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Abstract

In this article we have derived the best linear unbiased estimator (BLUE) of the parameters y, and o,
involved in the five parameter Morgenstern type bivariate Lindley distribution (MTBLD) by ranked set
sampling (RSS). The efficiency comparison of the proposed estimators with that of the estimators using
concomitants of order statistics is also made.
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Introduction

The concept of ranked set sampling was first introduced by Mclntyre (1952) ") as a process of
improving the precision of the sample mean as an estimator of the population mean. Ranked
set sampling as described in Mclntyre (1952) [l is applicable whenever ranking of a set of
sampling units can be easily by judgment method, for details, see, Chen et al., (2004) Bl. The
process of ranked set sampling involves selecting n sets of units, each of size n, and ordering
the units of each of the set by judgment method or by using values obtained on the units by a
relatively inexpensive method, without making actual measurement on the units. Then the unit
ranked as one from the first set is actually measured, the unit ranked as two from the second
set is measured. The process continues in this way until the unit ranked as n from the n” set is
measured. Then the observations resulting out of actual measurements made on the units
chosen as described in the above Process is known as ranked set sample.

Ranking by a judgment method is not recommendable in case there is ambiguity in
discriminating the rank of one unit with another (for example, ranking based on intensity of
yellowish color of newborn babies, as mentioned in Chen et al., (2004, p.7) B, become
difficult, as we known that probability of ties in this situation is not zero as the characteristic
under consideration is not continuous).In certain situation, one may prefer exact measurement
of some easily measurable variable associated with the study variable rather than ranking the
units by a crude judgment method. Suppose the variable of interest say, Y, is difficult or much
expensive to measure, but an auxiliary variable X correlated with Y is readily measurable and
can be ordered exactly. In this case as an alternative to McIntyre’s (1952) ") method of ranked
set sampling, Stokes (1977) !9 used an auxiliary variable for the ranking of the sampling
units. Stokes (1977) [ using auxiliary variate is as follows: Choose n%independent units,
arrange them randomly into n sets each with n units and observe the value of the auxiliary
variable X on each of these units. In the first set, that units for which the measurement on the
auxiliary variable is the smallest is chosen. In the second set, that units for which the
measurement on the auxiliary variable is the second smallest is chosen. The procedure is
repeated until in the last set, that unit for which the measurement on the auxiliary variable is
the largest is chosen. The measurements on the Y variate of the resulting new set of n units
chosen by the above method gives a ranked set sample as suggested by Stokes (1977) [19],
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If Xy is the observation measured on auxiliary variable X from the unit chosen from the rt set then we write Y- to denote the
corresponding measurement made on the study variable Y on this unit so that Y[, r = 1,2,...,n form the ranked set sampling.
Clearly Y is the concomitants of rt" order statistic arising from the " sample. By using the expression given by Yang (1977)
for the mean and variance of concomitants of order statistics, we have the following. For 1 < r < n,

E[Y[r]r] = E[E(Y/X(r)r)] (1.
And
Var [Y[r]r] = Var[E(Y/X(r)r)] + E[Var(Y/X(r)r)]~ (1.2)

Since Y}, and Y for r # s are drawn from two independent samples we have,
Cov[Ypr Yisis] = 0,7 # 5. (1.3)

Stokes (1977) 1% has suggested the ranked set sample mean as an estimator for the mean of the study variable Y, when an
auxiliary variable X is used for ranking the sample units, under the assumption that (X, Y) follows a bivariate normal distribution.
Barnett and Moore (1997) [ have improved the estimator of Stokes (1977) ['% by deriving the Best linear unbiased estimator
(BLUE) of the mean of the study variate Y, based on ranked set sample obtained on the study variate Y.

Morgenstern familly of distributions

The most important aspect to the considered in a modeling problem is regarding the flexibility of the chosen family, in the sense
that it should contain a wide variety of models capable of representing any data situation. Another consideration is the sort of prior
information available in the choice of the model. In problems involving several random variables, the analyst may make
reasonable assumption about the marginal distributions. Then the question is to construct a joint distribution function with a set of
given marginal. The Morgenstern family of distributions assumes importance in such contexts as a highly flexible system. Let X
and Y be two random variables with cdf’s given by Fy(x) and Fy(y) respectively with pdf’s fy(x) and f,(y) and jointly
distributed with cdf F(x, y) given by (see, Kotz et al., (2000), p.52) !,

