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Abstract 

An observation that puzzles climate scientists: the Thar Desert’s maximum summer temperatures have 

increased at twice the rate of surrounding regions over the past three decades, yet the warming appears to 

follow a nonlinear trajectory with sudden jumps rather than a smooth trend. This research applied 

bifurcation analysis from dynamical systems theory to characterise these abrupt transitions in Thar Desert 

temperature extremes. The work was conducted at the Lucknow Graduate School of Probability Studies 

between July 2019 and November 2022. A low-dimensional dynamical system was constructed from 

monthly temperature, albedo, and soil moisture data using CP decomposition of the three-way data 

tensor. Local field theory techniques identified parameter regions where the system underwent saddle-

node and Hopf bifurcations. ARIMA models provided baseline linear predictions against which 

bifurcation-based forecasts were compared. Algebraic structures underlying the symmetry of the 

bifurcation diagram were classified using normal form theory. Proportion tests compared the frequency 

of extreme temperature events before and after identified bifurcation points. The analysis identified two 

saddle-node bifurcations (in 1998 and 2012) and one subcritical Hopf bifurcation (in 2007) that coincided 

with observed jumps in extreme temperature frequency. The bifurcation model achieved a mean absolute 

error of 0.41 °C for monthly maximum temperature, compared to 0.73 °C for ARIMA. 
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bifurcation analysis, dynamical systems, saddle-node, Thar Desert, temperature extremes 

 

Introduction 

One observation that has drawn attention in recent Indian climate research is the 

disproportionate warming of the Thar Desert relative to the broader South Asian region [1]. 

While mean temperatures across the Indian subcontinent have risen by about 0.7 °C since 

1970, parts of the Thar have warmed by 1.4-1.8 °C, with the increase concentrated in a handful 

of sudden shifts rather than a gradual climb [2]. This pattern long periods of relative stability 

punctuated by abrupt transitions is the hallmark of a dynamical system near a bifurcation point 
[3]. 

Bifurcation theory classifies how the qualitative behaviour of a dynamical system changes as a 

parameter crosses a critical value [4]. Saddle-node bifurcations create or destroy equilibria, 

pitchfork bifurcations break symmetry, and Hopf bifurcations generate oscillatory behaviour 

from a steady state [3]. These tools have been applied to climate tipping points at global scales 
[5], but local-scale applications to desert temperature dynamics are rare. 

The Thar Desert, covering approximately 200,000 square kilometres across Rajasthan and 

parts of Gujarat, is India’s largest hot desert and supports a population of over 20 million [6]. 

Understanding its temperature dynamics matters for agriculture, water management, and heat-

wave preparedness. CP (canonical polyadic) decomposition of multi-way data arrays extracts 

latent factors from coupled temperature, albedo, and moisture fields [7]. ARIMA models 

provide a standard linear forecasting benchmark [8]. Normal form theory classifies the 

algebraic structure of bifurcation diagrams [4]. This research combined these tools to detect, 

classify, and date bifurcation events in the Thar’s temperature record. 
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Theoretical framework 
A dynamical system dx/dt = f(x, μ), where x ∈ Rⁿ is the state 
vector and μ is a parameter, undergoes a bifurcation at μ₀ if 
the number or stability of equilibria changes [3]. For a saddle-
node bifurcation, the normal form is dx/dt = μ - x²: two 
equilibria exist for μ > 0 and none for μ < 0 [4]. For a Hopf 
bifurcation, the normal form in polar coordinates is dr/dt = μr 
- r³: a stable limit cycle appears for μ > 0 (supercritical) or an 
unstable one for μ < 0 (subcritical). CP decomposition 
approximates a third-order tensor X ≈ ∑ a_r ⊗ b_r ⊗ c_r, 
where the rank-R approximation captures the dominant modes 
of coupled variability among the three data dimensions 
(space, time, variable) [7]. The local field theory approach 
treats the parameter space as a field extension over the 
rationals, with bifurcation points corresponding to algebraic 
singularities of the field [9]. ARIMA(p,d,q) models fit the time 
series Box-Jenkins style, with order selection by AIC [8]. 
 
Materials and Methods 
Material 
The research was conducted at the Department of Discrete 
Mathematics, Lucknow Graduate School of Probability 
Studies, Lucknow, Uttar Pradesh, India, between July 2019 
and November 2022. Ethical clearance was obtained (Protocol 
LGSPS-2019-019, approved 20 June 2019). Monthly 
maximum and minimum temperature data for 1970-2022 

were obtained from the India Meteorological Department for 
12 stations across the Thar Desert. Albedo data came from 
MODIS MCD43A3 (500 m, 2000-2022). Soil moisture data 
were drawn from ESA CCI SM v07.1 (0.25°, 1978-2022). All 
computations used MATLAB R2022b for bifurcation analysis 
and R 4.2 for ARIMA and proportion tests. 
 
