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Abstract 

The Tigris-Euphrates basin has been contested territory for millennia not just politically, but in terms of 

who gets how much water and when. Resolving such allocation disputes requires mathematical 

frameworks that can handle both the algebraic structure of resource-sharing agreements and the 

topological constraints imposed by river network geometry. This research evaluated computational 

methods for topological K-theory of C*-algebras and applied the resulting invariants to model water 

allocation patterns across 20 sub-basins of the Tigris-Euphrates system. The K₀ and K₁ groups were 

computed for a family of graph C*-algebras constructed from the river network topology, using both 

direct limit techniques and the Pimsner-Voiculescu exact sequence. Computation times scaled as O (n²·³) 

with the number of network nodes, and the resulting K-group ranks ranged from 2 to 10 across the 20 

sub-basins. A negative quadratic relationship was found between K-group rank and a water allocation 

efficiency index derived from flow data spanning 2005-2021 (R² = 0.743, p<0.001). Sub-basins with 

higher topological complexity indicated by larger K-group ranks showed lower allocation efficiency, 

consistent with the hypothesis that more complex network structures create more opportunities for 

allocation disputes and inefficiencies. 

 

Keywords: Cooperative games, effect size, compositional data, elastic net, maximal functions, K-theory, 
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Introduction 

For a region where three nations Turkey, Syria, and Iraq share a river system that provides 

drinking water to over 60 million people and irrigates some of the world’s oldest agricultural 

land, the question of fair water allocation is anything but abstract [1]. The Tigris and Euphrates 

rivers originate in the mountains of eastern Turkey, flow through Syria and Iraq, and empty 

into the Persian Gulf. Dams, irrigation canals, and growing populations have strained the 

system to the point where downstream flows sometimes fall below ecological minimums [2]. 

Mathematical models of water allocation in the basin have traditionally relied on optimization 

and game-theoretic approaches that treat the river as a linear network of nodes and arcs [3]. 

What these models typically miss is the topological structure of the network the way branches, 

confluences, and feedback loops create a geometry that constrains which allocation patterns 

are feasible. Topological K-theory, originally developed to classify vector bundles over 

topological spaces, provides algebraic invariants (the K-groups K₀ and K₁) that encode exactly 

this kind of structural information [4]. When applied to C*-algebras associated with directed 

graphs such as river networks K-theory yields computable invariants that distinguish networks 

with different topological complexity [5, 6]. 

Despite the theoretical appeal, practical computation of K-groups for graph C*-algebras of 

moderate size (20-100 nodes) has received limited attention. Most textbook examples involve 

small graphs where the K-groups can be computed by hand, while the general algorithmic 

theory focuses on asymptotic complexity without benchmarking against real applications [7]. 

This gap between theory and computation motivated the present research. This research  
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pursued two objectives: (a) to evaluate and benchmark 

computational methods for K-theory of graph C*-algebras at 

scales relevant to real-world networks, and (b) to test whether 

the resulting K-theoretic invariants correlate with water 

allocation efficiency in the Tigris-Euphrates basin. The 

research was conducted at the Department of Mathematical 

Analysis, Hubli National Institute of Mathematical Research, 

Hubli, Karnataka, India, during September 2022 to June 2023. 

 

Theoretical background 

Given a directed graph E = (E⁰, E¹, s, r) with vertex set E⁰ and 

edge set E¹, the graph C*-algebra C*(E) is the universal C*-

algebra generated by mutually orthogonal projections {p_v : v 

∈ E⁰} and partial isometries {s_e : e ∈ E¹} satisfying the 

Cuntz-Krieger relations [5]. The K₀ group of C*(E) is 

isomorphic to the cokernel of the matrix (I − A^T), where A 

is the adjacency matrix of E, while K₁ is isomorphic to the 

kernel of the same matrix [6]. For finite graphs without sinks, 

these groups are finitely generated abelian groups whose rank 

and torsion encode the graph's loop structure and 

connectivity. The Pimsner-Voiculescu exact sequence 

provides an alternative computational route when the graph 

C*-algebra can be expressed as a crossed product by an 

automorphism [8]. For the Tigris-Euphrates application, the 

river network was modeled as a directed graph where vertices 

represent sub-basin outlets and edges represent river segments 

connecting them. The allocation efficiency index η for a sub-

basin was defined as the ratio of actual downstream flow to 

the flow predicted by a proportional sharing rule weighted by 

catchment area [3]. 

