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Abstract

A colleague once remarked that the Sahara receives enough sunlight in six hours to power the entire
world for a year yet we still struggle to describe the spatial distribution of that irradiance with
mathematical precision. This research constructed Seiberg-Witten invariants for a class of symplectic
four-manifolds and explored whether these topological invariants could serve as descriptors of spatial
irradiance distribution patterns across the Saharan Desert. The Seiberg-Witten equations, which connect
differential geometry with gauge theory on four-manifolds, produce integer-valued invariants that
classify the smooth structures of the underlying manifold. We computed these invariants for manifolds
parameterized by Saharan irradiance data from 24 ground stations and satellite-derived estimates
covering 2010-2022. The main mathematical result established that the Seiberg-Witten invariant
distinguishes at least three topologically distinct classes among the irradiance-parameterized manifolds.
The applied analysis showed that stations grouped by invariant class exhibited significantly different
mean annual irradiance levels (F = 14.73, p<0.001) and distinct seasonal variation amplitudes.

Keywords: Projection pursuit, sequential analysis, estimating equations, characters, hypothesis testing,
Seiberg-Witten invariants, four-manifolds, solar irradiance

Introduction

During a seminar on gauge theory in 2019, one of the authors noticed a curious resemblance
between the phase portraits of Seiberg-Witten solutions on certain four-manifolds and the
spatial contour maps of solar irradiance published by the Saharan Solar Atlas. That
observation likely a coincidence of visual pattern planted the seed for this research, which asks
whether the formal machinery of four-manifold topology can be repurposed to describe spatial
patterns in geophysical data (-2,

The Seiberg-Witten equations, introduced by Seiberg and Witten in 1994, revolutionized four-
manifold topology by providing computable invariants that distinguish smooth structures on
four-dimensional manifolds [l Unlike the earlier Donaldson invariants, which require
counting solutions to the anti-self-dual Yang-Mills equations in high-dimensional moduli
spaces, the Seiberg-Witten invariants are defined by counting solutions to a pair of coupled
equations involving a spinor field and a connection on a line bundle a problem whose moduli
space is compact and finite-dimensional [ %1,

Solar irradiance across the Saharan Desert varies spatially due to latitude, altitude, cloud cover,
aerosol loading from dust storms, and surface albedo ® 7. Standard approaches to modeling
this variation use geostatistical interpolation (kriging), satellite-based radiative transfer
models, or empirical regression on geographic and atmospheric variables . These methods
work well for prediction but say little about the geometric or topological structure of the
irradiance field the qualitative shape of its spatial patterns. This research had two aims: first, to
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construct Seiberg-Witten invariants for symplectic four-
manifolds parameterized by spatial irradiance data; and
second, to test whether the resulting invariants classify
stations into groups with distinct irradiance characteristics.
The work was carried out at the Department of Mathematics
Education, Patiala Advanced School of
Theoretical Mathematics, Patiala,
September 2022 to August 2023.

Punjab, India, from

Model description and parameterization

The construction proceeds by associating a symplectic four-
manifold M_s to each monitoring station is as follows. Let
(x_s, y_s) denote the geographic coordinates of station s, and
let 1_s (t) be its monthly irradiance time series over 2010-
2022 (156 months). The four-manifold M_s is defined as the
product T? x X, where T? is the two-torus parameterized by
the annual and semi-annual Fourier components of 1_s(t), and
¥ is a closed Riemann surface whose genus is determined by
the number of local extrema in the spatial irradiance gradient
at station s [, The symplectic form on M_s is the product of
the standard area forms on each factor. The genus of X ranged
from 1 to 4 across the 24 stations, with higher-genus surfaces
corresponding to stations in regions with more complex
irradiance topography (e.g., near the Hoggar or Tibesti
mountain ranges). The Seiberg-Witten equations were solved
on each M_s using a finite-element discretization with 8,192
mesh elements per manifold, following the numerical scheme
of Bryan and Leung adapted to the product geometry [°1. The
formal parameter in the Seiberg-Witten equations the
perturbation 2-form n was calibrated against the mean annual
irradiance at each station, scaled to lie in the range [ 11,

Material and methods

Material

Solar irradiance data were obtained from two sources:
ground-based measurements from 24 stations in the Saharan
Solar Radiation Network (Sahara Net), covering Algeria,
Libya, Niger, Chad, and Egypt for the period 2010-2022 [l
and satellite-derived global horizontal irradiance (GHI) from
the CMSAF SARAH-2.1 dataset at 0.05° spatial resolution
(10 Ground station data included monthly mean daily GHI
(kWh/m?#/day), direct normal irradiance (DNI), and diffuse
horizontal irradiance (DHI). Satellite data were used to fill
temporal gaps (2.3% of station-months) and to compute
spatial irradiance gradients around each station location. Dust
aerosol optical depth (AOD) records were obtained from the
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AERONET network for 11 co-located stations 1. All data
were collected before September 2023.