Methods 
A three-way data tensor X of dimension 12 (stations) × 624 
(months, 1970-2022) × 3 (temperature, albedo, moisture) was 
constructed and decomposed via CP with rank R = 3, selected 
by core consistency diagnostic [7]. The three temporal factors 
were treated as state variables x₁(t), x₂(t), x₃(t) of a low-
dimensional dynamical system. The system dx/dt = f(x) was 
fitted via sparse regression (SINDy algorithm) to identify 
governing equations from data [10]. Bifurcation analysis used 
continuation methods (MATCONT software) to trace 
equilibrium branches as the leading CP temporal factor 
(interpreted as a warming parameter) varied [4]. Saddle-node 
and Hopf bifurcation points were detected by monitoring 
eigenvalues of the Jacobian at equilibria. ARIMA models of 
order (2,1,1) and (3,1,2) were fitted to the monthly maximum 
temperature series at each station, with order selected by AIC 
[8]. Proportion tests (two-sample z-test) compared the fraction 
of months exceeding 45 °C before and after each identified 
bifurcation date [11]. 

 
Results 
 

Table 1: Identified Bifurcation Events in Thar Desert Temperature Dynamics 
 

Year Type Parameter Eigenvalue Pre-Bif. Eq. Post-Bif. Eq. 
1998 Saddle-node μ = 0.41 0 (crossing) 2 stable 1 stable 

2007 Hopf (subcrit.) μ = 0.67 ±0.12i 1 stable Unstable + cycle 

2012 Saddle-node μ = 0.83 0 (crossing) 2 stable 1 stable 

 
Table 1 lists the three bifurcation events. The 1998 saddle-node coincided with a strong El Nino year; the 2007 Hopf bifurcation 
introduced oscillatory behaviour matching observed 3-4 year temperature cycles; and the 2012 saddle-node marked a permanent 
upward shift in the mean. 

 
Table 2: Prediction Accuracy: Bifurcation Model vs ARIMA 

 

Metric Bifurcation ARIMA(2,1,1) ARIMA(3,1,2) Improvement 
MAE (°C) 0.41 0.73 0.68 39.7-43.8% 

RMSE (°C) 0.57 0.94 0.89 36.0-39.4% 

R² 0.87 0.71 0.74 +17.6-22.5% 

 
The bifurcation model reduced MAE by 40-44% and improved R² by 18-23% compared to both ARIMA specifications. 

 

 
 

Fig 1: Bifurcation Diagram of Logistic Map (Illustrative) 

 

Figure 1 shows a standard logistic map bifurcation diagram, illustrating the period-doubling cascade analogous to the transitions 

observed in the Thar temperature system. 
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Fig 2: Thar Desert Temperature Extreme Categories (1990-2022) 

 

Figure 2 displays the distribution of temperature extremes by 

severity. Extreme events (>50 °C) accounted for 11.3% of 

summer months, a proportion that increased from 4.2% pre-

2007 to 18.1% post-2012 (z = 3.87, p<0.001). 

 

Discussion 

The identification of three distinct bifurcation events in a 52-

year temperature record is consistent with the theory of 

climate tipping points applied at regional scales [5]. The 1998 

saddle-node aligns with the strong 1997-98 El Nino, which 

may have pushed the Thar’s energy balance past a critical 

threshold from which it did not recover [1]. The 2007 

subcritical Hopf bifurcation introduced oscillatory dynamics 

with a period of 3.4 years, matching the observed quasi-

periodic temperature variability that emerged in the late 2000s 
[2]. 

The CP decomposition proved effective at reducing the 

12×624×3 tensor to three interpretable temporal factors that 

captured 81.7% of total variance. The SINDy-identified 

governing equations had a cross-validated R² of 0.83, lending 

confidence to the dynamical system representation [10]. The 

proportion tests confirmed statistically significant increases in 

extreme temperature events following each bifurcation, with 

the post-2012 proportion (18.1%) being more than four times 

the pre-1998 value (4.2%). 

A limitation is the assumption that the governing equations 

remain structurally stable between bifurcation points. In 

reality, slow parameter drift may create a moving target for 

the continuation analysis. The CP rank choice of R = 3 was 

data-driven but not unique R = 4 produced a marginally better 

fit (0.3% higher variance explained) at the cost of 

interpretability. 

 

Limitations 

The 12-station network is sparse relative to the Thar’s 

200,000 km² area, and some stations had incomplete records 

in the 1970s-1980s that were gap-filled by linear 

interpolation. The SINDy algorithm assumes polynomial 

dynamics, which may not capture all nonlinear mechanisms. 

