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Abstract 

While algebraic geometers refine the compactification of spaces parametrising holomorphic curves, 

hydrologists half a world away wrestle with the decidedly concrete problem of estimating how much 

water the Congo River carries to the Atlantic. These two pursuits share more structure than one might 

guess. This research links Kontsevich moduli space compactifications, the standard framework for 

counting stable maps from curves to target varieties, to the problem of discharge estimation in the Congo 

River basin. Convergence analysis of iterative estimators built on the compactified moduli space was 

used to stabilise kernel-density estimates of discharge distributions at 23 gauging stations across the 

basin. Bifurcation theory identified critical parameter thresholds at which the discharge regime shifted 

between unimodal and bimodal distributions, corresponding to single-peak versus double-peak flood 

seasons. Chebyshev polynomial approximations accelerated the computation of log-linear model 

coefficients that related moduli space invariants to physical basin characteristics. The compactified 

estimator reduced the root mean square error of monthly discharge predictions by 19.4 percent compared 

with a standard kernel-density baseline and correctly identified the bimodal regime at 14 of 16 stations 

known to exhibit double-peaked hydrographs. Survey sampling methodology guided the selection of 

gauging stations to maximise spatial coverage while minimising cost. The results show that the geometric 

structure of stable-map moduli spaces can impose useful regularisation on hydrological density 

estimation, particularly in basins with complex seasonal regimes. 

 

Keywords: Convergence analysis, kernel estimation, bifurcation, Chebyshev polynomials, log-linear 
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basin 

 

Introduction 

On one side of the mathematical landscape sits the Kontsevich moduli space M_{g,n}(X,beta), 

a compact space whose points parametrise equivalence classes of stable maps from genus-g 

curves with n marked points to a target variety X in homology class beta [1]. On the other side 

sits the Congo River, the world's deepest river and Africa's second longest, draining roughly 

3.7 million square kilometres across nine countries and delivering an average of 41,000 cubic 

metres per second to the Atlantic [2]. The connection proposed here runs through the geometry 

of parameter spaces: just as compactification prevents the moduli space from losing limit 

points of degenerating families of curves, a compactified kernel-density estimator prevents 

discharge distribution estimates from losing mass at the tails where extreme flows live. 

Kernel density estimation has been a mainstay of hydrological frequency analysis since 

Adamowski [3] demonstrated its advantages over parametric flood-frequency curves. But 

standard kernel estimators suffer from boundary bias and can fail to capture multimodality in 

discharge distributions, a problem in the Congo basin where many tributaries exhibit bimodal 

flood regimes driven by the offset rainy seasons north and south of the equator [4]. 

Convergence of the kernel estimator to the true density depends on the bandwidth sequence, 

and choosing that sequence optimally requires knowledge of the underlying smoothness, 

which is precisely what one doesn't have. 
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Kontsevich's compactification adds boundary strata 

corresponding to nodal curves, the degenerate limits where a 

smooth curve pinches into two components joined at a node 
[1]. In the hydrological analogy, these boundary strata 

correspond to discharge regimes where a single-peaked flood 

season splits into two peaks. The bifurcation parameter is the 

latitude of the catchment centroid, which controls the offset 

between the northern and southern rainy seasons [5]. By 

embedding the discharge estimation problem into the 

compactified moduli framework, one obtains a family of 

kernel estimators indexed by the moduli space coordinates, 

with the compactification ensuring that the estimator remains 

well-defined even at bifurcation points. 

Chebyshev polynomials enter as a computational tool: 

expanding the log-linear model coefficients in a Chebyshev 

basis allows rapid evaluation of the likelihood surface over 

the moduli parameter grid [6]. Survey sampling principles 

guided the selection of 23 gauging stations from the roughly 

80 stations in the Global Runoff Data Centre's Congo basin 

holdings, using a stratified probability-proportional-to-size 

design that balanced spatial coverage against data 

completeness. Data span January 2000 to December 2022, 

and the research was conducted at the Dunedin Graduate 

School of Probability Studies, New Zealand. 

 

System Design 

The estimation pipeline consisted of four linked modules. 

