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Abstract

Can viscosity-based frameworks for Hamilton-Jacobi-Bellman (HJB) equations offer meaningful
predictions when applied to displacement phenomena far removed from their original domain? This
paper addresses that question by developing a modified viscosity solution approach tailored to HIB
equations arising in optimal control contexts, then extending the method to model population
displacement patterns in the Narmada Valley region. The proposed Hamilton-Jacobi-Bellman Viscosity
Solution Method (HIB-VSM) adapts classical comparison principles through a weighted Markov chain
transition kernel and an adjacency-matrix-based spatial discretisation scheme. Panel data from five sub-
regions of the Narmada Valley, collected between January 2019 and August 2023, served as input for
model calibration. A differential-geometric reformulation of boundary constraints allowed the method to
capture non-smooth displacement fronts more accurately than standard finite difference schemes. Results
indicate that HIB-VSM achieved a mean residual error of 0.047 across all zones after twelve iterations,
compared with 0.183 for classical iteration methods. Spacings between consecutive displacement waves
were predicted within a 6.3% margin. The adjacency matrix representation captured inter-zone migration
corridors that conventional scalar models missed entirely. These findings suggest that viscosity solution
frameworks, when adapted with appropriate spatial encodings, can bridge abstract PDE theory and
applied demographic modelling with reasonable fidelity.

Keywords: Panel data, spacings, differential geometry, Markov chains, adjacency matrix, viscosity
solutions, Hamilton-Jacobi-Bellman equations, displacement modeling, optimal control, convergence
analysis

Introduction

What happens when a well-understood mathematical framework meets a problem it was never
designed to solve? Hamilton-Jacobi-Bellman equations sit at the intersection of dynamic
programming and partial differential equation theory, providing necessary conditions for
optimal control in continuous-time settings . Their viscosity solution concept, introduced to
handle non-differentiable value functions, has matured into a standard tool for verifying
uniqueness and existence in stochastic and deterministic control problems 2, But the question
of whether these tools translate meaningfully to spatial demographic phenomena—such as
large-scale population displacement—remains largely unexplored.

The Narmada Valley in central India presents a case where forced and voluntary displacement
patterns create complex migration corridors across geographically connected zones [,
Traditional models for displacement rely on agent-based simulations or gravity models that
treat movement as a function of distance and opportunity cost 1. These approaches, while
useful, often struggle with discontinuous shifts—abrupt changes in movement direction or
volume that arise from policy interventions, seasonal flooding, or infrastructure projects B, It
was this gap that motivated the present work.

Viscosity solutions handle exactly these types of discontinuities. First formalised by Crandall
and Lions [, viscosity solutions allow one to define “weak” solutions to HJB equations
without requiring classical smoothness. The comparison principle a central result guaranteeing
uniqueness depends on semi-continuity properties rather than pointwise differentiability "1,
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This makes the framework attractive for problems where the
underlying dynamics produce sharp transitions.

Previous work has applied HJB-type equations to resource
allocation [, financial option pricing ), and traffic flow
modelling 1%, A smaller body of research has connected
optimal control frameworks to population dynamics, mainly
through mean-field games Y. However, direct application of
viscosity solutions to displacement modelling with spatially
structured panel data seems not to have been attempted
before.

This research introduces a modified viscosity solution method
designated HIB-VSM that incorporates three features absent
from standard approaches: (i) a weighted Markov chain
transition kernel reflecting observed migration probabilities,
(if) an adjacency matrix encoding of spatial connectivity
between Narmada Valley sub-regions, and (iii) a differential-
geometric treatment of boundary conditions along irregular
geographic boundaries [*2. The method was tested against
panel data spanning five years and compared with two
benchmark solvers. The aim was to determine whether a
PDE-based control framework can outperform simpler models
in capturing displacement wave dynamics.

Theoretical Background

The HJB equation takes the general form: sup_{a € A} {L"a
u(x) + fa(x)} = 0, where L"a denotes a second-order elliptic
operator parameterised by control a, and f*a captures running
costs [, A viscosity solution u satisfies this equation in a
weak sense: for every smooth test function ¢ touching u from
above (below) at a point xo, the equation holds as an
inequality at xo [6l. This sidesteps the need for classical
derivatives of u itself.

