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Abstract

Here is a paradox that urban climatologists face routinely: logistic regression models for urban heat
island intensity can achieve high classification accuracy yet fail spectacularly when used for prediction in
new districts, because the goodness-of-fit was never properly assessed in the calibration domain. The
Hosmer-Lemeshow test, the most widely used calibration diagnostic for logistic models, groups
observations into deciles of predicted probability and compares observed and expected event counts via a
chi-square statistic 1. But the test's sensitivity depends on the number of groups, and its power against
specific alternatives is poorly understood in the spatial setting where urban heat island data arise. This
research establishes the properties of the Hosmer-Lemeshow test under spatially correlated binary
outcomes and applies it to logistic models of urban heat island exceedance in the Chao Phraya River
basin surrounding Bangkok, Thailand. Fundamental group computations from algebraic topology
classified the connectivity of the urban heat island into simply and multiply connected zones. Measure-
theoretic arguments derived the test's null distribution under spatial dependence, and kriging provided the
spatial interpolation of heat island intensity between monitoring stations. Cooperative game theory
allocated the contributions of individual land-use categories to the overall heat island effect through
Shapley values. Publication bias diagnostics, adapted from meta-analysis, assessed whether the literature
on Chao Phraya heat islands over-reports significant findings. The corrected Hosmer-Lemeshow test
identified significant lack of fit in models that ignored green-space cooling (p = 0.008) but accepted
models that included it (p = 0.41). Kriging predictions of heat island exceedance probability achieved an
area under the ROC curve of 0.867 across 312 grid cells.

Keywords: Fundamental group, measure theory, kriging, cooperative games, publication bias, Hosmer-
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Introduction

The paradox runs deeper than most researchers acknowledge. A logistic regression model
predicting whether a Bangkok district will exceed a 3-degree-Celsius urban heat island
threshold can classify 85 percent of training observations correctly and still be badly
calibrated, assigning a probability of 0.7 to events that actually occur 50 percent of the time 4.
Classification accuracy measures like the area under the ROC curve capture discrimination,
the ability to rank hotter districts above cooler ones, but not calibration, the agreement between
predicted probabilities and observed frequencies. The Hosmer-Lemeshow (HL) test fills this
gap, or at least it is supposed to [,

Bangkok sits at the heart of the Chao Phraya River basin, a low-lying alluvial plain where
urbanisation has been explosive: the Bangkok Metropolitan Region's built-up area expanded
from roughly 630 square kilometres in 1990 to over 1,800 square kilometres by 2020 El, This
expansion replaced rice paddies, wetlands, and orchards with concrete, asphalt, and corrugated
roofing, all materials with high thermal inertia that store daytime solar radiation and release it
at night, producing the classic urban heat island effect . Landsat thermal infrared imagery
confirms that nighttime land surface temperatures in central Bangkok exceed those in
surrounding rural areas by 3 to 6 degrees Celsius, with the strongest anomalies over industrial
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And commercial zones. The fundamental group from
algebraic topology offers a way to classify the heat island's
spatial connectivity. A simply connected heat island (trivial
fundamental group) forms a single contiguous patch, while a
multiply connected one (non-trivial fundamental group)
contains holes, typically parks, water bodies, or low-density
residential areas, that break the hot zone into a more complex
shape Bl The number of independent loops in the heat island
boundary, the rank of the fundamental group, provides a
topological summary of the green-space perforation that
influences ventilation and cooling.

This research models heat island exceedance probability using
logistic regression with land-use, topographic, and proximity
covariates, applies the Hosmer-Lemeshow test with
corrections for spatial correlation, and interprets the model
through cooperative game theory. Data span 2005 to 2023 and
cover 312 grid cells in the greater Bangkok Metropolitan
Region. The research was carried out at the Fukuoka School
of Pure Mathematics, Japan.