F(x,y) = Fx(OF {1+ a(1 - FKr(x)A-F()y)}h-1<sa<1 (1.4)

Then the family of distributions having the above form of cdf is called the Morgenstern family of distributions (MFD). The
system provides a very general expression of a bivariate distribution from which member can derived by substituting expression
of any desired set of marginal distributions. The joint pdf corresponding to the cdf defined in (1.4) is given by,

fy) =ML +a(l = 2F(x)(A - 2FK ()}l -1<a<1 (1.5)

The parameter « is considered as the association parameter, the two random variables are independent when the value of ais zero
and the maximum correlation attained between X and Y is % For suitable choice of Fy(x) and Fy (y), the MFD is primarily useful

as an alternative to the standard bivariate normal distribution (See, Conway (1983), p.28-31) [l The distribution theory of
concomitance of order statistics from MFD are discussed in Scaria and Nair (1999) 1.

Chako and Thomas (2008) @I derived the BLUE of a three parameter Morgenstern type bivariate exponential distribution using
concomitance of order statistics. Sajeevkumar and Sumi (2022) derived the BLUE of the parameters u, and o, of a five parameter
Morgenstern type bivariate exponential distribution (MTBED) using concomitants of ranked set sampling. Irshad et al. (2019) B!
estimate a parameter of Morgenstern type bivariate Lindly distribution (MTBLD) using ranked set sampling. In this work we
derived the BLUE of the parameters u, and o, of Morgenstern type bivariate Lindly distribution (MTBLD) using ranked set
sampling. This work is an extension of the work done by Irshad ef al. (2019) B,

Estimation of the parameters u, and o, involved in MTBLD using RSS
An important member of Morgenstern family of distribution is (MFD) is Morgenstern type bivariate Lindley distribution
(MTBLD).The bivariate random variable (X, Y) is said to have five parameter MTBLD, if its pdf is given by

(x—p2) -u2)
__1 (G 29 NP Y—M2)\ 5
Rl L R G P

_(e—p1) _ _y-u2) _
{1 + a{Ze A+ —12e” 2 1+ - 1]}},
1 2

X> U,y >Uy,00>00,>0 -1<a<l1 (2.1)

The pdf defined in (2.1) is an extension of the three parameter MTBLD defined in Irshad et.al (2019) ). The joint pdf of standard
MTBLD is obtained by making the substitution U = X:“ and V =2 ip (2. 1) and it is given by, g(u,V)=i 1+we™(1+

e {1+ a[2e™*(1+u) —1][2e7"(1 +v) —1]},u >6,v >(. ” (2.2)
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Suppose X and Y are the two characteristics of interest on the units of a population and (X,Y) has a distribution with pdf given in
(2.1). Suppose there are n independent random samples each of size n drawn from (2.1) and in each sample, units are ranked
according to the values of the observations measured on the easily measurable variable X on the units. Though the variable Y is of
primary interest, we assume that it is difficult to measure. Then to deal with the inference problem on the distribution of the
variable Y we obtain a ranked set sample by measuring the value of Y on the % ordered unit of the r* sample, r=1,2,...,n.

We write Y}, to denote this observation measured on Y of the rt" ordered unit of the 7 set, r =1,2,...,n. Then clearly Yirr is
distributed as the concomitants of 7" order statistic in each sample, units are ranked according to the value of the observations
measured on the easily measurable variable U on the unit.We obtain a ranked set sample by measuring the value of V on the
ordered unit of the ¥ sample, We write Vir}r to denote this observation measured on V of the rt" ordered unit of the " set, r

=1,2,...,n. Then clearly V,},is distributed as the concomitants of rt order statistic of a random sample of size n arising from
(2.2). Then the pdf g (v) of Vg, r=1,2,..., nis given by

(n—-2r+1)

1 -
g[r]r(v)Lz(1+v)e M+ a (n+1)

(2e7v{1 + g} —1)],v>0 (2.3)

Using (2.3),for1 <r <n,

3 11 a(n—2r+1) _

E[Vpy] =3 - 28020 _ ¢ 2.4)

2 16 (n+1)

And

3 (n—2r+1) 121 5 (n-2r+1)2_
4 (n+1) 256 iz o 2.5

7
Var [V[r]r] =
Andforl1 <r <s<n,
Cov[Vipr Vigis] = 0 = e, 7 # 5, 1,5=1,2,...n. (2.6)

Since Y}, and Y[ are drawn for r # sare drawn from two independent samples.
Let (X;,Y;),i=1,2,... be a ranked set sample of size n drawn from a population with pdf defined by (2.1).Clearly we have X; =
uy +o,U; and Y; = p, + o,V;, for I=1,2,...,n. Then using (2.4) to (2.6), we have for 1 <r < n,