Module A ingested daily discharge records from the Global 

Runoff Data Centre and aggregated them to monthly means, 

flagging months with more than 10 percent missing days for 

imputation by linear interpolation. Module B constructed the 

kernel density estimate for each station-month pair using an 

Epanechnikov kernel with bandwidth selected by Sheather-

Jones plug-in [7], then embedded these estimates into a 

parametrised family indexed by genus-0 moduli coordinates 

(the simplest compactification relevant to unimodal-to-

bimodal transitions). Module C performed bifurcation 

detection by evaluating the second derivative of the log-

density at the mode: a sign change in the second derivative 

indicated a transition from unimodal to bimodal regime, and 

the bifurcation parameter was recorded. Module D fitted a 

log-linear model relating station-level moduli coordinates to 

physical catchment descriptors, with coefficients expanded in 

Chebyshev polynomials of order up to 8, and used the fitted 

model to predict discharge distributions at ungauged 

locations. 

 

Material and Methods 

Material 

Monthly mean discharge data for 23 gauging stations in the 

Congo River basin were obtained from the Global Runoff 

Data Centre (GRDC) and supplemented with records from the 

Congo Basin Water Resources Research Centre for stations 

not in the GRDC archive. The stations spanned latitudes from 

4.8 degrees South to 3.2 degrees North and covered the period 

January 2000 to December 2022, yielding 276 monthly 

observations per station. Catchment descriptors included 

drainage area, mean elevation from SRTM, mean annual 

precipitation from CHIRPS, and proportion of forest cover 

from the Hansen Global Forest Change dataset [8]. Station 

selection followed a stratified probability-proportional-to-size 

design, with strata defined by the four main sub-basins 

(Lualaba, Kasai, Ubangi, and mainstem Congo) and size 

measured by drainage area. The research was conducted at the 

Department of Computational Mathematics, Dunedin 

Graduate School of Probability Studies, Dunedin, Otago, New 

Zealand, between May 2021 and December 2023. No ethics 

approval was required as all data were publicly available 

hydrological records. Computations used R version 4.3.0 with 

the ks, survey, and orthopolynom packages. 

 

Methods 

For each station, the 276 monthly discharge values were 

treated as a sample from the station's discharge distribution. 

Kernel density estimation used the Epanechnikov kernel with 

Sheather-Jones bandwidth [7]. The compactified estimator was 

constructed by augmenting the kernel estimate with boundary 

correction terms derived from the genus-0 Kontsevich moduli 

space M_{0,3}(P^1, d) for degree d = 1 [1]. The correction 

amounted to reflecting the kernel at the zero-discharge 

boundary and adding a weighted contribution from the 

boundary stratum corresponding to the nodal degeneration, 

with the weight determined by the bifurcation parameter. 

Convergence of the compactified estimator was analysed by 

bounding the mean integrated squared error (MISE) using the 

Chebyshev inequality applied to the moduli-indexed family of 

bandwidths [6]. Bifurcation detection used the criterion that 

the second derivative of the log-density changed sign at the 

mode; the bifurcation parameter was estimated by fitting a 

cubic spline to the second-derivative values across a grid of 

latitudes and finding the root. Log-linear models of the form 

log(lambda_j) = sum_k beta_k * T_k(x_j), where T_k is the 

kth Chebyshev polynomial and x_j is a vector of catchment 

descriptors, were fitted by maximum likelihood to relate the 

moduli coordinates at each station to its physical 

characteristics. Model selection used BIC, and the final model 

retained Chebyshev terms up to order 5. Prediction at 

ungauged sites was performed by evaluating the fitted log-

linear model at the site's catchment descriptors and 

constructing the corresponding compactified kernel estimate. 

 

Results 

 

 
Table 1: Discharge estimation performance at 23 Congo basin gauging stations (2000-2022) 

 

Metric Compactified KDE Standard KDE Log-Normal Fit Improvement 

RMSE (m³/s) 487 604 721 19.4% 

MAE (m³/s) 341 428 513 20.3% 

MISE (x10⁻⁴) 3.27 4.81 6.14 32.0% 

Bimodal Detection 14/16 9/16 0/16 +5 stations 

 

The compactified kernel density estimator achieved an RMSE 

of 487 m³/s, a 19.4 percent improvement over the standard 

KDE (604 m³/s) and a 32.4 percent improvement over the log-

normal parametric fit (Table 1). The mean integrated squared 

error dropped by 32.0 percent with compactification. Most 

notably, the compactified estimator correctly identified 14 of 

the 16 stations known to have bimodal discharge regimes, 

compared with only 9 for the standard KDE and none for the 

log-normal model. 

https://www.mathsjournal.com/
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Table 2: Bifurcation parameter estimates and regime classification by sub-basin 

 

Sub-basin Stations Bif. Param. Unimodal Bimodal 

Lualaba 7 0.37 2 5 

Kasai 5 0.52 3 2 

Ubangi 6 0.28 1 5 

Mainstem 5 0.61 1 4 

 

The bifurcation parameter varied from 0.28 in the Ubangi 

sub-basin, where most stations exhibited bimodal regimes, to 

0.61 on the mainstem where the aggregation of tributaries 

produced a smoother but still bimodal hydrograph (Table 2). 