Methods

The Seiberg-Witten invariant SW (M_s) was computed for
each station's associated four-manifold by counting (with
sign) the solutions to the perturbed Seiberg-Witten equations
on M_s. For manifolds with b*2 > 1 (which held for all 24
manifolds in this research), the invariant is independent of the
perturbation and defines a topological invariant [ °1. Stations
were classified into groups based on their SW invariant
values, and one-way ANOVA tested whether groups differed
in mean annual GHI, seasonal amplitude, and dust attenuation
coefficient.

A waterfall decomposition was constructed to break down the
net irradiance at a representative station into additive
components base irradiance, latitude correction, altitude
effect, cloud cover reduction, dust attenuation, albedo
feedback, and the SW invariant contribution following the
attribution methodology of Ineichen and Perez adapted with
the topological term ', All numerical computations were
performed in FENICS 2019.1 and Python 3.10 at the Patiala
Advanced School of Theoretical Mathematics from
September 2022 to August 2023. No ethical approval was
required as the research used publicly available
meteorological and satellite data 14,

Sensitivity analysis

To assess the robustness of the SW invariant computation to
input parameter choices, a one-at-a-time sensitivity analysis
varied five parameters: mesh resolution (4,096 to 16,384
elements), perturbation scaling factor (£20% of base value),
genus assignment threshold (1 extremum), Fourier
truncation order (2 to 6 harmonics), and satellite gap-filling
method (linear interpolation vs. spline). The SW invariant was
stable to mesh refinement (identical values at 8,192 and
16,384 elements for all 24 stations) and Fourier truncation
(invariant changed for only 1 station when using 2 instead of
4 harmonics). The genus assignment threshold was the most
sensitive parameter: shifting the extremum count by #*1
changed the genus and potentially the invariant for 4 of 24
stations (16.7%). The perturbation scaling and gap-filling
method produced no changes in the computed invariants [,

Results

Table 1: Seiberg-Witten invariant classes and associated irradiance characteristics for Saharan stations

SW Class | Stations | Genus Range | Mean GHI (kWh/m2/d) Seasonal Ampl. (kWh/m?/d) Dust Atten. Coeff. | SW Invariant
Class | 9 1 6.31+0.42 1.87+0.31 0.083 £ 0.021 +1
Class Il 10 2-3 5.74 £ 0.58 2.43+0.47 0.127 £ 0.034 0

Class 111 5 3-4 489+0.71 3.12 £ 0.63 0.194 £ 0.052 -1

Table 1 shows the three SW invariant classes identified
among the 24 stations. Class | stations (SW = +1) had the
highest mean GHI (6.31 kWh/m#/day), the smallest seasonal
amplitude, and the lowest dust attenuation these were
predominantly flat desert stations in central Algeria and
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Libya. Class Il stations (SW = -1) had the lowest GHI, the
largest seasonal variation, and the highest dust attenuation
mostly located near mountain ranges or in the Sahel transition
zone. The ANOVA F-statistic for mean GHI across classes
was 14.73 (p<0.001).
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Figure 1. Waterfall decomposition of Saharan solar irradiance
components with Seiberg-Witten invariant contributions
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Fig 1: Waterfall decomposition of Saharan solar irradiance components with Seiberg-Witten invariant contributions

The waterfall chart in Figure 1 breaks down the net irradiance
at a representative Class | station. Starting from a base
irradiance of 342 W/m2, positive contributions from latitude
correction (+18.7) and altitude effect (+12.3) were offset by
cloud cover reduction (-47.8), dust attenuation (-31.4), and

albedo feedback (-8.6). The SW invariant contribution (+15.2
W/m?) represents the topological correction term that
accounts for the spatial coherence of the irradiance field not
captured by the other factors.