E(Yryr) = p2 + 0285 (2.7)
Var[Yy,] = ofe,, 2.8)
Andforl1 <r <s<n,

Cov[Ypr Yigis] = 0,7 # s 2.9

Where &, e, and e, are defined by (2.4), (2.5) and (2.6) respectively. Clearly from (2.4) to (2.6) it follows that &, e, ,.and
e, sare known constants provided ais known. If we write

Yoy = Mo Yizgz - Yingn) > § = (§1,€20-,8n) and E = ((em)), then we can write

EYim] = 1uz + {02, (2.10)
Where 1 is a column vector of n ones and § = (§1,$5, ., &,) And

Var[Y,] = EdZ, (2.11)

Now we derive the BLUE’s of u, and g,involved in (2.1) and it is given in the following theorem.
Theorem 2.1:
Let ¥, = (Y1 Y[2]2,.,Y[n]n)' be the vector of concomitants of ranked set sample arising from (2.1). Also let & = (¢1,&5,.,&,)
and E = ((errs)) respectively be the mean vector and dispersion matrix of cocomitants of ranked set sample arising (2.2).Then
the BLUE’s of the parameters u5 of u, and a5 of g, is given by

§ETTaE-§1ET!

3= — Y, 2.12
Hz EEaED-(§511) @12)

1B (1§-§1)E™?

T EEpaEin-(§511)

*

)

(2.13)
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And corresponding variances are given by

Var(et) = EE*9o3 2.14
ar(k2) = FripaETD-CE D2 2.19)
And

'm=1 2
Var(ey) = aE Do (2.15)

EEHAED-EE DY

Proof: Let Yy = Y[l]l,Y[z]z,.,Y[n]n)' be a vector of concomitants of ranked set sample arising from (2.1). Also let § =

(£1,&2,.,&) and E = ((er,s)) respectively be the mean vector and dispersion matrix of vector of concomitants of ranked set

sample arising from (2.2), then by using (2.10) and (2.11) together defines a generalized Gauss-Markov set up. Then by
Generalized Gauss-Markov theorem we get the BLUE’s of u, and ¢, and their corresponding variances.

Estimation of the parameters p, and o, involved in mtbld using concomitants of order statistics

Let (X,Y7), (X3, Y,),., (Xy,, ¥,) be the observations of random sample of size n drawn from (2.1).The Y component associated
with % order statistic X,.,, is defined as the concomitants of % order statistic and it is denoted by Yirp 7 = 1,2,.,n. Also let
(U, V), i =1,2,.,n be the sequence of independent observations drawn from (2.2).Let V},.,,; be the concomitants of rt order
statistic Uy, arising from (2.2), then the pdf of V},.,, and the joint pdf of Vj;.,,) and V., for 1 < 7 < s < n are respectively given
in (3.1) and (3.2).

(n-2r+1)
(n+1)

g [*r:n] (V) =

%(1 +v)e"[1+a =" (2071 + 5 - 1], v>0 3.1

andforl <r<s<n

AV, V _ _ _
f{r,&n]( 1 2) (1 + )1 +vy)e 1 2[1 + a (n( 2r+1) (2e v1{1+V1}_ 1) +a (n 25+1) (2e v2{1+1’2} 1) +a 2(" 25+1_
2r(n—2s) | 4
(n+1)(n+2))
e {1+ - 1)(2e7"2{1 + 2} = 1], v; > 0, v, > 0. (3.2)

Using (3.1) and (3.2), we have

11 a(n—-2r+1)
16 (n+1)

E V] =2 - =& (3.3)

(n-2r+1) 121 5 (n-2r+1)*

Var[Vipml =3 -3 (n+1) 256 1z by (34)
Andfor1<r<s<n

121 2 (n—2s+1) (n—-2s) _
COV[V[r:n]x V[s:n]] 128 [ (n+1)2 - (n+1)(n+2)] - br,s- (35)

Let (X;,Y;),i = 1,2,.,n be sample of size n from a population with pdf defined in (2.1). Clearly X; = py + o,U; and Y; = p, +
o,V;, forI=1,2,...,n

