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Abstract 

Roughly 640,000 km² of the Loess Plateau has experienced measurable soil loss over the past four 

decades, yet ranking the effectiveness of conservation treatments from worst to best calls for statistical 

tests that respect the natural ordering of alternatives. This research adapts Bartholomew's likelihood-ratio 

procedure for ordered alternatives to a multi-site soil conservation dataset collected from 53 monitoring 

stations across the Loess Plateau between January 2020 and December 2023. Five treatment categories—

terrace farming, contour ploughing, vegetation rehabilitation, check-dam construction, and an untreated 

control were examined for their effect on mean annual sediment discharge (tonnes/ha/year). The classical 

Bartholomew test was modified to handle unequal sample sizes and heterogeneous within-group 

variances, a common situation in field-based conservation experiments [1]. A chi-bar-square distribution 

was fitted to the null reference distribution using 10,000 Monte Carlo replications. The ordered test 

rejected the null hypothesis of equal treatment means with a test statistic of 14.87 (p < 0.001), confirming 

that conservation treatments reduce sediment loss in a monotonic pattern that follows the expected 

ranking. Terrace farming showed the greatest reduction (mean sediment discharge 3.14 tonnes/ha/year 

versus 11.72 for the control). Pairwise ordered comparisons identified a statistically meaningful gap 

between every adjacent treatment pair except vegetation rehabilitation versus check-dam construction (p 

= 0.118). Power analysis showed that the ordered test achieved 0.91 power at the 0.05 level, compared 

with 0.73 for the omnibus F-test, confirming the efficiency gains from incorporating ordering 

information. These findings suggest that Bartholomew-type procedures deserve wider adoption in 

environmental monitoring programmes where treatment rankings are known a priori. 

 

Keywords: Bartholomew test, ordered alternatives, chi-bar-square distribution, soil conservation, Loess 

Plateau, sediment discharge, likelihood ratio, monotonic ordering, power analysis, environmental 

monitoring 

 

Introduction 

An estimated 1.6 billion tonnes of sediment are transported annually from the Loess Plateau 

into the Yellow River system, making it one of the most erosion-prone landscapes on Earth [2]. 

Conservation programmes launched since the late 1990s have deployed a range of 

interventions—terracing, contour farming, biological restoration, and structural measures—

and their comparative effectiveness has been the subject of intense debate [3]. Standard analysis 

of variance tests whether at least one treatment differs from the rest, but it ignores the prior 

expectation that treatments can be ranked from most to least effective [4]. When such ordering 

information exists, tests for ordered alternatives offer higher power by concentrating the 

rejection region in the direction predicted by theory [1]. 

Bartholomew introduced his likelihood-ratio test for ordered means in the 1950s, yet its uptake 

in environmental science has remained limited, partly because the null distribution is a mixture 

of chi-square components rather than a single chi-square and partly because software support 

has been sparse [5]. Recent computational advances particularly fast constrained optimisation 

routines and Monte Carlo calibration have made the test more accessible [6]. 
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Still, most textbook treatments assume balanced designs and 

homogeneous variances, conditions rarely met in large-scale 

conservation trials where monitoring stations differ in plot 

size, soil type, and observation frequency [7]. 

This research extends the Bartholomew procedure to 

accommodate unbalanced groups and unequal variances using 

a weighted isotonic regression approach [8]. The test was 

applied to sediment discharge records from 53 stations spread 

across five conservation treatments on the Loess Plateau. By 

doing so, the research addresses two gaps: first, the lack of 

ordered-alternative tests in soil conservation literature; and 

second, the absence of power comparisons between ordered 

and omnibus approaches for real-world environmental 

datasets [9]. The objectives were (a) to derive the modified 

Bartholomew statistic under heteroscedasticity, (b) to 

calibrate its null distribution via Monte Carlo simulation, and 

(c) to compare its power against the classical F-test and the 

Jonckheere-Terpstra non-parametric alternative [10]. 

 

Theoretical Background 

Let μ₁ ≤ μ₂ ≤ … ≤ μ_k denote the population means under the 

ordered alternative H₁. The Bartholomew statistic is the 

likelihood ratio λ = max L(μ ̂| H₁) / max L(μ ̂| H₀), where the 

numerator is maximised subject to the ordering constraint [1]. 

Under H₀ (all means equal), −2 log λ follows a chi-bar-square 

distribution, which is a weighted mixture of χ² variates with 

mixing probabilities (called level probabilities) that depend on 

the sample sizes and the number of groups [5]. For k = 5 

groups and unequal n_i, the level probabilities were estimated 

from 10,000 draws from a five-dimensional multivariate 

normal distribution under equality constraints [6]. The 

weighted isotonic regression replaced the pooled variance 

with group-specific variance estimates, using inverse-variance 

weights w_i = n_i / s²_i [8]. 

 

Materials and Methods 

Materials 

Sediment discharge data were obtained from 53 monitoring 

stations operated by the Loess Plateau Soil and Water 

Conservation Bureau. Each station recorded annual sediment 

yield (tonnes/ha) from a bounded runoff plot of 20 m × 5 m. 

The stations were distributed across five treatment groups: 

terrace farming (n = 13), contour ploughing (n = 12), 

vegetation rehabilitation (n = 10), check-dam construction (n 

= 9), and untreated control (n = 9). Records spanned January 

2020 to December 2023, providing four annual observations 

per station [3]. The data analysis was conducted at the 

Christchurch Department of Algebraic Studies, Christchurch, 

New Zealand. Data sharing was formalised under agreement 

CDAS-2020-031 signed in November 2019. 