The MODIS albedo and ESA soil moisture products are 

available only from 2000 and 1978 respectively, limiting the 

pre-bifurcation baseline for these variables. Future work 

should incorporate gridded reanalysis products extending 

further back in time and test the framework on other arid 

regions. 

 

Conclusion 

This research applied bifurcation analysis to characterise 

abrupt transitions in Thar Desert temperature extremes. Three 

bifurcation events two saddle-node (1998, 2012) and one 

subcritical Hopf (2007) were identified and dated, coinciding 

with observed jumps in extreme temperature frequency. The 

bifurcation model outperformed ARIMA by 40-44% in mean 

absolute error and 18-23% in R². CP tensor decomposition, 

SINDy-based system identification, and normal form 

classification provided a coherent mathematical framework. 

These findings suggest that the Thar’s warming trajectory is 

not a smooth trend but a sequence of abrupt regime shifts, 

with implications for heat-wave early warning and 

agricultural adaptation planning in western India. 

 

Acknowledgements 

Funding sources 

Supported by departmental funds at the Lucknow Graduate 

School of Probability Studies. 

 

Institutional support 

The authors thank the Department of Discrete Mathematics 

for computational resources. 

 

Contributions not qualifying for authorship 

Dr. N. Mishra assisted with MATCONT continuation 

software setup. 

 

References 

1. Pal JS, Eltahir EAB. Future temperature in southwest 

Asia projected to exceed a threshold for human 

adaptability. Nature Climate Change. 2016;6(2):197-200.  

2. Mohanty UC, Nair SA, Singh AK. Rising temperatures 

over the Thar Desert. Climate Dynamics. 2016;47(3-

4):1343-1357.  

3. Strogatz SH. Nonlinear Dynamics and Chaos. 2nd ed. 

Boulder (CO): Westview Press; 2015. p. 1-513.  

4. Kuznetsov YA. Elements of Applied Bifurcation Theory. 

3rd ed. New York: Springer; 2004. p. 1-631.  

5. Lenton TM, Held H, Kriegler E, Hall JW, Lucht W, 

Rahmstorf S, et al. Tipping elements in the Earth climate 

https://www.mathsjournal.com/


 

~229~ 

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com 
 

system. Proceedings of the National Academy of 

Sciences. 2008;105(6):1786-1793.  

6. Kar A, Takeuchi K. Desertification in the Thar Desert. 

Annals of Arid Zone. 2004;43(3-4):231-253.  

7. Kolda TG, Bader BW. Tensor decompositions and 

applications. SIAM Review. 2009;51(3):455-500.  

8. Box GEP, Jenkins GM, Reinsel GC, Ljung GM. Time 

Series Analysis: Forecasting and Control. 5th ed. 

Hoboken (NJ): John Wiley & Sons; 2015. p. 1-712.  

9. Lang S. Algebra. Revised 3rd ed. New York: Springer; 

2002. p. 1-914.  

10. Brunton SL, Proctor JL, Kutz JN. Discovering governing 

equations from data by sparse identification of nonlinear 

dynamical systems. Proceedings of the National 

Academy of Sciences. 2016;113(15):3932-3937.  

11. Fleiss JL, Levin B, Paik MC. Statistical Methods for 

Rates and Proportions. 3rd ed. Hoboken (NJ): John 

Wiley & Sons; 2003. p. 1-760.  

12. Dhooge A, Govaerts W, Kuznetsov YA. MATCONT: a 

MATLAB package for numerical bifurcation analysis of 

ODEs. ACM Transactions on Mathematical Software. 

2003;29(2):141-164.  

13. Scheffer M, Carpenter S, Foley JA, Folke C, Walker B. 

Catastrophic shifts in ecosystems. Nature. 

2001;413(6856):591-596.  

14. Rajeevan M, Bhate J, Jaswal AK. Analysis of variability 

and trends of extreme rainfall events over India. Current 

Science. 2008;94(3):296-306.  

15. Wiggins S. Introduction to Applied Nonlinear Dynamical 

Systems and Chaos. 2nd ed. New York: Springer; 2003. 

p. 1-843.  

16. Guckenheimer J, Holmes P. Nonlinear Oscillations, 

Dynamical Systems, and Bifurcations of Vector Fields. 

New York: Springer; 1983. p. 1-459.  

17. Cane MA, Clement AC, Kaplan A, Kushnir Y, 

Pozdnyakov D, Seager R, et al. Twentieth-century sea 

surface temperature trends. Science. 

1997;275(5302):957-960.  

18. Runge J, Bathiany S, Bollt E, Camps-Valls G, Coumou 

D, Deyle E, et al. Inferring causation from time series in 

Earth system sciences. Nature Communications. 

2019;10(1):2553-2553.  

 

https://www.mathsjournal.com/

