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Abstract

What happens when the irregular edges of deforestation fronts are treated as wave front singularities, and
microlocal operators are used to pick apart their directional behaviour? This research addresses that
question by merging microlocal analysis with Bayesian ridge regression to decompose singularities in
wave front sets and then map those decompositions onto satellite-derived deforestation data from the
Orinoco Basin in Venezuela. A singular integral framework was built on sigma-algebraic partitions of
co-tangential bundles, giving each directional component its own measurable subset. Time series records
of forest cover loss, spanning the years 2008 to 2022, were re-expressed as distributional boundary data
so that the propagation of deforestation could be treated through partial differential operator calculus.
Group-theoretic symmetries in the wave front set allowed a reduction of dimensionality before a
Bayesian prior was imposed on the ridge penalty parameter. Results showed that the microlocal
decomposition captured 87.3 percent of directional variance in the deforestation signal, outperforming a
standard wavelet approach by 11.6 percentage points. The posterior ridge estimates identified the Apure
tributary corridor as the sub-region with the sharpest acceleration in forest loss, recording a 4.63 percent
annual rate. These findings point toward a workable bridge between abstract singularity theory and
applied environmental monitoring, suggesting that co-tangential decompositions can serve as effective
feature extractors for irregular spatial processes.
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Introduction

Can the abstract machinery of microlocal analysis, a branch of mathematics built to describe
how singularities of distributions propagate along characteristic curves, say anything useful
about the messy, real-world problem of tropical deforestation? At first glance, the connection
seems forced. Microlocal methods grew out of work by Hormander [ and Sato [ on linear
partial differential operators, where the goal was to track the directional regularity of solutions
in phase space. Deforestation, by contrast, is measured with satellite pixels and reported in
hectares per year. Yet the boundary between forest and non-forest behaves, mathematically,
much like a moving front whose singularities carry directional information. That observation is
the starting point of the present research.

Ridge regression has been a workhorse for handling collinear predictors ever since Hoerl and
Kennard B! introduced the penalty term. Bayesian treatments of the ridge parameter followed,
notably by Casella [, connecting the penalty to a Gaussian prior on the coefficient vector.
Meanwhile, singular integral operators, refined through Calderon-Zygmund theory B, have
become standard tools for recovering regularity from distributional data. The question pursued
here is whether these two traditions can be linked through the sigma-algebraic structure of
wave front sets.

The Orinoco Basin offers a compelling test case. Spanning roughly 880,000 square kilometres
across Venezuela and Colombia, the basin has experienced accelerating forest loss driven by
cattle ranching, mining, and infrastructure expansion . Time series data from Global Forest
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Watch 1 show that annual tree cover loss in the basin rose
from about 1,200 square kilometres in 2008 to over 2,400
square kilometres by 2022. Standard regression approaches to
modelling these trends face collinearity among landscape
predictors such as elevation, slope, distance to roads, and soil
moisture . Ridge regression mitigates collinearity but does
not exploit the directional structure embedded in the
deforestation front.

Group theory enters through the symmetry group of the co-
tangential bundle. When the wave front set of a distribution
admits a group action that preserves its singular support, the
effective dimension of the estimation problem drops [l This
reduction, combined with a Bayesian prior on the ridge
parameter, yields posterior estimates that are both regularised
and directionally informative. The present research constructs
such a framework and tests it against Orinoco Basin data
covering fourteen years of forest cover change.

Theoretical Background

Microlocal analysis operates on the cotangent bundle T*X of
a manifold X, assigning to each distribution u a closed conic
subset WF(u) that records both the location and the direction
of its singularities [, For a deforestation boundary modeled
as a distributional surface, WF(u) captures not just where the
boundary is irregular but which co-directions carry the
irregularity. The sigma algebra generated by conic partitions
of the fibre over each base point provides a measurable
structure on which Bayesian priors can be placed ., Ridge
regression in this setting penalises the L2 norm of coefficients
indexed by co-directional sectors, and the group G acting on
the fibre permutes those sectors. When G is compact, the
Peter-Weyl decomposition breaks the regression into
independent blocks, one per irreducible representation,
reducing computation from O(n"3) to O(k * m"3) where K is
the number of representations and m the block size [,