Thenfor1l <r <n,

E[Y[r:n]] = Uy + 024, (3.6)
Var[Yym] = 03b,, 3.7)

Andforl1 <r <s<n,

CoV[Yirim Yisim] = 0 bys, (38)

Where &, b, and b, ¢ are respectively defined in (3.3), (3.4) and (3.5).
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Let Y = (Y[1:n],Y[z:n],-,Y[n:n])' be the vector of concomitants of order statistics arising from (2.1). Let i =(&,&,,.,&,) and

B = ((bm)) respectively the mean vector and dispersion matrix of Yj,;. Then we can write E[Y[] = 1y, + ¢0,, where 1 is a

column vector of n ones and é = (&,&,,.,&,) and VYl = BoZ.

Now using generalized Gauss markov theorem BLUE’s of u,and o, involved in (2.1) are given by

§Btag vt

b2 =~ Erpas-o-g D )

1B -¢nB~?

A

02

And

= (i’B—li) (1’3—11)_(53—192 Y[n]

¢B™')0}

Var(HZ) = (i'B—li)(l’B—11)_(§’B—1l)2

@B D03

Var(6,) =

Computation Section

B 1HAB Y-(¢'B~1)?

(3.9)

(3.10)

@3.11)

(3.12)

We have evaluated the coefficients of the BLUE p5 of u, given in (2.12) and evaluated the coefficients of the BLUE o, of o,
given in (2.13) for different values of n and aand are given in Table 1. Also we have evaluated Var(u3) given in (2.14), Var(o;)
given in (2.15), Var(f,) given in (3.11), Var(4,) given in (3.12) and evaluated the relative efficiency RE; of 5 relative to fi,,
the relative efficiency RE, of o, relative to 6, for different values of n and a and are given Table 2.

Table 1: Coefficients of the BLUE’s u; using RSS for n=2(1)10, « = 0.25.

. Coefficients
Estimator | n
a az as ay as Ae az ag A9 a10
2| 13.59129 | -12.59129
3] 9.21688 0.02028 -8.23716
4| 6.99055 2.22523 -2.10297 | -6.11281
5|1 5.63591 2.7030 0.01173 | -2.49355 | -4.85710
U 6| 4.72351 2.73045 0.88574 | -0.83993 | -2.47141 | -4.02835
7| 4.06645 2.62165 1.27468 0.00825 | -1.19202 | -2.33824 | -3.44075
8| 3.57060 2.47416 1.44551 0.47434 | -0.44899 | -1.33176 | -2.18118 | -3.00268
91 3.18304 2.32170 1.50988 0.73998 0.00637 | -0.69664 | -1.37321 | -2.02758 | -2.66355
10| 1.56478 1.23952 0.93177 0.63923 0.35992 0.09209 | -0.16579 | -0.41505 | -0.65690 | -2.58957
Table 1: Coefficients of the BLUE’s u; using RSS for n=2(1)10, « = 0.50.
Estimator | n Coefficients
by b, b3 by bs b by bg by b1o
2 | 7.04564 | -6.04564
3| 4.85556 | 0.01619 | -3.87175
4| 3.72873 1.11067 | -0.99845 | -2.84095
5] 3.03552 1.36721 0.00793 -1.16873 | -2.24193
u 6| 2.56360 | 1.39791 0.43550 | -0.39753 | -1.14854 | -1.85094
7| 2.22068 1.35615 0.63314 0.00508 -0.55882 | -1.08036 | -1.57587
8| 2.08622 1.21389 0.67174 0.19823 -0.22677 | -0.61785 | -0.98590 | -1.33955
9 | 1.42052 1.01262 0.66411 0.35855 0.09848 -0.16669 | -0.40113 | -0.62393 | -1.36253
10| 1.58810 1.15213 0.77550 0.44288 0.14327 | -0.13148 | -0.38763 | -0.63012 | -0.86299 | -1.08965
Table 1: Coefficients of the BLUE’s a; using RSS for n=2(1)10, « = 0.25.
Estimator | n Coefficients
a; a; asz ay as Ag az ag a9 a10
2| -8.72753 8.72753
3| -5.92205 0.20808 5.71399
4] -4.49324 | -1.31728 1.56821 4.24231
5| -3.62343 -1.66894 0.12501 1.79547 3.37189
o, 6 | -3.03737 | -1.70931 -0.47980 0.67067 1.75863 2.79718
7| -2.61520 | -1.65254 | -0.75487 0.08934 0.88963 1.65408 | 2.38956
8 | -2.29655 -1.56605 -0.88057 -0.23325 0.38232 0.97089 | 1.53754 | 2.08560
9| -2.04746 | -1.47362 -0.93267 -0.41954 0.06949 0.53822 | 0.98943 | 1.42592 | 1.85023
10| -0.96024 | -0.74742 -0.54597 -0.35441 -0.17144 | 0.00409 | 0.17315 | 0.33664 | 0.49534 | 1.77026
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Table 1: Coefficients of the BLUE’s o, using RSS for, n=2(1)10, a = 0.50.

