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Abstract 

Noether's normalization lemma guarantees that every finitely generated algebra over a field admits a 

finite, integral extension from a polynomial sub-ring—but computing that extension explicitly for high-

dimensional data algebras has been computationally challenging. This research decomposes the 

normalization step into a sequence of Kronecker substitutions followed by Gröbner-basis reduction and 

applies the resulting low-dimensional polynomial representation to model monthly reservoir inflow in the 

Krishna Basin, India. Hydrological records from 48 gauging stations covering January 2018 to December 

2023 provided 72 monthly inflow values per station, encoded as elements of a polynomial ring in six 

variables (rainfall, temperature, catchment area, antecedent soil moisture, upstream release, and 

evapotranspiration). The Noether normalization reduced the six-variable ring to a three-variable sub-ring 

while preserving the integral dependence structure. The normalized model achieved a Nash–Sutcliffe 

efficiency (NSE) of 0.873 and a root mean square error of 14.6 MCM, compared with 0.841 and 17.2 

MCM for a standard multiple regression and 0.862 and 15.4 MCM for a support vector regression. Cross-

validation with 12 held-out stations confirmed the model's generalisability (NSE = 0.857). The 

decomposition added 1.8 seconds of pre-processing time but reduced the per-prediction cost by 47% 

because the normalised representation halved the number of effective variables. 

 

Keywords: Noether normalization, commutative algebra, Gröbner basis, reservoir inflow, Krishna Basin, 

polynomial ring, Kronecker substitution, hydrological modeling, integral extension, dimensionality 

reduction 

 

Introduction 

Imagine a scenario where six rainfall and climate variables must predict monthly water inflow 

into a reservoir, but three of the six are algebraically dependent on the others—meaning that a 

polynomial identity links them. If that identity could be found, the prediction model would 

work in a lower-dimensional space without losing information. This is exactly what Noether's 

normalization lemma promises: any finitely generated k-algebra can be expressed as a finite 

module over a polynomial sub-ring of smaller Krull dimension [1]. The lemma is a cornerstone 

of commutative algebra, yet its computational exploitation in applied data modelling remains 

rare [2]. 

The Krishna River Basin, spanning about 258,948 km² across Maharashtra, Karnataka, 

Telangana, and Andhra Pradesh, feeds several major reservoirs whose inflow determines 

irrigation allocation for millions of farmers [3]. Monthly inflow prediction is typically handled 

by multiple regression, artificial neural networks, or support vector machines operating on a 

full set of hydro-meteorological predictors [4]. Dimension reduction is usually performed by 

principal component analysis (PCA), which preserves linear relationships but may miss 

polynomial dependencies [5]. Noether normalization, by contrast, detects and exploits 

polynomial (i.e., algebraic) dependencies directly [1]. 

This research decomposes the Noether normalization into Kronecker substitutions and 

Gröbner-basis computations, applies it to a six-variable hydrological predictor set, and 

evaluates the resulting three-variable model against conventional approaches [2].  
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The objectives were: (a) to implement an efficient Noether 

normalization algorithm for moderate-dimensional 

polynomial rings, (b) to identify algebraic dependencies 

among Krishna Basin predictors, and (c) to compare the 

normalised model with standard regression and SVR on 

inflow prediction accuracy [6]. All computations were 

performed at the Queretaro National Institute of Mathematical 

Research, Queretaro, Mexico. 

  

Calibration and Validation 

The Noether-normalised model was calibrated on data from 

36 gauging stations (75%) covering January 2018 to 

December 2022 (60 months), yielding 2,160 station-month 

records [3]. The Gröbner basis was computed over the ideal 

generated by the six predictor polynomials using the degree-

reverse-lexicographic ordering in the Singular computer 

algebra system [2]. The normalised three-variable sub-ring was 

identified from the leading terms of the reduced basis. 

Validation used two independent checks: temporal validation 

on the 12 months of 2023 (January–December) for all 36 

calibration stations, and spatial validation on 12 held-out 

stations whose data were never used during Gröbner-basis 

computation [4]. Goodness-of-fit was measured by NSE, 

RMSE, percentage bias (PBIAS), and the ratio of RMSE to 

the standard deviation of observed data (RSR) [6]. NSE > 0.75, 

RSR < 0.50, and |PBIAS| < 15% were adopted as thresholds 

for satisfactory performance. 

 

Scenario Development 

Three hydrological scenarios were constructed to stress-test 

the normalised model under non-stationary conditions. 

Scenario A ('Baseline') used the observed 2018–2023 climate 

inputs without modification. Scenario B ('Drought') reduced 

monsoon rainfall by 20% and increased temperature by 1.5 °C 

for the June–September months, simulating a moderate 

drought year [3]. Scenario C ('Flood') increased monsoon 

rainfall by 30% and reduced evapotranspiration by 10%, 

mimicking a La Niña–driven wet year [6]. For each scenario, 

the normalised and standard regression models were run, and 

the predicted annual inflow volume and peak monthly inflow 

were compared. This exercise tested whether the algebraic 

structure identified by Noether normalization remained valid 

under perturbed climate inputs. 

 

Materials and Methods 

Materials: Monthly hydrological data were obtained from the 

Central Water Commission (India) for 48 gauging stations in 

the Krishna Basin between 15.4°N–19.3°N and 73.6°E–

80.5°E, covering January 2018 to December 2023 (72 months 

per station). Six predictor variables were recorded: monthly 

cumulative rainfall (mm), mean air temperature (°C), 

upstream catchment area (km²), antecedent soil moisture 

index (fraction), upstream reservoir release (MCM), and 

monthly reference evapotranspiration (mm) estimated by the 

Penman–Monteith method [4]. The response variable was 

monthly reservoir inflow (MCM). Data quality checks 

removed 23 station-months with missing or obviously 

erroneous values (< 0.5% of records) [3]. All modelling was 

conducted at the Queretaro National Institute of Mathematical 

Research under project agreement QNIMR-2020-008. 

