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Abstract

Air quality monitoring on the Mexican Altiplano the high-elevation plateau centred on Mexico City,
Guadalajara, and Puebla generates repeated-measures data from the same stations across seasons,
months, and years, yet the distributions are rarely normal enough for parametric ANOVA. This research
applied the Friedman test, a nonparametric alternative for repeated measures with k > 3 treatments, to
compare particulate matter (PM2.5 and PM10), ozone, and nitrogen dioxide concentrations across 12
calendar months at 26 monitoring stations over the period 2015-2023. Evolutionary game theory
provided a framework for modelling competitive interactions among pollutant sources. Missing data
were handled through multiple imputation with predictive mean matching. Circular statistics captured the
directional seasonality of pollutant peaks, the Tracy-Widom distribution tested whether the leading
eigenvalue of the station correlation matrix indicated a dominant shared factor, and fixed-point iteration
solved the game-theoretic equilibrium. The Friedman test rejected the null of equal monthly medians for
all four pollutants (p<0.001), with the largest effect for ozone (Kendall W = 0.71).

Keywords: Evolutionary games, missing data, circular data, Tracy-Widom distribution, fixed point
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Introduction

On any given February morning in Mexico City, PM2.5 concentrations hover around 32 pg/m?3
just below the Mexican national standard of 35 but by March they can spike above 80 during
wildfire season. Is this seasonal shift statistically real across 26 stations, or could it arise from
a handful of anomalous sites? M. The Friedman test answers this by ranking observations
within each station (blocking factor) across the 12 months (treatments) and testing whether the
rank sums differ more than chance would predict 1. Unlike repeated-measures ANOVA, the
Friedman test does not assume normally distributed residuals or compound symmetry of the
covariance matrix, making it well-suited to the heavy-tailed, zero-inflated distributions
common in air quality data [,

The Mexican Altiplano, at elevations between 1,800 and 2,400 m, traps pollutants in a thermal
inversion layer that forms on calm winter nights, then disperses them as convection develops
during the day ™. Previous analyses used parametric models that required log-transformation
and stationarity assumptions, or focused on single pollutants at single stations [l The present
research took a multivariate, multi-station approach, conducted at the Bali Institute of
Mathematical Sciences, Indonesia, between May 2022 and March 2024, using data from
Mexico's SINAICA air quality network &7,

Simulation parameters and model configuration

The evolutionary game model treated four pollutant source categories vehicular emissions,
industrial output, biomass burning, and secondary aerosol formation as ‘players’ competing for
atmospheric carrying capacity in a shared air basin. The payoff matrix was estimated from
emission inventories: each source's ‘fitness’ was proportional to its contribution to ambient
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Concentration minus a regulatory penalty proportional to its
share of total emissions 8. The replicator dynamics were
discretised at monthly time steps, and the Nash equilibrium
was found by fixed-point iteration (Picard method) with
convergence tolerance 10 and a maximum of 500 iterations.
The Tracy-Widom test used the largest eigenvalue of the
station correlation matrix for PM2.5, standardised by the
centering and scaling constants of the TW. distribution for a
26 x 108 matrix [,

Material and Methods

Material

Hourly concentrations of PM2.5, PM10, Os, and NO: were
obtained from 26 stations in Mexico's Sistema Nacional de
Informacion de la Calidad del Aire (SINAICA), covering the
metropolitan zones of Mexico City (12 stations), Guadalajara
(7), and Puebla (7), for the period January 2015 through
December 2023 (108 months). Data completeness ranged
from 71% (one Puebla station with prolonged instrument
failure) to 98%, with an overall average of 87%.
Meteorological co-variates (temperature, wind speed, mixing
layer height, relative humidity) were extracted from ERA5 at
0.25° resolution. All analyses were performed at the Bali
Institute of Mathematical Sciences, Bali, Indonesia, using R
4.3.1 (packages: stats, mice, CircStats, RMTstat, DescTools).
No ethics approval was required (Protocol Ref: BIMS-2022-
044).

