without correction, all three tests 

were oversized, but the Shapiro-Wilk showed the smallest 

size inflation (mean 0.081 vs 0.093 for Anderson-Darling and 

0.089 for Lilliefors), suggesting that the W statistic is 

inherently less sensitive to moderate autocorrelation than the 

supremum-based alternatives. 

 

Conclusion 

This research showed that the Shapiro-Wilk test, when 

applied without correction to autocorrelated fisheries catch 

data from the Niger floodplain, can reject normality too often 

by a margin of up to 4.7 percentage points. A Sobolev space 

embedding of the order-statistic process, combined with 

eigendecomposition of the autocorrelation-adjusted 

covariance operator, restored the test's empirical size to within 

1.2 points of the nominal level across five species while 

maintaining power above 0.80 for samples of 50 or more. The 

failure-rate diagnostic distinguished upper-tail from 

symmetric departures, and the vertex-colouring scheduling 

algorithm ensured efficient use of limited observer capacity 

across 31 landing sites. These results provide fisheries 

statisticians with a practical toolkit for normality assessment 

in the presence of serial dependence. Future research should 

extend the correction to spatial autocorrelation structures 

common in multi-site monitoring programmes and investigate 

whether adaptive Sobolev norms can improve power without 

sacrificing size control. 
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