For the displacement application, the state variable x
represents a position in a discretised spatial graph of five
nodes (Narmada sub-regions), and the control a governs
transition rates between nodes. The Markov chain framework
assigns weights w_ {ij} to edges (i,j) of the adjacency matrix
G, reflecting empirical migration probabilities [,
Differential-geometric corrections enter through the curvature
of geographic boundaries separating zones, which affect
boundary conditions in the PDE formulation [4],

Materials and Methods

Materials

This research was conducted at the Department of
Mathematical Sciences, Port Elizabeth Advanced School of
Theoretical Mathematics, Port Elizabeth, Eastern Cape, South
Africa, between March 2021 and July 2023. Panel data on
population displacement in the Narmada Valley were
obtained from the Indian Census Bureau supplementary
releases (2019-2023) and district-level migration reports
published by the Madhya Pradesh State Planning
Commission. The dataset covered five sub-regions: Upper
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Narmada (Zone A), Middle Narmada (Zone B), Lower
Narmada (Zone C), Narmada Delta (Zone D), and Narmada
Estuary (Zone E). Each record included quarterly
displacement counts, origin-destination pairs, and a
categorical displacement-cause variable. In total, 2,840
quarterly records were available across the five zones over the
research period. Spatial boundary data were sourced from the
Survey of India 1:50,000 topographic sheets, digitised using
open-source GIS tools. Ethics clearance was granted by the
Institutional Research Ethics Committee of Port Elizabeth
Advanced School of Theoretical Mathematics (Protocol PE-
ASTM/2021/037, approved 14 February 2021).

Methods

The HIB-VSM algorithm proceeded in four stages. First, the
adjacency matrix G was constructed from geographic
connectivity data, with binary entries g_{ij} = 1 if zones i and
j share a boundary. Second, Markov chain transition weights
w_{ij} were estimated from origin-destination frequencies
using maximum likelihood on the panel data 1%l Third, the
HJB equation was discretised on the graph using a finite-
volume scheme adapted for irregular node spacing, with
boundary conditions derived from the differential-geometric
curvature of zone borders. Fourth, the viscosity solution was
approximated via a policy iteration algorithm: at each step k,
the optimal control a*k was computed from the current value
function estimate u”k, and u~{k+1} was obtained by solving a
linear system.

Convergence was assessed through the L2 norm of the
residual between successive iterates. Two benchmark
methods were used for comparison: a standard finite
difference method (FDM) on a regular grid, and a classical
Jacobi-type iteration without viscosity adjustments. All
computations used MATLAB R2022b on a workstation with
64 GB RAM. Statistical significance of differences in
predictive accuracy was tested using paired t-tests at the 0.05
level. Spacings between displacement wave peaks were
identified from quarterly time-series data and compared
against model-predicted peak timings.

Simulation Parameters: The discretised HIB equation used
a spatial mesh of 5 nodes corresponding to the Narmada sub-
regions, with temporal resolution of one quarter (91.25 days).
The discount factor was set to B = 0.97 per quarter.
Convergence tolerance for the policy iteration was € = 107° in
L2 norm, and a maximum of 50 iterations was allowed. The
Markov transition matrix was re-estimated every four quarters
to account for time-varying migration patterns. Boundary
curvature corrections were computed from digitised boundary
coordinates using a cubic spline interpolation with 200 knot
points per boundary segment.

Results

Table 1: Viscosity Solution Index (VSI) and Prediction Accuracy by Narmada Valley Sub-Region

Sub-Region VSI RMSE MAE R? p-value
Zone A (Upper) 0.347 0.041 0.033 0.923 0.003
Zone B (Middle) 0.512 0.038 0.029 0.941 <0.001
Zone C (Lower) 0.289 0.053 0.044 0.897 0.008
Zone D (Delta) 0.634 0.031 0.024 0.962 <0.001
Zone E (Estuary) 0.418 0.046 0.037 0.911 0.005

Table 1 presents the viscosity solution indices and prediction
accuracy metrics for each sub-region. Zone D (Delta)
recorded the highest VSI at 0.634 and the best predictive fit

(R?2 = 0.962), likely because its well-defined geographic
boundaries allowed the differential-geometric corrections to
work most effectively. Zone C (Lower) showed the weakest
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fit (R2 = 0.897), which may reflect the more diffuse boundary
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separating it from the delta region.

Table 2: Method Comparison: Residual Errors after 12 Iterations

Metric HJB-VSM Standard FDM Classical Iteration
Mean Residual (L?) 0.047 0.183 0.501
Max Residual 0.068 0.247 0.623
Iterations to € < 0.1 9 Not reached Not reached
Computation Time (s) 14.7 8.3 6.1
Spacing Error (%) 6.3 18.7 314

Table 2 compares the three methods on key performance
indicators. HIB-VSM reached a residual below 0.1 after just
nine iterations, whereas neither benchmark achieved this
threshold within twelve iterations. The trade-off was
computation time: HIB-VSM required 14.7 seconds per run,

roughly 77% more than the classical iteration. But the spacing
error measuring how well displacement wave timing was
predicted dropped from 31.4% (classical) to 6.3% (HJB-
VSM), a fourfold improvement.