Material and Methods

Material

Satellite-derived forest cover data were obtained from the
Global Forest Watch repository for the Orinoco Basin,
covering the period January 2008 to December 2022.
Landsat-based annual tree cover loss tiles at 30-metre
resolution were mosaicked for five sub-regions: Upper
Orinoco, Middle Orinoco, Lower Orinoco, Apure tributary
corridor, and Meta tributary corridor. Ancillary predictors
included SRTM elevation data at 30 m, slope derived from
the same digital elevation model, Euclidean distance to
nearest road from OpenStreetMap extracts dated June 2022,
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and monthly soil moisture estimates from the ESA CCI Soil
Moisture product version 07.1 2. All raster layers were co-
registered to a common 250-metre grid using bilinear
resampling. The research was conducted at the Department of
Mathematical Modeling, Sylhet Faculty of Mathematical
Analysis, Sylhet, Bangladesh, between March 2021 and
August 2023. Ethical clearance wasn't required because the
research used publicly available remote sensing data with no
human subjects. Computational work relied on MATLAB
R2022b and R version 4.2.1.

Methods

The deforestation boundary for each annual layer was
extracted as a binary raster edge and converted to a
distributional representation using a convolution with a
Gaussian kernel of bandwidth h = 500 m. The wave front set
of each boundary distribution was computed numerically via
the short-time Fourier transform on overlapping 2 km tiles,
following the discretisation scheme of (%1, Co-directional
sectors of width pi/8 radians partitioned the fibre at each grid
point, generating a sigma algebra of 16 sectors per location.
Ridge regression was then set up with the response variable
being the year-over-year change in deforested area within
each tile, and the predictors being the sector-resolved energy
of the wave front set together with the four ancillary
landscape variables. A Bayesian prior N(0, tau*2) was placed
on the coefficient vector, and the ridge parameter lambda was
given a Gamma(2, 1) hyperprior. Posterior sampling used a
Gibbs sampler run for 15,000 iterations with a 5,000-iteration
burn-in 4. Group-theoretic reduction was applied by
identifying the dihedral group D8 as the symmetry group of
the 16-sector partition and decomposing the design matrix
into irreducible blocks before sampling. Model fit was
assessed through the posterior predictive R-squared and the
root mean square error on a held-out validation set comprising
20 percent of tiles selected by stratified random sampling.

Results

Table 1 shows that the Middle Orinoco carried the highest
average annual deforestation rate at 5.12 percent, paired with
the largest wave front energy of 0.631. The posterior ridge
coefficient for this sub-region was 0.453, with a 95 percent
credible interval that excluded zero. The Apure tributary
corridor followed, recording a 4.63 percent rate and a
coefficient of 0.398. Both results confirm that sub-regions
with higher directional singularity energy experienced faster
forest loss.

Table 1: Annual deforestation rates and microlocal energy by Orinoco sub-region (2008-2022 average)

Sub-region Deforest. Rate (%) WF Energy Ridge Coeff. 95% Credible Int.
Upper Orinoco 3.47 0.412 0.287 [0.193, 0.381]
Middle Orinoco 5.12 0.631 0.453 [0.347, 0.559]
Lower Orinoco 2.89 0.318 0.214 [0.128, 0.300]
Apure Tributary 4.63 0.574 0.398 [0.291, 0.505]
Meta Tributary 3.91 0.487 0.341 [0.248, 0.434]

Table 2: Model performance comparison between microlocal decomposition and standard wavelet approach

Metric Microlocal Wavelet Difference
Posterior Pred. R2 0.873 0.757 +0.116
RMSE (% area) 0.412 0.538 -0.126
DIC 1247.3 1389.6 -142.3
Effective Parameters 9.4 14.1 -4.7
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The microlocal decomposition model achieved a posterior
predictive R-squared of 0.873 against 0.757 for the wavelet
baseline, an improvement of 11.6 percentage points (Table 2).
Root mean square error dropped from 0.538 to 0.412 percent
area, and the deviance information criterion favoured the
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microlocal model by 142.3 units. The group-theoretic
reduction lowered the effective number of parameters from
14.1 to 9.4, confirming that exploiting the D8 symmetry
reduced model complexity without sacrificing fit.
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Fig 1: Annual deforestation rates across five Orinoco Basin sub-regions, averaged over 2008-2022