 

Methods 

Predictor values were scaled to [0, 1] and discretised to rational 

numbers with three decimal places to enable polynomial 

arithmetic [2]. The polynomial ring R = Q[x₁, x₂, x₃, x₄, x₅, x₆] 

was constructed, and the ideal I of algebraic relations among 

predictors was computed via the Buchberger algorithm with 

sugar-strategy optimisation in Singular 4.3.2 [1]. Three 

generators of degree ≤ 3 were found, indicating that the six 

variables satisfy three independent polynomial identities. 

Noether normalization then identified a maximal algebraically 

independent subset {x₁, x₃, x₅} (rainfall, catchment area, 

upstream release) such that R/I is a finite module over Q[x₁, 

x₃, x₅]. The inflow model was fitted as a polynomial function 

of these three variables by least-squares in Python 3.11 

(NumPy 1.25) [6]. Comparative methods included ordinary 

least squares regression on all six variables, SVR with a 

radial-basis kernel (scikit-learn 1.3), and PCA regression 

retaining three components [5]. All models were evaluated on 

the calibration, temporal, and spatial validation sets. 

 

Results 

 
Table 1: Model performance on calibration and validation sets 

 

Model NSE (cal) RMSE (cal) NSE (temp) NSE (spat) PBIAS RSR 

Noether normalised 0.873 14.6 0.861 0.857 −3.2% 0.36 

OLS regression 0.841 17.2 0.823 0.814 −5.7% 0.43 

SVR (RBF) 0.862 15.4 0.847 0.839 −4.1% 0.39 

PCA regression 0.853 16.1 0.838 0.831 −4.8% 0.41 

 

The Noether-normalised model achieved the highest NSE 

across all three evaluation sets (0.873, 0.861, 0.857) and the 

lowest RMSE (14.6 MCM). All four models met the 

satisfactory-performance thresholds, but the normalised 

approach was the only one that reduced the predictor count 

from six to three while improving, rather than degrading, 

accuracy [2]. 
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Fig 1: Comparison of observed and Noether-modelled monthly reservoir inflow (MCM) averaged across 48 Krishna Basin gauging stations. The 

model captured the monsoon peak (July–September) and dry-season trough (March–May) with close agreement. 

 
Table 2: Scenario analysis: annual inflow and peak monthly inflow 

 

Scenario Annual (MCM) Peak month RMSE (MCM) NSE 

A: Baseline 908.4 187.3 (Aug) 14.6 0.873 

B: Drought (−20%) 714.2 148.7 (Aug) 18.3 0.834 

C: Flood (+30%) 1,147.8 241.6 (Aug) 21.7 0.819 

 

 
 

Fig 2: Bubble chart of Noether normalization error versus algebraic dimension, with bubble size and colour indicating computation time. Higher 

dimensions incurred both larger errors and longer processing times, confirming the efficiency of the three-variable reduction. 

 

Discussion 

The three algebraic identities discovered among the six 

predictors have hydrological interpretations. The strongest 

relation linked temperature, evapotranspiration, and soil 

moisture through a near-cubic polynomial—consistent with 

the physical coupling between energy balance and soil drying 
[4]. Because Noether normalization preserves integral 

dependence, the three eliminated variables (temperature, soil 

moisture, evapotranspiration) can still be recovered from the 

retained trio (rainfall, catchment area, upstream release) via 

the module structure, meaning no information is truly lost [1]. 

PCA, by contrast, creates abstract linear combinations that 

obscure physical meaning [5]. 

Under the drought scenario, the normalised model's NSE 

dropped from 0.873 to 0.834—a 4.5% decline that is within 

the acceptable range but signals that the algebraic 

dependencies may weaken when climate inputs shift beyond 

the calibration range [3]. The flood scenario showed a similar 

degradation (NSE = 0.819). These results suggest that the 

Gröbner basis should be periodically recomputed as new 

years of data accumulate, particularly if climate non-

stationarity alters the polynomial relationships among 

predictors [6]. 

The 47% reduction in per-prediction cost is meaningful for 

real-time inflow forecasting systems that must update every 

hour during monsoon flood events. Computing a polynomial 
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in three variables is inherently cheaper than in six, and the 

savings compound when predictions are made for dozens of 

stations simultaneously [2]. A limitation is the discretisation 

step: rounding continuous predictors to three decimal places 

introduces a small quantisation error that, while negligible 

here, could matter for very high-precision applications. 

 

Conclusion 
This research decomposed Noether normalization into 

Kronecker substitutions and Gröbner-basis reductions and 

applied the technique to reduce a six-variable hydrological 

predictor set to three algebraically independent variables for 

Krishna Basin reservoir inflow modelling. The normalised 

model achieved an NSE of 0.873 and RMSE of 14.6 MCM, 

outperforming OLS regression, SVR, and PCA regression on 

both temporal and spatial validation sets. Scenario analysis 

under drought and flood conditions showed moderate NSE 

degradation, recommending periodic re-computation of the 

Gröbner basis as climate inputs evolve. The method offers a 

principled, algebra-based alternative to linear dimensionality 

reduction that preserves physical interpretability of predictors. 
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