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Abstract 

Slope-stability assessment in mountainous terrain often reduces to solving a Helmholtz-type 

elliptic equation whose wavenumber depends on local geology and moisture conditions. 

Standard iterative solvers slow down severely as the mesh is refined, but multigrid methods 

promise mesh-independent convergence. This research tests four multigrid cycling strategies, 

V-cycle, W-cycle, F-cycle, and full multigrid (FMG), on a Helmholtz boundary-value problem 

calibrated to landslide susceptibility data from the Greater Caucasus range covering parts of 

Georgia and southern Russia. A finite-element discretization on unstructured triangular meshes 

with up to 2.1 million degrees of freedom was used. FMG achieved the fastest time to a 

relative residual of 10⁻⁸, requiring only 3.4 seconds on the finest mesh, compared to 11.7 

seconds for the V-cycle. Convergence factors remained below 0.15 for FMG across all 

wavenumber values tested, while the V-cycle exceeded 0.5 at wavenumbers above k = 30. A 

susceptibility index derived from the computed displacement field agreed with an independent 

landslide inventory at 81.3% spatial concordance. 

 

Keywords: Multigrid methods, helmholtz equation, landslide susceptibility, caucasus 

mountains, v-cycle, full multigrid, convergence factor, finite-element discretization, slope 

stability, elliptic solvers 

 

Introduction 

Landslides kill thousands of people each year and cause billions of dollars in infrastructure 

damage worldwide. The Greater Caucasus range, stretching from the Black Sea to the Caspian, 

is especially prone: its steep slopes, fractured geology, and intense seasonal rainfall combine to 

produce frequent mass movements [1]. Susceptibility mapping, the process of assigning a 

spatial probability of landslide occurrence, can guide land-use planning and early-warning 

systems, but it requires solving the underlying mechanical equations at a resolution fine 

enough to resolve individual hillslopes. When slope stability is formulated through the factor-

of-safety approach with linear elasticity assumptions, the governing equation for displacement 

takes a Helmholtz-like form, ∇²u + k²u = f, where k depends on material stiffness and 

saturation [2]. On fine meshes, this equation is notoriously difficult for standard iterative 

solvers because the indefinite operator admits near-zero eigenvalues that stall convergence. 

Multigrid methods address this by cycling between coarse and fine grids, using the coarse grid  
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to damp low-frequency error components that fine-grid 

smoothers miss [3]. Classical multigrid theory guarantees 

mesh-independent convergence for positive-definite elliptic 

operators, but the Helmholtz problem is indefinite for k > 0, 

and standard V-cycles may diverge at higher wavenumbers. 

Modified cycling strategies such as W-cycles, F-cycles, and 

full multigrid (FMG) allocate more work at coarser levels and 

can recover convergence, though at increased cost per cycle 
[4]. How these strategies perform on the specific wavenumber 

ranges?  

encountered in slope-stability problems hasn't been 

systematically tested. This research applies all four cycling 

strategies to a Helmholtz equation calibrated with geological 

and hydrological parameters from the Greater Caucasus. We 

measure convergence factors, wall-clock times, and, 

ultimately, the accuracy of the resulting susceptibility map 

against a ground-truth landslide inventory. 

 

System design 

The solver was implemented in PETSc (version 3.18) with 

geometric multigrid configured through the PCMG 

preconditioner class [5]. The hierarchy consisted of five grid 

levels obtained by uniform refinement of a base triangulation, 

with the coarsest mesh containing 512 elements and the finest 

2.1 million. Smoothers were symmetric Gauss-Seidel with 

two pre- and two post-smoothing sweeps on every level. The 

coarsest-level system was solved directly by LU factorisation. 

Restriction used full weighting, and prolongation used linear 

interpolation on the triangular mesh. Wavenumber k was set 

piecewise constant per geological unit, ranging from 5 in 

competent limestone to 42 in saturated clay-shale, values 

derived from field shear-wave velocity measurements 

reported by Tsereteli et al. [6]. 

 

Material and methods 

Material 

Computational work was performed at the Cordoba College 

of Applied Mathematics, Cordoba, Argentina, from June 2022 

to November 2023. The study domain covered a 120 × 80 km 

window in the central Greater Caucasus (42.2°N-43.0°N, 

44.0°E-45.2°E), spanning portions of the Kazbegi and 

Dusheti municipalities in Georgia and the Prigorodny district 

in North Ossetia, Russia. A digital elevation model at 12.5 m 

resolution from ALOS PALSAR provided topographic input. 

Geological maps at 1:200,000 scale from the Georgian 

National Agency of Mines were used to assign lithological 

units. A landslide inventory containing 214 mapped events 

from 2005 to 2020, compiled by the National Environmental 

Agency of Georgia, served as ground truth for susceptibility 

validation (Protocol CCAM-2022-011, approved 20 June 

2022). 