1.0~
—8— Microlocal decomposition
Standard wavelet approach
0.8 -
£
o
< 0.6 1
e
0
E
_'9 04 T
wv
]
e
0.2
0-0 T T T T T
2 4 6 8 10
Iteration Number

Fig 2: Residual error norm across iterations for the microlocal decomposition versus standard wavelet approach

Comprehensive Interpretation

The results paint a consistent picture: directional information
locked inside wave front singularities carries predictive value
for deforestation patterns that conventional frequency-domain
decompositions miss. The 11.6 percentage point gap in R-
squared arose because the microlocal approach separated co-
directional energy by sector rather than by scale alone, letting
the ridge regression isolate corridors of expansion rather than
blending them with isotropic background noise. The Gibbs
sampler converged within 8,000 iterations for all sub-regions,
and trace plots showed no evidence of multimodality.
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Discussion

The main finding, that microlocal decomposition of
deforestation boundaries improves Bayesian ridge regression
by over eleven percentage points, rests on a simple insight:
deforestation fronts are anisotropic. Roads, rivers, and
topographic  barriers channel expansion in preferred
directions, and those directions show up as concentrated
energy in specific co-tangential sectors. Standard wavelet
decompositions capture scale but not direction at the same
resolution, which explains their lower performance.

Earlier work by Fearnside ! documented the role of road
networks in driving Amazonian deforestation but did not
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formalise the directional signal mathematically. The singular
integral framework used here gives that signal a precise home
in the wave front set, and the sigma-algebraic partition makes
it amenable to statistical estimation. The group-theoretic step
is not merely cosmetic. By factoring the design matrix
through the irreducible representations of D8, the sampler
explores a lower-dimensional posterior, which both speeds
convergence and tightens credible intervals %1,

A limitation worth noting is that the 250-metre grid resolution
smooths out fine-scale boundary irregularities. Higher-
resolution data from Sentinel-2 could sharpen the wave front
estimates, though at considerable computational cost. And the
dihedral symmetry assumption holds only when the partition
is uniform in angle; non-uniform partitions adapted to local
terrain might perform better but would break the group
structure. Future work could explore approximate symmetry
reductions that tolerate small deviations from exact
invariance.

Limitations

Several constraints bound the conclusions of this research.
First, the Global Forest Watch data carry an inherent
classification error of roughly 5 to 10 percent in tropical moist
forests [l, and that error propagates into the distributional
boundary and its wave front set. Second, the 14-year time
window, while long enough to reveal trends, doesn't capture
the full cycle of deforestation policy in Venezuela, where
land-use regulations shifted markedly after 2015. Third, the
Gaussian  kernel bandwidth of 500 m was chosen
heuristically; a data-driven bandwidth selection procedure
such as cross-validated likelihood could vyield tighter
decompositions. Finally, the Gibbs sampler assumed
conditional conjugacy throughout, which precluded heavy-
tailed error models that might better accommodate extreme
deforestation events.

Conclusion

This research showed that microlocal analysis of wave front
propagation singularities can be productively combined with
Bayesian ridge regression to model directional patterns of
deforestation in the Orinoco Basin. The co-tangential
decomposition captured 87.3 percent of directional variance,
bettering a wavelet baseline by 11.6 percentage points, and
the group-theoretic reduction via D8 symmetry cut the
effective parameter count nearly in half. The Apure and
Middle Orinoco corridors emerged as the sub-regions where
directional singularity energy most strongly predicted forest
loss. These results suggest that abstract tools from singularity
theory have practical value for environmental monitoring and
that the sigma-algebraic bridge between microlocal sets and
statistical models deserves wider exploration. Future
investigations should test this framework on higher-resolution
imagery and on deforestation fronts in other tropical basins
where anisotropic expansion is suspected.
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