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Abstract

Spring flood timing along the Ob River in western Siberia depends on snowmelt dynamics that produce
temporally autocorrelated discharge sequences, making standard regression diagnostics unreliable unless
autocorrelation is properly accounted for. This paper re-examines Durbin-Watson (DW) statistics as a
diagnostic tool for detecting first-order autocorrelation in hydrological time series, with extensions based
on Archimedean copula structures and operator theory to handle the non-Gaussian distributional features
typical of flood data. Hypothesis testing procedures were developed that account for copula-induced
dependence between the DW numerator and denominator, using connections between the DW statistic
and eigenvalues of a tridiagonal operator [, Prime-number-indexed lags were incorporated as a
diagnostic for hidden periodic structures in the autocorrelation function. The method was applied to daily
discharge records from five Ob River gauging stations spanning 1998-2023, covering 25 spring flood
seasons. Results showed that the copula-adjusted DW test detected significant autocorrelation in 87.3%
of station-seasons, compared with 64.8% for the classical DW test, a difference attributable to the heavy-
tailed and asymmetric features of flood discharge that violate normality assumptions. The operator-
theoretic eigenvalue bounds tightened the inconclusive region of the DW test from [1.65, 1.69] to [1.67,
1.68], reducing ambiguous outcomes by 73%. Prime-lag diagnostics identified a 7-day cycle in three of
five stations, coinciding with weekly patterns in upstream dam operations. Flood onset week predictions
based on autocorrelation-corrected regression improved mean absolute error from 1.83 weeks
(uncorrected) to 0.94 weeks across all stations.

Keywords: Archimedean copulas, connections, hypothesis testing, prime numbers, operator theory,
Durbin-Watson statistic, autocorrelation, spring flood, Ob River, copula dependence

Introduction

Autocorrelation—the correlation of a time series with its own lagged values—is both a
nuisance and a source of information in hydrological modelling. When present in regression
residuals, it invalidates standard error estimates and inflates test statistics [, But
autocorrelation structure also carries signal: the rate at which dependence decays with lag
reflects physical properties of the watershed, including storage capacity, routing time, and
upstream regulation 1,

The Durbin-Watson statistic remains the most widely taught test for first-order autocorrelation,
despite its well-known limitations: it tests only lag-1 dependence, its distribution depends on
the regression design matrix, and it produces an inconclusive zone where neither the null nor
alternative hypothesis can be rejected Fl. In practice, the inconclusive zone often covers
exactly the range of DW values observed in moderately autocorrelated hydrological data,
making the test frustratingly uninformative for many real datasets.

The Ob River, one of the world’s longest river systems, drains a vast basin in western Siberia
where spring snowmelt generates flood pulses that propagate downstream over several weeks
4, The timing of these floods matters enormously for communities along the river, for
navigation scheduling, and for reservoir management. Discharge records exhibit strong
autocorrelation during the flood season, with non-Gaussian features right-skewed distributions
and heavy tails that challenge standard DW assumptions I,
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Archimedean copulas offer a flexible family of dependence
structures that can model the joint distribution of consecutive
discharge observations without assuming normality [, By
embedding the DW test within a copula framework, one can
derive adjusted critical values that reflect the true dependence
structure. Operator theory provides a complementary
perspective: the DW statistic can be expressed as a ratio of
quadratic forms involving a tridiagonal matrix whose
eigenvalues determine the exact distribution under the null
hypothesis ). Tighter eigenvalue bounds translate directly
into narrower inconclusive regions.

This research combines these approaches to improve DW-
based autocorrelation detection in Ob River flood data. A
copula-adjusted DW test was developed using Clayton and
Gumbel Archimedean copulas fitted to station-level data. The
operator-theoretic eigenvalue refinement was applied to
narrow the inconclusive zone. Prime-number-indexed lags
were checked for hidden periodicities that lag-1 testing would
miss. The resulting autocorrelation estimates were used to
correct flood-timing regression models across five stations
and 25 flood seasons.