. Coefficients
Estimator | n
a; a; asz ay as Ae az ag a9 a10

2 | -4.36376 4.36376

3| -3.01355 0.20891 2.80464

4] -231728 | -0.57575 0.83061 2.06242

5| -1.88820 | -0.77936 0.12603 0.91162 1.62992

oy 6| -1.59573 | -0.82145 | -0.18097 0.37456 0.87652 1.34706

7| -1.38298 | -0.80904 | -0.32823 0.09022 0.46668 0.81558 | 1.14777

8| -1.29977 | -0.72916 | -0.36784 | -0.05173 0.23252 | 0.49460 | 0.74173 | 0.97966

9| -0.86052 | -0.59413 | -0.36612 | -0.16581 0.01664 | 0.17957 | 0.33426 | 0.48160 | 0.97452

10| -0.99002 | -0.70089 | -0.45080 | -0.22962 | -0.03010 | 0.15315 | 0.32428 | 0.48655 | 0.64264 | 0.79482

Table 2: V, = L222) yy _ Var(a) - Var(@) \ _ Var@) pp =% pp, =Y for n=2(1)10 and a = 0.25
) 02 g, 03 Vi V3

n Vl VZ V3 V4 RE1 REZ
2 597.94924 596.82661 266.09435 265.59468 0.99812 0.99812
3 264.67126 264.44665 117.858659 117.758242 0.99915 0.99915
4 165.07322 165.02088 73.536287 73.512568 0.99968 0.99968
5 118.67771 118.67839 52.882365 52.8823 1.00001 0.99999
6 92.2062 92.22641 41.09457 41.10326 1.00022 1.00021
7 75.21154 75.23867 33.52516 33.53646 1.00036 1.00034
8 63.4268 63.45663 28.27532 28.28837 1.00047 1.00046
9 54.79141 54.82177 24.42786 24.44117 1.00055 1.00054
10 22.51812 22.52944 9.73664 9.74061 1.00050 1.00041

Table 2: V, = L2r2) yy _ Var(a) o, _ Var(@) \ _Var@) pp Y2 pp =Y for n=2(1)10 and @ = 0.50

g5 [<F3 gy ) 141 V3
n vy Vv, A V, RE; RE,
2 148.06604 146.94748 66.148452 65.648397 0.99245 0.99244
3 64.74328 64.52142 29.00593 28.90499 0.99657 0.99652
4 40.08329 40.03381 17.989849 17.966065 0.99877 0.99868
5 28.68241 28.68491 12.888604 12.888307 1.00009 0.99998
6 22.21224 22.23364 9.98997 9.99834 1.00096 1.00084
7 18.07525 18.10377 8.13476 8.1465 1.00158 1.00144
8 14.58333 16.61283 6.60583 6.61849 1.13917 1.00192
9 9.99093 10.01461 4.39139 4.39996 1.00237 1.00195
10 11.52916 11.55969 5.19539 5.20836 1.00265 1.00250
Conclusion

From Table 2 given in section 4, it may be noted that for sample sizes (n) greater than five, all the cases calculated the
performance of the estimators u; and o, calculated using Ranked set sampling is much better than the estimators calculated using
concomitants of order statistics.
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    𝜇 2


    𝜎 2


    𝜇 2


    𝜎 2


    𝝁  𝟐


    𝝈  𝟐


   1  4   𝜎 1   𝜎 2  [ 1 +   ( x −   𝜇 1 )    𝜎 1 )   e  −   ( x −   𝜇 2 )    𝜎 1 ( 1 +   ( y −   𝜇 2 )    𝜎 2 )   e  −   ( y −   𝜇 2 )    𝜎 2 ] ∗