 

Material and methods 

Material 

The Tigris-Euphrates river network was discretized into 20 

sub-basins following the delineation used by the Food and 

Agriculture Organization's AQUASTAT database [1]. Each 

sub-basin was characterized by its upstream connectivity, 

catchment area (ranging from 4,120 to 47,300 km²), and mean 

annual flow data for the period 2005-2021 obtained from the 

Global Runoff Data Centre and supplementary records from 

Turkey’s General Directorate of State Hydraulic Works (DSİ) 
[2, 9]. The directed graph representation contained 20 vertices 

and 27 edges, with 3 source vertices (headwater sub-basins in 

Turkey) and 1 sink vertex (the Shatt al-Arab confluence). All 

data used in this research were publicly available and 

collected before August 2023. 

 

Methods 

K-group computations were performed using two methods. 

The first used the direct limit formula: K₀(C*(E)) = coker(I − 

A^T) and K₁(C*(E)) = ker(I − A^T), computed via Smith 

normal form decomposition of the integer matrix (I − A^T) [6]. 

The second applied the Pimsner-Voiculescu exact sequence to 

a decomposition of the graph into smaller subgraphs 

connected by single edges [8]. Both methods were 

implemented in SageMath 9.7 with the Z-module routines for 

integer matrix computations [10]. 

The water allocation efficiency index η was computed for 

each sub-basin as the ratio of observed mean annual outflow 

to the proportional-sharing predicted outflow. A quadratic 

regression model was fitted with K₀ rank as the predictor and 

η as the response, with bootstrap confidence intervals (B = 

5,000) for the regression coefficients. Cross-domain 

correlations between five K-theoretic invariants and six water 

allocation parameters were computed to identify the strongest 

associations. All analyses were conducted at the Hubli 

National Institute of Mathematical Research from September 

2022 to June 2023 [11]. 

 

Simulation parameters 

To benchmark computational scaling, both K-theory methods 

were applied to randomly generate directed graphs with n ∈ 

{10, 15, 20, 30, 50, 75, and 100} vertices and edge density 

fixed at 1.5 edges per vertex. For each n, 200 random graphs 

were generated using the Erdős-Rényi model with directed 

edges. Computation times were recorded on a workstation 

with an Intel Xeon E5-2680 processor and 64 GB RAM. The 

Smith normal form method exhibited O (n²·³) scaling, while 

the Pimsner-Voiculescu decomposition scaled as O(n²·⁷) but 

with a smaller constant for graphs with low treewidth. For the 

actual 20-node Tigris-Euphrates graph, both methods 

completed in under 0.4 seconds [10]. 

 

Results 

 

Table 1: K-theory invariants and water allocation efficiency for selected Tigris-Euphrates sub-basins 
  

Sub-basin Area (km²) K₀ Rank K₁ Rank Torsion η Index Flow (m³/s) 

Upper Euphrates 18,400 3 1 ℤ0 0.79 847 

Middle Euphrates 23,100 5 2 ℤ2 0.64 623 

Lower Euphrates 31,700 7 3 ℤ2/ℤ3 0.53 412 

Upper Tigris 14,800 2 1 0 0.84 1,130 

Greater Zab 25,600 4 2 ℤ2 0.73 438 

Lesser Zab 19,300 6 2 ℤ3 0.58 291 

Diyala 32,400 8 4 ℤ2/ℤ4 0.47 187 

Shatt al-Arab 47,300 10 5 ℤ2²/ℤ3 0.38 1,640 

 

Table 1 presents K-theory invariants and allocation efficiency 

for eight representative sub-basins. The Upper Tigris, with the 

simplest network topology (K₀ rank = 2), had the highest 

efficiency index (0.84), while the Shatt al-Arab confluence,  

With the most complex topology (K₀ rank = 10), had the 

lowest efficiency (0.38). The torsion subgroups of K₀ grew 

more complex downstream, reflecting the accumulation of 

loop structures as tributaries merge. 
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Fig 1: Relationship between K-theory computational complexity and Tigris-Euphrates water allocation efficiency 

 

The bubble chart in Figure 1 shows the negative quadratic 

relationship between K₀ rank and the allocation efficiency 

index across all 20 sub-basins. Bubble size represents 

catchment area. The fitted quadratic model (R² = 0.743) 

indicates that each unit increase in K-group rank was 

associated with a decrease of about 0.058 in the efficiency 

index, with the rate of decrease accelerating for higher ranks. 

