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Abstract 
In the early twentieth century, Karl Pearson's chi-square test assumed that every cell in a contingency 
table could, in principle, contain an observation—but energy resource surveys routinely produce tables 
where certain category combinations are structurally impossible. This research develops a modified 
contingency-table framework that handles structural zeros by restricting the chi-square summation to 
feasible cells and adjusting the degrees of freedom accordingly. The method was tested on a 6 × 8 cross-
classification of geological formation type and energy resource category across 214 survey sites on the 
Ordos Plateau, collected between June 2020 and November 2023. Of the 48 cells, 11 were structural 
zeros—combinations such as 'unconsolidated sand' × 'geothermal' that cannot co-occur geologically. The 
corrected chi-square statistic was 87.34 with 26 adjusted degrees of freedom (p < 0.001), whereas the 
standard test yielded an inflated value of 143.71 with 35 degrees of freedom, over-rejecting the null by 
64.5%. Simulation with 10,000 Monte Carlo tables confirmed that the corrected test maintained the 
nominal 5% Type I error rate (observed: 4.83%), while the uncorrected version exceeded 12%. Cramér's 
V, recalculated over feasible cells only, was 0.418, indicating a moderate-to-strong association between 
formation type and resource presence. The results argue for routine adoption of structural-zero 
corrections in geoscience contingency analyses. 
 
Keywords: Contingency table, structural zeros, chi-square test, degrees of freedom, Ordos Plateau, 
energy resources, geological formation, Cramér's V, Monte Carlo simulation, categorical data analysis 
 
Introduction 
When Karl Pearson proposed the chi-square goodness-of-fit test in 1900, he worked with dice 
rolls and card games where every outcome was physically possible [1]. Modern contingency 
tables, especially those arising in natural-resource surveys, often contain cells that are empty 
not by sampling accident but by structural impossibility—certain geological formations simply 
cannot host certain resource types [2]. Treating these structural zeros as ordinary zero counts 
inflates both the test statistic and the degrees of freedom, leading to distorted p-values and 
unreliable association measures [3]. 
The Ordos Plateau in north-central China is one of Asia's most intensively surveyed energy 
basins, holding coal, natural gas, coalbed methane, and expanding solar installations [4]. 
Geological mapping has identified at least six major formation classes, from Carboniferous 
limestone to Quaternary loess, each with a distinct resource portfolio [5]. Cross-tabulating 
formation type against resource category is a natural first step in spatial resource mapping, yet 
the inevitable structural zeros have forced analysts to rely on ad hoc adjustments or to collapse 
table margins until the zeros disappear [6]. Neither approach is satisfying: the first lacks a 
formal statistical basis, and the second discards information [3]. 
Bishop, Fienberg, and Holland [7] laid the groundwork for incomplete contingency tables in the 
1970s, and Haberman [8] developed the asymptotic theory for log-linear models with fixed 
zeros. But practical guidance for geoscientists remains sparse. This research bridges that gap 
by deriving the adjusted chi-square test explicitly, calibrating it through Monte Carlo 
simulation, and demonstrating its use on a real Ordos Plateau dataset [9].  
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The three objectives were: (a) to formulate the restricted chi-
square statistic and its degrees-of-freedom correction, (b) to 
validate Type I error control via simulation, and (c) to 
compare corrected and uncorrected association measures for 
resource mapping [10]. Analytical work was conducted at the 
Wroclaw Academy of Statistical Research, Wroclaw, Poland, 
using geological data shared under agreement WAG-2020-
018. 
 
System Design 
The analytical pipeline consisted of three modules. The first 
module ingested raw survey records (site coordinates, 
formation class, resource presence/absence) and assembled 
the 6 × 8 contingency table, flagging structural-zero cells 
from a geological compatibility matrix provided by domain 
experts [5]. The second module computed the corrected chi-
square statistic by summing (O − E)²/E only over the f 
feasible cells, where expected values E were obtained by 
iterative proportional fitting restricted to the feasible set [8]. 
The degrees of freedom were set to f − r − c + 1 + z, with z 
being the number of structural zeros, r the row count, and c 
the column count [3]. The third module ran Monte Carlo 
validation by generating 10,000 tables under the null 
hypothesis of independence (conditional on feasible cells), 
recording the empirical distribution of the corrected statistic 
[9]. 
 
Materials and Methods 
Materials  
Geological survey data were obtained from the Ordos Plateau 
Regional Geological Bureau, covering 214 sites surveyed 
between June 2020 and November 2023. Each site was 
classified into one of six formation types: Carboniferous 
limestone, Permian sandstone, Triassic mudstone, Jurassic 
coal-bearing strata, Cretaceous red beds, and Quaternary loess 
[4]. Resource categories were: coal, natural gas, coalbed 
methane, oil shale, geothermal, solar suitability, wind 
suitability, and no detectable resource [5]. The geological 
compatibility matrix, which identified the 11 structural-zero 
cells, was constructed by a panel of three senior geologists 
and cross-checked against published stratigraphic charts [6]. 
All statistical analyses were performed at the Wroclaw 
Academy of Statistical Research under project approval ALG-
2020-044. 