   { 1 + 𝛼  { 2   e  −   ( x −   𝜇 1 )    𝜎 1 ( 1 +   x −   𝜇 1  2   𝜎 1 ) − 1 ] [ 2   e  −   ( y −   𝜇 2 )    𝜎 2 ( 1 +   y −   𝜇 2  2   𝜎 2 ) − 1 ] } }


  x >   𝜇 1 , y >   𝜇 2


    𝜎 1 > 0 ,   𝜎 2 > 0 ,   − 1 < 𝛼 < 1


  U =   X −   𝜇 1    𝜎 1


  V =   Y −   𝜇 2    𝜎 2


   1 4  ( 1 + u )   e  − u  ( 1 + v )   e  − v { 1 + 𝛼 [ 2   e  − u ( 1 + u ) − 1 ] [ 2   e  − v ( 1 + v ) − 1 ] }


    r  t h


    r  t h


    Y  [ r ] r


    r  t h


    r  t h


    Y  [ r ] r


    r  t h


    r  t h


    r  t h


    V  [ r ] r


    r  t h


    r  t h


    V  [ r ] r


    r  t h


    g  [ r ] r ( v )


    V  [ r ] r


    g  [ r ] r ( v )


   1 2 ( 1 + v )   e  − v [ 1 + 𝛼   ( n − 2 r + 1 )  ( n + 1 ) ( 2   e  − v { 1 +   v 2 } − 1 ) ]


  1 ≤ r ≤ n ,


  E [   V  [ r ] r ] =  3 2 −  11 16   𝛼 ( n − 2 r + 1 )  ( n + 1 ) =   𝜉  r


  V a r [   V  [ r ] r ]


   7 4 −  3 4 𝛼   ( n − 2 r + 1 )  ( n + 1 ) −  121 256   𝛼 2   ( n − 2 r + 1  ) 2  ( n + 1  ) 2


    e  r , r


  1 ≤ r < s ≤ n


  C o v [   V  [ r ] r ,   V  [ s ] s ] = 0 =   e  r , s


  r ≠ s


    Y  [ r ] r


    Y  [ s ] s


  r ≠ s


  (   X  i ,   Y  i )


    X  i =   𝜇 1 +   𝜎 1   U  i


    Y  i =   𝜇 2 +   𝜎 2   V  i


  1 ≤ r ≤ n


  E (   Y  [ r ] r ) =   𝜇 2 +   𝜎 2   𝜉  r


  V a r [   Y  [ r ] r ] =   𝜎 2 2   e  r , r


  1 ≤ r < s ≤ n ,


  C o v [   Y  [ r ] r ,   Y  [ s ] s ] = 0


  r ≠ s


    𝜉  r


    e  r , r


    e  r , s


    𝜉  r


    e  r , r


    e  r , s


  𝛼


      Y _  [ n ] = (   Y  [ 1 ] 1 ,   Y  [ 2 ] 2 , . ,   Y  [ n ] n  ) ′


    𝜉 _ = (   𝜉 1 ,   𝜉 2 , . ,   𝜉  n  ) ′


  E =  (  (   e  r , s ) )


  E [     Y _  [ n ] ] =  1 _   𝜇 2 +   𝜉 _   𝜎 2 ,


   1 _


    𝜉 _ = (   𝜉 1 ,   𝜉 2 , . ,   𝜉  n  ) ′


  V a r [     Y _  n ] = E   𝜎 2 2


    𝜇 2


    𝜎 2


      Y _  n = (   Y  [ 1 ] 1 ,   Y  [ 2 ] 2 , . ,   Y  [ n ] n  ) ′


    𝜉 _ = (   𝜉 1 ,   𝜉 2 , . ,   𝜉  n  ) ′


  E =  (  (   e  r , s ) )


    𝜇 2 ∗


    𝜇 2


    𝜎 2 ∗


    𝜎 2


    𝜇 2 ∗ = −       𝜉 _ ′   E  − 1 (  1 _     𝜉 _ ′ −   𝜉 _    1 _ ′ )   E  − 1  (     𝜉 _ ′   E  − 1   𝜉 _ ) (    1 _ ′   E  − 1  1 _ ) −    (     𝜉 _ ′   E  − 1  1 _ ) 2     Y _  n


    𝜎 2 ∗ =      1 _ ′   E  − 1 (  1 _     𝜉 _ ′ −   𝜉 _    1 _ ′ )   E  − 1  (     𝜉 _ ′   E  − 1   𝜉 _ ) (    1 _ ′   E  − 1  1 _ ) −    (     𝜉 _ ′   E  − 1  1 _ ) 2     Y _  n