Viscosity Solution Indices Across Narmada Valley Zones
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Fig 1: Viscosity Solution Indices across Narmada Valley Sub-Regions

Figure 1 displays the VSI values as a bar chart. The variation
across zones reflects differences in boundary geometry and
migration corridor structure. Zone D's elevated index aligns

with its role as a convergence point for multiple upstream
migration pathways, captured effectively by the adjacency
matrix encoding.

Convergence Comparison of Iterative Methods for HJB Equations
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Fig 2: Convergence Comparison of Iterative Methods for HIB Equations
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Figure 2 traces residual error against iteration number for the
three methods. HIB-VSM shows a steep decline in early
iterations, reflecting the viscosity comparison principle's
ability to enforce monotone convergence. The standard FDM
converges more slowly, and the classical iteration plateaus
near 0.5, failing to capture the sharp transitions in
displacement fronts.

Comprehensive Interpretation

Taken together, the results confirm that viscosity solution
methods offer a measurable advantage over grid-based and
classical approaches when the underlying dynamics involve
sharp spatial transitions. The adjacency matrix representation
proved important: removing it from HIB-VSM (replacing G
with a fully connected graph) increased spacing error to
14.1%, indicating that the sparse connectivity structure carries
meaningful information about migration corridors.

Discussion

The main finding of this research—that HJB-VSM
outperforms conventional solvers on displacement wave
prediction—rests on two mechanisms. First, the viscosity
framework tolerates value functions that aren't classically
differentiable, which matters because displacement data
exhibit jump-like behaviour at zone boundaries [¢. Second,
the Markov chain weighting adapts the transition kernel to
observed data rather than imposing a uniform diffusion
assumption 91,

It's worth noting that the computational overhead of HJB-
VSM was modest in absolute terms (under 15 seconds per
run). For problems with only five spatial nodes, the adjacency
matrix is small and the linear systems at each iteration solve
quickly. Scaling to larger graphs—say, district-level
resolution with hundreds of nodes—would require sparse
matrix solvers and possibly parallel implementations, a
direction we didn't pursue here.

The differential-geometric boundary corrections had a smaller
but still measurable effect. When these corrections were
disabled (flat boundary assumption), the mean R? dropped
from 0.927 to 0.904. This is consistent with findings by
Ambrosio and Trevisan ', who showed that curvature-aware
boundary conditions improve PDE solutions on irregular
domains.

A limitation of the present approach is the reliance on
quarterly panel data, which smooths out short-duration
displacement events lasting days or weeks. Higher-frequency
data would allow finer temporal resolution in the HJB
discretisation. And the five-zone partition of the Narmada
Valley, while operationally convenient, groups together areas
with quite different displacement drivers. Future work might
adopt a finer spatial mesh derived from satellite-based
settlement mapping [61,

Conclusion

This research demonstrated that viscosity solutions for
Hamilton-Jacobi-Bellman equations can be adapted to model
population displacement in the Narmada Valley with accuracy
that exceeds standard numerical approaches. The proposed
HJB-VSM method achieved a mean residual error of 0.047
and a spacing prediction error of 6.3%, outperforming the
standard finite difference method (residual 0.183, spacing
error 18.7%) and classical iteration (residual 0.501, spacing
error 31.4%).

Three design choices proved important. The adjacency matrix
encoding of spatial connectivity between zones provided the
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largest single improvement in prediction accuracy. The
weighted Markov chain transition kernel, estimated directly
from migration data, ensured that the model reflected actual
movement probabilities rather than theoretical assumptions.
And the differential-geometric boundary treatment, though
contributing a smaller increment, brought the model closer to
observed patterns along irregular geographic divides.

These findings suggest that PDE-based optimal control tools,
originally developed for financial and engineering
applications, can be repurposed for spatial demographic
problems when paired with appropriate data structures. The
five-zone Narmada Valley case is, of course, a relatively
small problem. Whether the method scales to larger, more
complex settings remains an open question that warrants
further investigation. For now, HJB-VSM offers a
mathematically grounded alternative to agent-based and
gravity models, one that handles discontinuous dynamics by
design rather than by approximation.
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