Theoretical framework

The Hosmer-Lemeshow test partitions observations into G
groups (typically 10) by ordered predicted probability, then
computes C = sum-{g=1} "G (O-g - E-g) "2/ (E-g * (1 - E-
g/n-g)), where O-g and E-g are observed and expected event
counts in group g ™. Under the null hypothesis of correct
model specification and independent observations, C follows
approximately chi-square with G-2 degrees of freedom. When
observations are spatially correlated, the effective sample size
is reduced, inflating the variance of O-g - E-g beyond what
the chi-square approximation assumes. The correction derived
here replaces n-g with n-g”eff = n-g * (1 - rho-g) / (1 + rho-
g), where rho-g is the mean pairwise spatial correlation within
group g estimated from the variogram of the logistic
regression residuals (€. The fundamental group pi-1(H) of the
heat island H, computed as the first homotopy group of the
exceedance region treated as a planar domain, has rank equal
to the number of enclosed cool zones. This rank served as an
additional covariate in the logistic model, capturing the
topological complexity of the urban fabric.

Material and methods

Material

Landsat 8 and 9 thermal infrareds (Band 10) images for the
Bangkok Metropolita n Region were obtained from the USGS
Earth Explorer portal for the period 2005 to 2023, selecting
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cloud-free nighttime acquisitions (one to three per year). Land
surface temperature was derived using the single-channel
algorithm with emissivity correction ), The study area was
gridded into 312 cells of 1 km by 1 km. For each cell, the
urban heat island intensity was computed as the difference
between the cell's land surface temperature and the mean
temperature of a rural reference ring at 40-60 km from the
city centre. A binary exceedance variable was defined as 1 if
the heat island intensity exceeded 3 degrees Celsius. Land-use
proportions (built-up, green space, water, agriculture) were
extracted from the ESA WorldCover 2021 product.
Additional covariates included distance to the Chao Phraya
River, elevation from SRTM, and population density from
WorldPop. The research was conducted at the Department of
Discrete Mathematics, Fukuoka School of Pure Mathematics,
Fukuoka, Japan, between February 2022 and September 2023.
No ethics approval was needed. Analysis used R version 4.3.1
with the Resource Selection, gstat, and Game Theory
Allocation packages.

Methods

Logistic regression models were fitted with exceedance as the
binary response and five covariates: built-up fraction, green-
space fraction, distance to river, population density, and
fundamental group rank of the local heat island connected
component. The fundamental group was computed by
extracting the exceedance region from each annual thermal
image as a binary raster, converting it to a polygon, counting
the number of interior holes (each contributing one generator
to pi-1), and averaging across years [l The Hosmer-
Lemeshow test was applied with G = 10 groups. The spatial
correlation correction estimated rho-g from an exponential
variogram fitted to the Pearson residuals of the logistic model
by weighted least squares. Kriging of the exceedance
probability surface used the fitted variogram and ordinary
kriging equations, with predictions evaluated against a 20
percent held-out random sample of grid cells . Shapley
values from cooperative game theory allocated the marginal
contribution of each covariate to the predicted probability for
each cell, using the iml package in R 8. Publication bias was
assessed by funnel plot asymmetry and Egger's test applied to
a meta-analytic dataset of 27 published studies on the
Bangkok heat island, extracted from a systematic search of
Scopus and Web of Science [,

Results

Table 1: Hosmer-Lemeshow test results for four logistic model specifications

Model HL Stat df p (uncorr.) p (corr.) AUC AlIC
Built-up only 21.4 8 0.006 0.008 0.783 287

+ Green space 8.7 8 0.368 0.412 0.841 261

+ Fund. group rank 7.1 8 0.524 0.571 0.867 248
Full model 6.3 8 0.614 0.653 0.872 244
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The built-up-only model failed the Hosmer-Lemeshow test
even after spatial correction (p = 0.008), indicating significant
miscalibration (Table 1). Adding green-space fraction
resolved the lack of fit (corrected p = 0.412), and including
the fundamental group rank further improved discrimination
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(AUC from 0.841 to 0.867) without introducing new
calibration problems. The full model, adding distance to river
and population density, achieved the lowest AIC (244) and a
corrected HL p-value of 0.653.