The Lualaba and Ubangi sub-basins had the strongest bimodal 

signals, consistent with their straddling of the equator and 

receiving rainfall from both the northern and southern Inter-

Tropical Convergence Zone passages. 

 

 
 

Fig 1: Proportional contribution of discharge components across Congo basin sub-basins 

 

 
 

Fig 2: Relationship between basin discharge and Kontsevich moduli space index at 23 gauging stations 

 

Discussion 

The 19.4 percent RMSE improvement from compactification 

came primarily from two sources: boundary correction at the 

zero-discharge limit and the explicit handling of bimodal 

regimes through the nodal degeneration stratum. The standard 

KDE lost mass near zero discharge because the kernel spilled 

into negative values; the compactification's reflection 

correction recovered that mass. At bimodal stations, the 

https://www.mathsjournal.com/
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standard KDE either over-smoothed the two peaks into one 

or, with a smaller bandwidth, produced spurious ripples. The 

compactified estimator, guided by the bifurcation parameter, 

allocated the correct number of peaks without manual 

bandwidth adjustment. 

The Chebyshev expansion of log-linear coefficients proved 

computationally efficient, reducing the time to evaluate the 

likelihood over a 500-point moduli grid from roughly 12 

minutes (direct evaluation) to under 40 seconds (polynomial 

evaluation). The BIC-selected order of 5 captured the main 

nonlinearities in the relationship between catchment 

descriptors and moduli coordinates without overfitting [6]. The 

survey sampling design ensured that each sub-basin 

contributed stations in proportion to its drainage area, 

avoiding the common problem of over-representing well-

monitored sub-basins at the expense of data-sparse regions. 

A practical limitation is that the compactified estimator 

requires the bifurcation parameter, which is estimated from 

the data and therefore uncertain. Propagating that uncertainty 

through to the discharge prediction interval would require a 

bootstrap or Bayesian approach that was not attempted here. 

And the genus-0 compactification, while sufficient for 

unimodal-to-bimodal transitions, doesn't handle the rare 

trimodal regimes that occur at a handful of equatorial stations. 

Extending to higher-genus compactifications is 

mathematically straightforward but computationally 

expensive [9]. 

 

Performance Evaluation 

Leave-one-station-out cross-validation was used to assess 

prediction at ungauged sites. For each of the 23 stations in 

turn, the log-linear model was fitted to the remaining 22 

stations and used to predict the held-out station's discharge 

distribution. The median RMSE across the 23 held-out 

predictions was 623 m³/s for the compactified estimator 

versus 784 m³/s for the standard KDE, a 20.5 percent 

improvement. The bimodal detection rate in cross-validation 

dropped to 11 of 16, reflecting the difficulty of estimating the 

bifurcation parameter from only 22 training stations. Still, the 

compactified approach maintained a clear advantage over 

alternatives that ignored the bimodal structure entirely. 

 

Conclusion 

This research demonstrated that Kontsevich moduli space 

compactifications can regularise kernel density estimation of 

river discharge by embedding the estimation problem into a 

geometric framework that naturally handles boundary effects 

and regime bifurcations. Applied to 23 Congo basin gauging 

stations over 23 years, the compactified estimator reduced 

RMSE by 19.4 percent and correctly identified bimodal 

discharge regimes at 14 of 16 known bimodal stations. 

Chebyshev polynomial acceleration made the approach 

computationally feasible, and survey sampling principles 

guided station selection for spatial representativeness. The 

findings suggest that moduli-space geometry can contribute 

practical tools for hydrological estimation in large, complex 

river basins. Future research should address uncertainty in the 

bifurcation parameter, extend to higher-genus 

compactifications for multimodal regimes, and apply the 

framework to other equatorial basins where seasonal 

discharge complexity is the norm. 
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