  V a r (   𝜇 2 ∗ ) =            (     𝜉 _ ′   E  − 1   𝜉 _ )   𝜎 2 2  (     𝜉 _ ′   E  − 1   𝜉 _ ) (    1 _ ′   E  − 1  1 _ ) − (     𝜉 _ ′   E  − 1  1 _  ) 2


  V a r (   𝜎 2 ∗ ) =            (    1 _ ′   E  − 1  1 _ )   𝜎 2 2  (     𝜉 _ ′   E  − 1   𝜉 _ ) (    1 _ ′   E  − 1  1 _ ) − (     𝜉 _ ′   E  − 1  1 _  ) 2


      Y _  [ n ] =   Y  [ 1 ] 1 ,   Y  [ 2 ] 2 , . ,   Y  [ n ] n  ) ′


    𝜉 _ = (   𝜉 1 ,   𝜉 2 , . ,   𝜉  n  ) ′


  E =  (  (   e  r , s ) )


    𝜇 2


    𝜎 2


    𝝁  𝟐


    𝝈  𝟐


  (   X 1 ,   Y 1 ) , (   X 2 ,   Y 2 ) , . , (   X  n ,   Y  n )


    r  t h


    X  r : n


    r  t h


    Y  [ r : n ] , r = 1 , 2 , . , n .


  (   U  i ,   V  i ) , i = 1 , 2 , . , n


    V  [ r : n ]


    r  t h


    U  r : n


    V  [ r : n ]


    V  [ r : n ]


    V  [ s : n ]


  1 ≤ r < s ≤ n


   1 2 ( 1 + v )   e  − v [ 1 + 𝛼   ( n − 2 r + 1 )  ( n + 1 ) ( 2   e  − v { 1 +   v 2 } − 1 ) ]


  1 ≤ r < s ≤ n


   1 4  ( 1 +   v 1 )  ( 1 +   v 2 )   e  −   v 1 −   v 2 [ 1 + 𝛼   ( n − 2 r + 1 )  ( n + 1 ) ( 2   e  −   v 1 { 1 +     v 1 2 } − 1 )


  𝛼   ( n − 2 s + 1 )  ( n + 1 ) ( 2   e  −   v 2 { 1 +     v 2 2 } − 1 )


    𝛼 2 (   n − 2 s + 1  n + 1 −   2 r ( n − 2 s )  ( n + 1 ) ( n + 2 ) )


  ( 2   e  −   v 1 { 1 +     v 1 2 } − 1 ) ( 2   e  −   v 2 { 1 +     v 2 2 } − 1 ) ]


    v 1 > 0 ,     v 2 > 0


  E [   V  [ r : n ] ] =  3 2 −  11 16   𝛼 ( n − 2 r + 1 )  ( n + 1 ) =   𝜉  r


  V a r [   V  [ r : n ] ] =  7 4 −  3 4 𝛼   ( n − 2 r + 1 )  ( n + 1 ) −  121 256   𝛼 2   ( n − 2 r + 1  ) 2  ( n + 1  ) 2 =   b  r , r


  1 ≤ r < s ≤ n


  C o v [   V  [ r : n ] ,   V  [ s : n ] ] =  121 128   𝛼 2 r [   ( n − 2 s + 1 )  ( n + 1  ) 2 −   ( n − 2 s )  ( n + 1 ) ( n + 2 ) ] =   b  r , s


  (   X  i ,   Y  i ) , i = 1 , 2 , . , n


    X  i =   𝜇 1 +   𝜎 1   U  i


    Y  i =   𝜇 2 +   𝜎 2   V  i


  1 ≤ r ≤ n


  E [   Y  [ r : n ] ] =   𝜇 2 +   𝜎 2   𝜉  r


  V a r [   Y  [ r : n ] ] =   𝜎 2 2   b  r , r


  1 ≤ r < s ≤ n


  C o v [   Y  [ r : n ] ,   Y  [ s : n ] ] =   𝜎 2 2   b  r , s


    𝜉  r ,   b  r , r


    b  r , s


    Y  [ n ] = (   Y  [ 1 : n ] ,   Y  [ 2 : n ] , . ,   Y  [ n : n ]  ) ′


    𝜉 _ = (   𝜉 1 ,   𝜉 2 , . ,   𝜉  n  ) ′


  B =  (  (   b  r , s ) )


    Y  [ n ]