 
Table 2: Computational scaling of K-theory methods on random directed graphs 

 

Vertices (n) SNF Time (s) SNF SD PV Time (s) PV SD Mean K₀ Rank Mean K₁ Rank 

10 0.003 0.001 0.005 0.002 2.4 1.1 

20 0.014 0.004 0.021 0.007 4.7 2.3 

50 0.187 0.042 0.231 0.061 11.3 5.8 

75 0.583 0.118 0.694 0.147 16.8 8.7 

100 1.347 0.263 1.518 0.312 22.1 11.4 

 

Table 2 reports the computational benchmarks. The Smith 

normal form (SNF) method was consistently faster than the 

Pimsner-Voiculescu (PV) decomposition, with the advantage 

growing at larger graph sizes. Both methods remained 

tractable for networks up to 100 nodes, with wall-clock times 

under 2 seconds. 

 

 
 

Fig 2: Cross-domain correlation matrix between K-theory invariants and Tigris-Euphrates water allocation parameters 

 

The heatmap in Figure 2 displays the correlation magnitudes 

between five K-theoretic invariants and six water allocation 

parameters. The strongest individual correlations were 

between the spectral gap and reservoir capacity (0.88), K₀ 

rank and upstream flow rate (0.87), and K₁ torsion and 

irrigation efficiency (0.82). The trace map value showed the 

strongest correlation with seasonal variation (0.91), 

suggesting that this invariant captures temporal fluctuation 

patterns in the network. 

 

Performance evaluation 
To assess the predictive value of K-theoretic invariants 

beyond simple correlation, a five-fold cross-validated elastic 

net regression was fitted with all five K-theory invariants as 
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predictors and the allocation efficiency index as the response. 

The cross-validated R² was 0.681, and the mean absolute error 

was 0.072 on the efficiency scale. By comparison, a 

regression using only catchment area and mean annual 

precipitation as predictors achieved a cross-validated R² of 

0.437. A combined model using both K-theory invariants and 

physical predictors reached R² = 0.791, indicating that the 

algebraic invariants capture variation not explained by 

standard hydrological variables [12]. 

 

Discussion 

The results show that topological K-theory of graph C*-

algebras produces computable invariants that correlate 

meaningfully with water allocation efficiency in the Tigris-

Euphrates system. The negative relationship between K-group 

rank and efficiency is consistent with the interpretation that 

more topologically complex networks those with more loops, 

branches, and confluence points create more opportunities for 

allocation inefficiency through competing claims and routing 

conflicts [3, 13]. 

The cross-domain correlation matrix (Figure 2) revealed that 

different K-theoretic invariants capture different aspects of 

the allocation problem. The spectral gap, which measures the 

separation between the two largest eigenvalues of the graph 

Laplacian associated with C*(E), was most strongly linked to 

reservoir capacity a physical constraint on how much water 

can be stored and redistributed. The trace map value, 

reflecting the formal trace on the K₀ group, was most strongly 

associated with seasonal variation, perhaps because the trace 

aggregates contributions from all cycles in the graph, and 

seasonal patterns create temporal cycles in flow data [14]. 

One should be careful not to over-interpret these correlations 

as causal. The K-theoretic invariants are derived from the 

network topology, which was itself determined by the 

physical geography of the basin. It's possible that the 

invariants serve mainly as proxies for geographic features 

(basin size, elevation range, number of tributaries) that 

directly affect allocation efficiency. The combined regression 

model, which improved R² from 0.681 to 0.791 when physical 

variables were added, supports this view while also showing 

that the K-theory variables contribute independent 

explanatory power [15]. Another limitation is the small sample 

of 20 sub-basins, which limits statistical power and makes the 

regression estimates sensitive to individual observations. The 

bootstrap confidence intervals help quantify this uncertainty 

but cannot fully compensate for the small n [16]. 

 

Conclusion 
This research evaluated computational methods for 

topological K-theory of graph C*-algebras and applied the 

resulting invariants to water allocation in the Tigris-Euphrates 

basin. The Smith normal form method proved faster than the 

Pimsner-Voiculescu decomposition for graphs up to 100 

nodes, with both methods completing in practical time. 

Applied to the 20 sub-basin network, K-group ranks showed a 

strong negative quadratic relationship with allocation 

efficiency (R² = 0.743), and a five-variable elastic net model 

using K-theoretic invariants achieved cross-validated R² = 

0.681. These findings suggest that algebraic-topological 

invariants of network structure provide useful descriptors of 

resource allocation patterns in complex river systems. Future 

research should test these methods on other transboundary 

river basins and explore whether changes in network topology 

caused by dam construction or channel modification produce 

detectable shifts in K-theoretic invariants. 
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