Model Description and Parameterisation

The classical DW statistic d = (e t - e_{t-1})*>/ X e_t? tests
Ho: p = 0 against Hi: p > 0, where p is the lag-1
autocorrelation of regression residuals e_t 1. The copula
extension replaces the bivariate normal assumption for (e_t,
e_{t-1}) with a Clayton copula C_6(u,v) = (u*{-0} + v*{-0} -
DM-1/8} when lower-tail dependence dominates, or a
Gumbel copula for upper-tail dependence . The copula
parameter 6 was estimated by maximum pseudo-likelihood
from ranked residual pairs. Critical values were obtained by
simulating 50,000 DW statistics under the null hypothesis
with copula-matched marginal distributions. The operator-
theoretic refinement computed eigenvalues of the (nxn)
tridiagonal matrix A with entries a_{ii} = 2, a_{i,i+1} =
a {i+1,i} = -1, and used Gershgorin bounds to narrow the
DW distribution support [,

Materials and Methods

Materials

This research was conducted at the Department of
Mathematical Analysis, Antalya Institute of Mathematical
Sciences, Antalya, Turkey, from May 2021 to March 2023.
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Daily discharge records for five Ob River gauging stations
designated S1 (upper Ob near Barnaul), S2 (middle Ob near
Novosibirsk), S3 (lower Ob near Surgut), S4 (lrtysh
confluence), and S5 (Ob delta near Salekhard)—were
obtained from the Russian Federal Service for
Hydrometeorology (Roshydromet) for the period 1998-2023.
Spring flood seasons were defined as the 90-day window
centred on each station’s median annual peak, yielding 125
station-season datasets (5 stations x 25 years). Temperature
and snow depth data were sourced from the ERA5 reanalysis
for the corresponding basin areas. The research protocol was
registered with the Antalya Institute Academic Registry
(Protocol AIMS/2021/061, dated 3 May 2021).

Methods: For each station-season, a regression of daily
discharge on day-of-season, cumulative temperature sum, and
antecedent snow depth was fit by ordinary least squares.
Residuals were extracted and the classical DW statistic
computed. Copula selection between Clayton and Gumbel
families was based on AIC applied to bivariate fits of (e_t,
e_{t-1}) pairs [®1. Copula-adjusted critical values at a = 0.05
were obtained from the simulated null distribution. The
operator-theoretic bounds used the fact that eigenvalues of the
tridiagonal matrix A satisfy A_k =2 - 2cos(kn/(n+1)) for k =
1,...,n Il Prime-lag analysis computed partial autocorrelations
at lags 2, 3, 5, 7, 11, and 13 days. Flood onset was defined as
the first day when discharge exceeded the 75th percentile of
the annual distribution, and a corrected regression using
Cochrane-Orcutt adjustment was compared against the
uncorrected model for onset week prediction [,

Sensitivity Analysis

The copula parameter 6 was varied +20% around the
maximum pseudo-likelihood estimate to assess robustness. At
+20%, detection rates increased by 2.1 percentage points; at -
20%, they decreased by 3.4 points. The choice of
Archimedean family (Clayton vs Gumbel) affected results at
11 of 125 station-seasons; in all 11 cases, the Gumbel copula
detected autocorrelation that Clayton missed, consistent with
upper-tail dependence during peak flood events. Restricting
the flood window from 90 to 60 days reduced detection rates
by 4.7%, as shorter series provide less power.

Results

Table 1: Autocorrelation Detection Rates by Station and Method

Station Copula-DW (%) Classic DW (%) Inconclusive (%) Best Copula 7-day Cycle?
S1 (Upper) 84.0 60.0 8.0 Gumbel Yes
S2 (Middle) 88.0 68.0 4.0 Clayton Yes
S3 (Lower) 92.0 72.0 0.0 Gumbel No
S4 (Irtysh) 84.0 60.0 8.0 Clayton Yes
S5 (Delta) 88.0 64.0 4.0 Gumbel No

Table 1 shows that the copula-adjusted DW test consistently
detected more autocorrelation than the classical version.
Station S3 (lower Ob) achieved the highest detection rate
(92.0%) with zero inconclusive outcomes, likely because the

lower Ob’s slower flow produces smoother, more strongly
auto correlated discharge series. The 7-day cycle was found at
three stations, all upstream of or near major dam
infrastructure.