  E [   Y  [ n ] ] =  1 _   𝜇 2 +   𝜉 _   𝜎 2


   1 _


    𝜉 _ = (   𝜉 1 ,   𝜉 2 , . ,   𝜉  n  ) ′


  V [   Y  [ n ] ] = B   𝜎 2 2


    𝜇 2


    𝜎 2


      𝜇 ^ 2 = −       𝜉 _ ′   B  − 1 (  1 _     𝜉 _ ′ −   𝜉 _  1 _ )   B  − 1       (     𝜉 _ ′   B  − 1   𝜉 _ ) (    1 _ ′   B  − 1  1 _ ) − (     𝜉 _ ′   B  − 1  1 _  ) 2       Y  [ n ]


      𝜎 ^ 2 =      1 _ ′   B  − 1 (  1 _     𝜉 _ ′ −   𝜉 _  1 _ )   B  − 1       (     𝜉 _ ′   B  − 1   𝜉 _ ) (    1 _ ′   B  − 1  1 _ ) − (     𝜉 _ ′   B  − 1  1 _  ) 2       Y  [ n ]


  V a r (     𝜇 ^ 2 ) =   (     𝜉 _ ′   B  − 1   𝜉 _ )   𝜎 2 2       (     𝜉 _ ′   B  − 1   𝜉 _ ) (    1 _ ′   B  − 1  1 _ ) − (     𝜉 _ ′   B  − 1  1 _  ) 2    


  V a r (     𝜎 ^ 2 ) =   (    1 _ ′   B  − 1  1 _ )   𝜎 2 2       (     𝜉 _ ′   B  − 1   𝜉 _ ) (    1 _ ′   B  − 1  1 _ ) − (     𝜉 _ ′   B  − 1  1 _  ) 2    


    𝜇 2 ∗


    𝜇 2


    𝜎 2 ∗


    𝜎 2


  𝛼


  V a r (   𝜇 2 ∗ )


  V a r (   𝜎 2 ∗ )


  V a r (     𝜇 ^ 2 )


  V a r (     𝜎 ^ 2 )


  R   E 1


    𝜇 2 ∗


      𝜇 ^ 2


  R   E 2


    𝜎 2 ∗


      𝜎 ^ 2


  𝛼


    𝜇 2 ∗


  𝛼 = 0 . 25
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    𝒂  𝟑


    𝒂  𝟒
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    𝒂  𝟕


    𝒂  𝟖


    𝒂  𝟗


    𝒂  𝟏 𝟎


    𝜇 2 ∗


    𝜇 2 ∗


  𝛼 = 0 . 50


    𝒃  𝟏


    𝒃  𝟐


    𝒃  𝟑


    𝒃  𝟒


    𝒃  𝟓


    𝒃  𝟔
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    𝒃  𝟖


    𝒃  𝟗


    𝒃  𝟏 𝟎


    𝜇 2 ∗
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  𝛼 = 0 . 25
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    𝒂  𝟓


    𝒂  𝟔
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    𝒂  𝟖


    𝒂  𝟗


    𝒂  𝟏 𝟎


    𝜎 2 ∗


    𝜎 2 ∗


  𝛼 = 0 . 50
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    𝒂  𝟗


    𝒂  𝟏 𝟎


    𝜎 2 ∗


    V 1 =   V a r (   𝜇 2 ∗ )    𝜎 2 2


    V 2 =   V a r (     𝜇 ^ 2 )    𝜎 2 2


    V 3 =   V a r (   𝜎 2 ∗ )    𝜎 2 2


    V 4 =   V a r (     𝜎 ^ 2 )    𝜎 2 2


  R   E 1 =     V 2    V 1


  R   E 2 =     V 4    V 3


  𝛼 = 0 . 25


    𝑽  𝟏


    𝑽  𝟐


    𝑽  𝟑


    𝑽  𝟒


  𝑹   𝑬  𝟏


  𝑹   𝑬  𝟐


    V 1 =   V a r  (   𝜇 2 ∗ )    𝜎 2 2


    V 2 =   V a r (     𝜇 ^ 2 )    𝜎 2 2


    V 3 =   V a r (   𝜎 2 ∗ )    𝜎 2 2


    V 4 =   V a r (     𝜎 ^ 2 )    𝜎 2 2


  R   E 1 =     V 2    V 1


  R   E 2 =     V 4    V 3


  𝛼 = 0 . 50


    𝑽  𝟏


    𝑽  𝟐


    𝑽  𝟑


    𝑽  𝟒
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