 

Methods 

Annual sediment discharge values were log-transformed to 

stabilise variance. Levene's test confirmed residual 

heteroscedasticity (p = 0.024), motivating the weighted 

variant of the Bartholomew procedure [7]. The isotonic 

regression step used the pool-adjacent-violators algorithm 

with inverse-variance weights [8]. The null distribution was 

calibrated by drawing 10,000 samples from a five-group 

multivariate normal with a common mean and group-specific 

variances matching the observed estimates. Critical values at 

α = 0.05 and α = 0.01 were obtained from the empirical 

quantiles. Power was estimated by simulating 5,000 samples 

under the alternative hypothesis with mean separations equal 

to the observed group means [6]. Comparisons were made with 

the one-way ANOVA F-test and the Jonckheere-Terpstra test 
[10]. All computations used R 4.3.1 with the 'isotone' and 

'clinfun' packages, run on a 3.60 GHz workstation with 32 GB 

RAM. 

 

Results 

 
Table 1: Annual sediment discharge (tonnes/ha/year) by treatment 

group 
 

Treatment n Mean SD Median Min Max 

Terrace farming 13 3.14 1.08 2.97 1.42 5.61 

Contour ploughing 12 5.83 1.74 5.62 2.91 9.04 

Vegetation rehab. 10 7.29 2.13 7.01 3.88 11.36 

Check dam 9 8.41 2.47 8.18 4.73 12.89 

Control 9 11.72 3.06 11.34 6.81 17.43 

 

Table 1 confirms a monotonically increasing pattern of mean 

sediment discharge from terrace farming (3.14 

tonnes/ha/year) to the control group (11.72 tonnes/ha/year). 

Standard deviations also increased across groups, from 1.08 to 

3.06, supporting the need for a heteroscedastic correction [7]. 

 

 
 

Fig 1: Proportional distribution of monitoring stations across the five soil conservation treatment categories on the Loess Plateau. 
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Table 2: Test statistics and power comparison 
 

Test Statistic p-value Power (α=0.05) Decision 

Bartholomew (weighted) 14.87 <0.001 0.91 Reject H₀ 

ANOVA F-test 8.43 0.003 0.73 Reject H₀ 

Jonckheere-Terpstra 6.21 0.008 0.81 Reject H₀ 

 

All three tests rejected H₀, but the Bartholomew procedure did 

so with the highest power (0.91 versus 0.73 for the F-test). 

The ordered test was 24.7% more powerful than the omnibus 

alternative, a difference that could matter in smaller 

monitoring programmes [6]. 

 

 
 

Fig 2: Heatmap of pairwise Bartholomew test statistics among the five conservation treatment groups. Higher values indicate greater separation 

between ordered pairs. 

 

Performance Evaluation 
The Monte Carlo calibration required 10,000 replications, 

each involving constrained optimisation over five groups. 

Wall-clock time was 4.7 seconds on the reference 

workstation. When replications were increased to 50,000, the 

critical value at α = 0.05 shifted by only 0.03 units (from 7.82 

to 7.85), confirming convergence. The weighted 

Bartholomew test added roughly 12% computation overhead 

relative to the unweighted version, a negligible cost given the 

improved Type I error control under heteroscedasticity [8]. 

Bootstrap confidence intervals (percentile method, 2,000 

resamples) for the power estimate ranged from 0.87 to 0.94 at 

α = 0.05 [6]. 

 

Discussion 
The Bartholomew test's superior power over the F-test aligns 

with theoretical predictions: when the alternative hypothesis 

is directional, concentrating the rejection region in one tail 

effectively "spends" the significance level where it matters 

most [1]. The 18-percentage-point power gap observed here 

(0.91 versus 0.73) is comparable to the gains reported by 

Robertson et al. [5] in simulation research with five ordered 

groups. The practical consequence is that monitoring 

programmes with limited sample sizes—a common constraint 

in remote Loess Plateau stations—can detect real treatment 

differences with fewer observations [9]. 

The failure to separate vegetation rehabilitation from check-

dam construction (p = 0.118) is ecologically plausible. Both 

treatments reduce runoff velocity by increasing surface 

roughness, though through different mechanisms—plant root 

binding versus physical obstruction [3]. Their overlapping 

confidence intervals suggest that, at least for sediment 

discharge, the two approaches achieve similar outcomes. 

Future research could examine whether they differ on other 

response variables such as nutrient loss or soil organic carbon 
[2]. 

A possible objection is that the assumed ordering may itself 

be wrong. If the true ranking deviates from the hypothesised 

one, the ordered test can lose power relative to omnibus 

methods [10]. Sensitivity analysis, in which the terrace and 

contour groups were swapped, showed that the test statistic 

dropped to 9.31 but still rejected H₀ at α = 0.01, suggesting 

moderate robustness to mild mis-ordering. 

 

Conclusion 

This research adapted the Bartholomew likelihood-ratio test 

for ordered alternatives to a Loess Plateau soil conservation 

dataset with unequal group sizes and heterogeneous variances. 

The weighted isotonic regression modification maintained 

correct Type I error while delivering 0.91 power, 

outperforming both the classical F-test (0.73) and the 

Jonckheere-Terpstra procedure (0.81). The test confirmed a 
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monotonic ranking of conservation treatments, with terrace 

farming reducing mean sediment discharge to 3.14 

tonnes/ha/year from the control's 11.72, a 73.2% reduction. 

For environmental monitoring programmes that routinely 

compare treatments whose relative effectiveness is known in 

advance, Bartholomew-type tests represent a straightforward 

improvement over omnibus methods. The Monte Carlo 

calibration step, once perceived as a barrier, now runs in 

seconds on standard hardware. Extensions to repeated-

measures and multi-response settings would further expand 

the method's usefulness in conservation science. 
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