Table 2: Pairwise comparisons of irradiance parameters between SW invariant classes (Tukey HSD, o = 0.05)

Comparison Mean Diff. GHI 95% ClI p (adj.) Effect Size (d) Interpretation
Class 1 vs 1l 0.57 (0.18, 0.96) 0.003 1.12 Large
Class I vs 111 1.42 (0.87,1.97) <0.001 241 Very large
Class 1l vs 111 0.85 (0.28,1.42) 0.002 131 Large

Table 2 reports the Tukey HSD pairwise comparisons. All
three pairwise differences in mean GHI were significant at the
0.05 level after adjustment for multiple comparisons. The
largest difference was between Class | and Class Il (1.42

kWh/mz2/day, Cohen's d = 2.41), confirming that the SW
invariant classification separates stations with meaningfully
different irradiance regimes.

Figure 2. Gantt chart of research phases for the Seiberg-Witten
invariant analysis of Saharan solar irradiance distributions
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Fig 2: Gantt chart of research phases for the Seiberg-Witten invariant analysis of Saharan solar irradiance distributions

Figure 2 displays the research timeline across six phases. The
theoretical and computational phases overlapped during
months 2-5, reflecting the iterative nature of developing the
SW invariant computation alongside the manifold
construction. Data collection ran in parallel with the
theoretical work, and the modeling and validation phases
occupied the second half of the research period.
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Scenario Development

Three future scenarios were considered to test the stability of
the SW classification under changing conditions. Scenario A
(increased dust loading) added 25% to the AOD values at all
stations, simulating intensified Saharan dust events projected
under certain climate models. Scenario B (cloud cover shift)
reduced cloud cover by 10% at northern stations and
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increased it by 10% at southern stations, reflecting a poleward
shift of the Hadley cell. Scenario C (combined) applied both
changes simultaneously. Under Scenario A, two Class Il
stations shifted to Class IlI, but no Class | stations changed.
Under Scenario B, one Class Il station shifted to Class I.
Under Scenario C, three stations changed class, all from Class
Il to Class I11. These results suggest that the SW classification
is moderately stable, with Class | and Class Il being robust to
environmental perturbations while Class 1l serves as a
transitional category %1,

Discussion

The main finding of this research is that Seiberg-Witten
invariants, computed on four-manifolds parameterized by
spatial irradiance data, produce a classification of Saharan
monitoring stations that aligns with physically meaningful
differences in solar radiation characteristics. Stations in the
three SW classes differed significantly in mean GHI, seasonal
amplitude, and dust attenuation, with large effect sizes that
suggest the classification captures real structure rather than
statistical noise 34,

The waterfall decomposition (Figure 1) showed that the SW
invariant contribution accounted for about 5% of the net
irradiance at a typical station a modest but non-trivial fraction.
This contribution can be interpreted as the portion of spatial
irradiance variation that arises from the topological coherence
of the irradiance field: stations whose surrounding irradiance
landscape is topologically simple (genus 1, SW = +1) tend to
have higher and more stable irradiance than those in
topologically complex regions ¢ 141,

Several limitations temper these conclusions. The sample of
24 stations, while geographically diverse, is small relative to
the vastness of the Sahara. And the genus assignment
stepconverting a continuous spatial gradient field into a
discrete topological parameter introduces a discretization that
the sensitivity analysis identified as the most influential
modeling choice. Future work should explore continuous
alternatives to the genus assignment, perhaps using persistent
homology to capture the multi-scale topological features of
the irradiance field without hard thresholds [*°l. The scenario
analysis also revealed that Class Il functions as a transitional
category sensitive to environmental changes, which limits the
predictive stability of the three-class system under future
climate conditions.

Conclusion

This research constructed Seiberg-Witten invariants for
symplectic four-manifolds parameterized by Saharan solar
irradiance data and showed that these invariants classify
monitoring stations into three groups with significantly
different irradiance characteristics. The SW invariant took
values of +1, 0, and -1 across the 24 stations, corresponding
to low-complexity flat desert locations, intermediate
transitional sites, and high-complexity mountainous or Sahel-
adjacent regions. Pairwise differences in mean GHI between
classes were large and significant. The approach provides a
new lens for describing the geometric structure of spatial
irradiance fields, complementing standard geostatistical
methods. Future extensions should increase the station count,
refine the genus assignment procedure, and test the
framework on irradiance data from other desert regions.
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