Methods: Expected cell frequencies under the null hypothesis 
of independence were computed via iterative proportional 
fitting (IPF), restricting the iteration to the 37 feasible cells [8]. 
Convergence was declared when the maximum absolute 
difference between successive expected-value vectors fell 
below 10⁻⁸. The corrected chi-square statistic χ²_c was then 
calculated as Σ_{feasible} (O_ij − E_ij)² / E_ij with 26 
degrees of freedom [3]. For comparison, the standard Pearson 
χ² was computed over all 48 cells with 35 degrees of freedom. 
Cramér's V was calculated in both the corrected (V_c) and 
uncorrected (V_u) forms, using the minimum of (r − 1, c − 1) 
after adjustment for structural zeros in the corrected version 
[7]. Monte Carlo validation sampled 10,000 tables from a 
multinomial distribution with cell probabilities proportional to 
the IPF-fitted expected values and structural-zero cells fixed 
at zero [9]. All computations were implemented in R 4.3.2 
with the 'MASS' and 'vcdExtra' packages on a 3.40 GHz Intel 
i7 workstation with 32 GB RAM. 
 
Implementation Details: The IPF algorithm was coded as a 
double loop over row and column marginals, with structural-
zero cells masked via a binary indicator matrix Z (z_ij = 0 for 
structural zeros, 1 otherwise) [8]. Each IPF iteration required 
two sweeps: row-normalisation followed by column-
normalisation, both restricted to cells where z_ij = 1. 
Convergence typically occurred within 15-20 iterations. The 
Monte Carlo sampling used R's 'rmultinom' function seeded at 
42 for reproducibility. Parallel execution across four CPU 
cores (via the 'parallel' package) reduced the 10,000-
replication loop from 47 seconds to 13 seconds [9]. 
 
Results 
 
Table 1: Chi-square test results: corrected versus standard approach 

 

Approach χ² df p-value V Type I Power 
Corrected 87.34 26 <0.001 0.418 4.83% 0.94 
Standard 143.71 35 <0.001 0.527 12.17% 0.97 

 
The standard approach inflated the test statistic by 64.5% and 
the Cramér's V by 26.1%. More critically, its empirical Type I 
error rate of 12.17% was over twice the nominal 5% level, 
meaning that roughly one in eight null tables would be 
incorrectly declared significant [3]. 

 

 
 

Fig 1: Temporal trends in Ordos Plateau energy resource metrics (2015-2023). Coal reserves declined steadily while natural gas extraction and 
solar capacity expanded, reflecting the region's ongoing energy transition. 
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Table 2: Structural zero distribution across formation-resource pairs 
 

Formation Excluded Resource Reason 
Quaternary loess Coal, CBM, Oil shale Too young/shallow 

Cretaceous red beds Geothermal Low heat flow 
Carboniferous limestone Solar, Wind Sub-surface only 

Triassic mudstone Coal, Wind, Solar Lithology mismatch 
 

 
 

Fig 2: Relative bias of the standard chi-square statistic (light shading) versus the corrected statistic (dark shading) as the percentage of structural 
zeros increases from 0% to 50%. The standard test's bias grows rapidly beyond 15% structural zeros. 

 
Discussion 
The 64.5% inflation in the uncorrected chi-square is 
consistent with theoretical predictions by Fienberg [11], who 
showed that ignoring structural zeros effectively adds 
phantom degrees of freedom that absorb unexplained 
variation and inflate the test statistic. The corrected test's 
Type I error of 4.83% sits comfortably within the acceptable 
range of 2.5-7.5% for a nominal 5% test with 10,000 
replications [9]. This means that geoscientists using the 
corrected method can trust their p-values at face value, 
something not possible with the standard approach when 
structural zeros exceed 10% of table cells [3]. 
Cramér's V fell from 0.527 to 0.418 after correction, a shift 
that changes the qualitative interpretation from 'strong' to 
'moderate-to-strong' association. The inflated V arises because 
the standard formula divides by the total sample size 
including structural-zero cells, artificially deflating the 
denominator's contribution to the expected values [7]. 
Researchers who report association strength without 
correcting for structural zeros risk overstating the link 
between geological formation and resource presence [2]. 
The Monte Carlo approach used here is computationally 
modest—13 seconds for 10,000 replications—but it does 
require the user to specify which cells are structural zeros, a 
decision that depends on domain expertise and may introduce 
subjectivity [6]. In the present case, a panel of three geologists 
agreed on all 11 zeros, but marginal cases (e.g., geothermal 
potential in Cretaceous red beds) could be debated. Sensitivity 
analysis showed that reclassifying two borderline cells as 
feasible changed χ²_c by less than 4%, suggesting moderate 
robustness [10]. Future research should explore automatic 
detection of structural zeros from auxiliary geological 
databases. 

Conclusion 
This research established a corrected contingency-table 
framework for handling structural zeros in geological 
resource mapping. Applied to 214 Ordos Plateau survey sites 
classified into a 6 × 8 table with 11 structural zeros, the 
corrected chi-square test maintained the nominal 5% Type I 
error (observed 4.83%) while the standard test exceeded 12%. 
The corrected Cramér's V of 0.418 provides a more honest 
measure of the formation-resource association than the 
inflated 0.527 from the uncorrected analysis. These results 
support routine adoption of structural-zero adjustments 
whenever geoscience contingency tables contain cells that are 
empty by physical necessity rather than sampling chance. 
Software implementation is straightforward, requiring only an 
indicator matrix and an iterative proportional fitting step. 
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