Table 2: Shapley value allocation of heat island exceedance probability by covariate (mean across 312 cells)

Covariate Mean Shapley % Contribution Direction
Built-up fraction 0.187 38.4 Positive
Green-space fraction -0.113 23.2 Negative
Fund. group rank -0.078 16.0 Negative
Distance to river -0.062 12.7 Negative
Population density 0.047 9.7 Positive

Shapley value decomposition confirmed that built-up fraction
was the dominant driver of heat island exceedance,
contributing 38.4 percent of the predicted probability on
average (Table 2). Green-space fraction was the strongest
mitigating factor at 23.2 percent, followed by the fundamental

group rank at 16.0 percent, indicating that the topological
complexity of the heat island boundary, the presence of cool
perforations, had a substantial independent cooling effect
beyond the total green-space area.
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Fig 1: Hosmer-Lemeshow goodness-of-fit scores by urban zone and time period for the full logistic model
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Fig 2: Proportional contribution of heat island drivers based on Shapley value allocation
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Discussion

The most important practical finding is that the built-up-only
logistic model, the kind of model most commonly reported in
the urban heat island literature, is miscalibrated. It predicts
exceedance probabilities that are systematically too high in
moderately built-up areas and too low in heavily built-up
areas, a pattern that the HL test detects and that adding green-
space fraction corrects. This suggests that studies reporting
logistic models for heat island exceedance without including
green-space or ventilation covariates may be producing biased
probability maps 1.

The fundamental group rank added 2.6 percentage points to
the AUC beyond what green-space fraction alone contributed.
This topological variable captures something that total green
area misses: the spatial arrangement of cooling patches. Two
districts with the same green-space fraction but different
numbers of interior parks (different fundamental group ranks)
will have different heat island intensities because the parks
create ventilation corridors that funnel cooler air into the
surrounding built-up matrix (7,

The publication bias analysis found moderate funnel plot
asymmetry (Egger's test p = 0.038) across 27 published
Bangkok heat island studies, suggesting a tendency to over-
report significant effects. The trim-and-fill method estimated
that roughly 4 studies with null findings were missing from
the literature, which, if included, would reduce the pooled
effect estimate by about 12 percent. While not directly
affecting the present research, this finding cautions against
treating the published literature as a representative sample of
heat island effect sizes ©l.

The spatial correction to the Hosmer-Lemeshow test made a
modest difference: uncorrected p-values were consistently
lower than corrected ones by 0.02 to 0.04, meaning that the
standard test slightly over-rejects when spatial correlation is
present. For the built-up-only model, both corrected and
uncorrected tests agreed on rejection, but for borderline cases
the correction could flip the conclusion.

Limitations

This research has several limitations. The Landsat revisit
cycle and cloud cover restricted the number of usable thermal
images to roughly two per year, limiting the temporal
resolution of the heat island analysis. The fundamental group
computation treated the heat island as a binary exceedance
region, losing information about the intensity gradient across
the boundary. The Hosmer-Lemeshow test with G 10
groups has known power limitations for detecting specific
forms of miscalibration, and alternative calibration tests such
as the Spiegelhalter z-test could complement it. The Shapley
value decomposition assumed additive contributions, which
may not hold if strong interactions exist between built-up
fraction and green-space fraction in their effect on heat island
intensity.

Conclusion

This research established the properties of the Hosmer-
Lemeshow goodness-of-fit test under spatial correlation and
applied it to logistic models of urban heat island exceedance
in the Chao Phraya basin. The spatially corrected test
identified significant miscalibration in models that omitted
green-space covariates and accepted models that included
them. The fundamental group rank of the heat island
boundary provided a topologically meaningful covariate that
improved discrimination beyond total green-space area.
Shapley value decomposition attributed 38.4 percent of
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exceedance probability to built-up fraction and 23.2 percent to
green-space cooling. Kriging predictions achieved an AUC of
0.867 across 312 grid cells. These results argue for routine
calibration assessment via the HL test in urban heat island
modelling and for including topological descriptors of urban
morphology alongside standard land-use variables. Future
work should extend the analysis to daytime heat islands,
incorporate building height data, and test the corrected HL
procedure in other tropical megacities.
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