 

Methods 

The Helmholtz equation was discretised by continuous 

Galerkin finite elements with piecewise-linear basis functions 

on unstructured triangles generated by the Gmsh meshing tool 
[7]. Dirichlet boundary conditions set displacement to zero on 

the domain perimeter. Four multigrid cycling strategies were 

tested: V (2, 2), W (2,2), F (2,2), and FMG with one V-cycle 

post-correction. Convergence was measured by the ratio of 

successive residual norms (convergence factor ρ) and by wall-

clock time to reach a relative residual of 10⁻⁸. Each 

experiment was repeated five times, and median timings were 

reported. Susceptibility was computed from the displacement-

field magnitude |u| normalised to [0, 1], with values above 0.5 

classified as susceptible. Spatial concordance with the 

inventory was measured as the percentage of mapped 

landslides falling in susceptible cells [8]. 

 

Performance evaluation 

To benchmark the multigrid solver against alternatives, we 

also ran conjugate-gradient iterations preconditioned by 

incomplete LU factorisation (ILU-CG) and by a Shifted-

Laplacian preconditioner (SLP-CG), both common in 

Helmholtz applications [9]. These comparisons used the same 

finest mesh (2.1 million DOF) and the same convergence 

threshold. 

 

Result

 

Table 1: Convergence factors and solve times for multigrid cycling strategies on the finest mesh 
 

Strategy Ρ (k=10) Ρ (k=30) Ρ (k=42) Time (S, k=42) 

V(2,2) 0.12 0.54 0.78 11.7 

W(2,2) 0.08 0.21 0.34 6.9 

F(2,2) 0.07 0.18 0.28 5.8 

FMG + V 0.05 0.11 0.14 3.4 

 

FMG maintained convergence factors below 0.15 even at the 

highest tested wavenumber of k = 42, while the V-cycle's 

factor rose to 0.78, rendering it effectively non-convergent. 

ILU-CG required 48.3 seconds and SLP-CG required 8.1 

seconds at k = 42 on the same mesh.
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Fig 1: Heatmap of convergence factors across cycling strategies and wavenumber values 

 

The heatmap shows a sharp degradation of V-cycle 

convergence above k = 20, whereas FMG remains robust. W- 

cycle and F-cycle occupy an intermediate band. 

 

 
 

Fig 2: Landslide susceptibility index by zone in the Greater Caucasus study domain 

Zone A (steep clay-shale slopes) had the highest susceptibility 

at 0.87, while Zone E (low-gradient limestone plateau) had 

the lowest at 0.12. The computed susceptibility map achieved 

81.3% spatial concordance with the independent landslide 

inventory. 

 

Discussion 

The results confirm that standard V-cycle multigrid is 

insufficient for Helmholtz problems at moderate to high 

wavenumbers, a finding consistent with theoretical 

predictions [3]. The wavenumber k = 42, corresponding to 

saturated clay-shale units, is not extreme by acoustics 

standards but lies above the threshold where the indefinite 

operator's near-null space causes V-cycle stagnation. FMG's 

strategy of building a good initial guess from coarser levels 

avoids this trap and delivered the fastest solve times across 

the board. The 81.3% spatial concordance with the landslide 

inventory is competitive with machine-learning susceptibility 

models reported for similar Caucasus domains, which 

typically achieve 78-86% concordance [10]. Unlike machine-

learning approaches, the physics-based Helmholtz framework 

provides a displacement field that can be interpreted 

mechanically, offering added value for engineering design. 

A limitation is the piecewise-constant wavenumber 

assignment, which introduces artificial discontinuities at 

geological contacts. A smoother transition model using 

interpolated material properties might reduce mesh-sensitivity 

near unit boundaries. Also, the one-way coupling between 

hydrology and mechanics, treating saturation as a static input, 

ignores transient pore-pressure effects that are important 
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during intense rainfall events [11]. The comparison with ILU-

CG and SLP-CG shows that multigrid, particularly FMG, 

remains the method of choice for this problem class. SLP-CG 

was roughly twice as fast as ILU-CG but still 2.4 times slower 

than FMG, and it requires tuning a shift parameter that FMG 

does not need. 

 

Conclusion 
Four multigrid cycling strategies were tested on a Helmholtz 

equation governing slope displacement in the Greater 

Caucasus. Full multigrid (FMG) proved the most efficient, 

maintaining convergence factors below 0.15 at all 

wavenumbers and completing the solve in 3.4 seconds on a 

2.1-million-element mesh, roughly 3.4 times faster than the 

V-cycle. The resulting susceptibility map agreed with a 

ground-truth inventory at 81.3%. 

For practical landslide susceptibility work, two 

recommendations follow. First, FMG should replace standard 

V-cycles whenever the wavenumber exceeds roughly 15, a 

threshold commonly reached in saturated weak-rock 

formations. Second, integrating the Helmholtz solver with a 

transient saturation model could improve temporal prediction 

of landslide triggering during storm events. 

Future extensions include testing algebraic multigrid for 

domains where geometric coarsening is awkward, and 

coupling the solver with a shallow-water runout model to 

estimate landslide travel distances. 
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