Table 2: Flood Onset Prediction Accuracy (Mean Absolute Error in Weeks)

Station Uncorrected (wk) Classic DW-Corr. (wk) Copula DW-Corr. (wk) Improvement (%)
S1 1.92 1.34 0.97 49.5
S2 1.78 1.21 0.88 50.6
S3 1.67 1.18 0.83 50.3
S4 1.94 141 1.03 46.9
S5 1.84 1.29 0.99 46.2

~201~


https://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics

Table 2 demonstrates that copula-adjusted autocorrelation
correction roughly halved the prediction error for flood onset
timing. The mean improvement across stations was 48.7%,
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with the largest gains at S2 (middle Ob), where the Cochrane-
Orcutt correction with copula-estimated p reduced MAE from
1.78 to 0.88 weeks.

DW Statistics by Ob River Segment
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Fig 1: DW Statistics and Spring Flood Timing Distributions by Ob River Segment

Figure 1 (left panel) shows the distribution of DW statistics
by station, with lower values indicating stronger positive
autocorrelation. Station S5 (delta) shows the widest spread,
reflecting variable flow regulation effects. The right panel

displays the violin plot of flood onset timing, confirming that
downstream stations experience later and more variable flood
arrival.
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Fig 2: Monthly Autocorrelation Pattern in Ob River Discharge

Figure 2 presents the lag-1 autocorrelation by calendar month.
Autocorrelation is highest in winter months (January,
December) when baseflow dominates, and lowest during the
spring flood transition (May-June) when rapid changes in
discharge reduce persistence.

Discussion

The 22.5 percentage point improvement in detection rates
(87.3% vs 64.8%) between the copula-adjusted and classical
DW tests reflects a genuine distributional mismatch. Ob River
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flood discharge is strongly right-skewed—the skewness
coefficient averaged 1.47 across stations—which inflates the
variance of the classical DW statistic and pushes observations
into the inconclusive zone Bl The Archimedean copula
framework corrects for this by modelling the actual joint
distribution of consecutive residuals rather than assuming
bivariate normality.

The operator-theoretic eigenvalue refinement had a smaller
but still useful effect. Narrowing the inconclusive zone from
[1.65, 1.69] to [1.67, 1.68] resolved 73% of previously
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ambiguous cases. This improvement comes essentially for
free computationally the eigenvalues of a tridiagonal matrix
have closed-form expressions and could be applied alongside
any DW-based test [],

The prime-lag analysis revealed a 7-day periodicity at three
stations, a finding with a plausible physical explanation:
upstream dams on the Ob and Irtysh often follow weekly
operational schedules, releasing higher flows during
weekdays and reducing output on weekends. This weekly
signal would be invisible to a lag-1 test but appeared clearly
at lag 7 (a prime, avoiding confounding with shorter periodic
structures).

Limitations include the restriction to  first-order
autocorrelation in the core DW framework. Higher-order
dependencies, which are known to exist in snow-dominated
basins 1, were only partially captured through the prime-lag
diagnostic. A Breusch-Godfrey type extension within the
copula framework could address this. Also, the 90-day flood
window definition was somewhat arbitrary; adaptive window
selection based on discharge thresholds might improve both
detection and prediction.

Conclusion

This research showed that Durbin-Watson statistics, when
augmented with Archimedean copula dependence structures
and  operator-theoretic ~ eigenvalue  bounds, provide
substantially better autocorrelation detection in Ob River
spring flood data than the classical test. Detection rates rose
from 64.8% to 87.3%, the inconclusive zone shrank by 73%,
and flood onset predictions improved by nearly 49%.

The copula adjustment addressed the distributional mismatch
between the DW test’s normality assumption and the heavy-
tailed reality of flood discharge. The operator-theoretic
refinement provided a computationally inexpensive way to
resolve ambiguous cases. And the prime-lag diagnostic
uncovered a weekly operational cycle that would otherwise
have gone undetected.

For practitioners working with flood data, the practical
message is that off-the-shelf DW tests are likely to
underperform in non-Gaussian hydrological settings. Copula-
adjusted versions require modest additional effort—fitting a
copula to residual pairs takes seconds on modern hardware—
and yield meaningfully better autocorrelation estimates. These
improved estimates, when fed into Cochrane-Orcutt or similar
correction procedures, translate into more accurate flood
timing predictions.
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