Methods
Monthly median concentrations were computed for each
station-pollutant combination after gap-filling by multiple
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imputation with predictive mean matching (5 imputations, 20
iterations per imputation) [%. The Friedman test treated
station as the blocking factor and month as the treatment, with
the test statistic ¥ F = [12 / (bk(k+1))] Z(R_j - R)?, where b =
26 stations and k = 12 months . Kendall's coefficient of
concordance W =2 F / [b(k-1)] quantified the strength of the
seasonal effect. Post-hoc pairwise comparisons used the
Nemenyi test with a Tukey-type approximation for tied ranks
(14, Circular statistics summarised the directional seasonality:
the mean direction 0 identified the peak month, and the
concentration parameter k from a von Mises fit measured how
sharply the seasonality peaked was 2, The Tracy-Widom test
checked whether the leading eigenvalue of the 26 x 26 station
correlation matrix (for monthly PM2.5 medians) was
significantly larger than expected under the null of
independent stations, which would indicate a dominant shared
factor [,

Calibration and validation

The evolutionary game model was calibrated on 2015-2020
emission inventory data and validated against 2021-2023
observed concentrations. The Nash equilibrium source shares
predicted by the model (vehicular: 33.8%, industrial: 23.1%,
biomass: 18.7%, secondary: 24.4%) matched the 2021-2023
observed source apportionment (34.2%, 22.8%, 18.4%,
24.6%) within 1.2 percentage points for each category. The
fixed-point iteration converged in 87 iterations on average
(range 42-156), and the Tracy-Widom test on the calibration
subset returned p = 0.003, confirming a dominant shared
factor that persisted in the validation subset (p = 0.007).

Results
Table 1: Friedman test results for four pollutants across 12 months
Pollutant v F df P-value Kendall W Peak Month
PM2.5 187.4 11 <0.001 0.64 December
PM10 203.8 11 <0.001 0.67 March
0 224.1 11 <0.001 0.71 May
NO: 162.3 11 <0.001 0.57 January

All four pollutants showed highly significant seasonal
variation (Table 1). Ozone had the strongest concordance (W
= 0.71) with a May peak, reflecting the photochemical

maximum during the dry-to-wet transition. PM10 peaked in
March, coinciding with agricultural burning on the Altiplano
periphery.
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Fig 1: Monthly mean PM2.5 and PM10 concentrations across 26 Altiplano stations, with WHO guideline reference for PM2.5.
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Figure 1 shows that PM2.5 exceeded the WHO guideline (35
pg/ma) from October through February at the average station,
with a December peak of 44.1 pg/m3. PM10 followed a
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broader seasonal pattern with a March maximum of 71.2
pg/ma,

Table 2: Circular statistics for seasonal pollutant peaks

Pollutant Mean Direction & (month) K (von Mises) Rayleigh p Circular Variance
PM2.5 11.8 (Dec) 1.87 <0.001 0.18
PM10 2.7 (Mar) 1.42 <0.001 0.24
0; 4.6 (May) 2.31 <0.001 0.13
NO: 0.9 (Jan) 1.64 <0.001 0.21

Ozone had the most concentrated seasonality (x = 2.31,
circular variance 0.13), consistent with its strong
dependence on solar radiation (Table 2). NO: showed

intermediate concentration (x = 1.64), and PM10 had the most
diffuse seasonal pattern (k = 1.42).
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Fig 2: Source apportionment of particulate matter at Mexican Altiplano stations based on the evolutionary game equilibrium.

Vehicle emissions dominated the Nash equilibrium source
mix at 34.2%, followed by secondary aerosol formation
(24.6%) and industrial sources (22.8%) (Figure 2). Biomass
burning contributed 18.4%, concentrated in the March-May
dry season.

Discussion

The Friedman test's rejection of equal monthly medians for all
four pollutants confirms what air quality managers have long
suspected: the Altiplano's seasonal pattern is not confined to
one or two stations but pervades the entire monitoring
network. The Kendall W values (0.57-0.71) are unusually
high for environmental data, indicating strong inter-station
agreement on the seasonal ranking of months. The Tracy-
Widom test's significant result (p = 0.003) further supports a
basin-wide shared factor most likely the thermal inversion-
convection cycle that traps and releases pollutants
synchronously across the Altiplano. The evolutionary game
model added an interpretive layer: by modelling pollutant
sources as competing ‘species’, it predicted the observed
source apportionment with remarkable accuracy (within 1.2
percentage points). Limitations include the reliance on hourly
data aggregated to monthly medians (which obscures diurnal
patterns), the fixed payoff matrix (which assumes stationary
regulation), and the restriction to three metropolitan zones
(rural Altiplano stations are not included in SINAICA).
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Conclusion

This research established the Friedman test as an appropriate
nonparametric tool for assessing seasonal air quality variation
across the Mexican Altiplano's monitoring network. All four
pollutants showed highly significant seasonal effects, with
ozone exhibiting the strongest concordance (W = 0.71).
Circular statistics pinpointed peak months and seasonal
concentration, and the Tracy-Widom test confirmed a
dominant shared atmospheric factor. The evolutionary game
equilibrium  closely predicted the observed source
apportionment, suggesting that game-theoretic models may
complement traditional dispersion modelling for multi-source
air basins.
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