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Abstract 

Consider a monitoring station in the Hindu Kush mountains that records snowpack depth, snow water 

equivalent, density, and temperature at weekly intervals throughout the winter season. When should an 

alarm be triggered that conditions have departed from historical norms? This research generalizes 

Hotelling's T² test for multivariate location to accommodate non-normal data, serial correlation, and 

peaks-over-threshold exceedances typical of mountain snowpack monitoring systems. Classical Hotelling 

T² assumes multivariate normality and independence assumptions that fail when snowpack variables 

exhibit skewness, heavy tails, and temporal persistence driven by storm cycles [1]. We develop a 

generalized T² statistic based on robust covariance estimators derived from attractors of iterated function 

systems in the phase space of the multivariate time series. Integral transforms convert the serial 

correlation structure into a frequency-domain representation where asymptotic theory for the generalized 

T² is tractable. Stratified sampling across elevation zones provides the spatial design, and clustering 

algorithms group stations with similar snowpack regimes. The peaks-over-threshold component identifies 

extreme snowfall events that require separate distributional treatment. Data from 24 monitoring stations 

across the Hindu Kush range in Pakistan and Afghanistan, spanning the winters of 2013-2014 through 

2022-2023, provided the testing ground. Results show that the generalized T² maintained Type I error at 

4.8% (nominal 5%) under non-normality, compared to 8.3% for the classical T², while achieving 86.7% 

detection power for location shifts of 0.5 standard deviations. The attractor-based covariance estimator 

reduced false alarm rates by 34.2% relative to the sample covariance matrix. These findings suggest that 

operations research tools from dynamical systems and integral transform theory can improve the 

reliability of multivariate process monitoring in environmental applications. 

 

Keywords: Hotelling T-squared, multivariate testing, snowpack monitoring, attractors, integral 

transforms, stratified sampling, clustering, peaks over threshold, Hindu Kush, robust covariance 

 

Introduction 

In February 2019, the Chitral monitoring station in Pakistan's Hindu Kush recorded a snow 

water equivalent of 847 mm nearly three standard deviations above the 30-year average while 

simultaneously registering a snowpack density that was only 0.7 standard deviations above 

normal [2]. A univariate alarm based on either variable alone would have produced conflicting 

signals: extreme for water equivalent, unremarkable for density. The multivariate perspective 

resolves this by asking whether the joint observation vector falls outside the region expected 

under historical conditions, and that is exactly what Hotelling's T² test does [1]. 

The T² statistic, introduced by Harold Hotelling in 1931, generalizes the univariate t-test to p 

dimensions by measuring the squared Mahalanobis distance of the sample mean vector from a 

hypothesized location, scaled by the inverse of the sample covariance matrix [3]. Under 

multivariate normality and independence, T² follows an F-distribution, providing exact critical 

values. But snowpack data violate both assumptions: snow depth and density are typically 

right-skewed, snow water equivalent follows a distribution closer to log-normal than normal, 

and weekly observations within a winter season exhibit strong positive autocorrelation driven 

by storm sequences [4]. When the normality assumption fails, the classical T² inflates Type I 
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error; when serial correlation is present, the effective sample 

size shrinks and the test loses calibration [5]. 

Robust alternatives to the sample covariance matrix, such as 

the minimum covariance determinant (MCD) estimator or M-

estimators of scatter, can mitigate the effect of outliers and 

non-normality [6]. But the serial correlation problem requires a 

different approach. Integral transforms particularly the 

discrete Fourier transform convert the time-domain data into 

frequency-domain coefficients that are approximately 

uncorrelated under weak conditions, allowing the T² test to be 

applied to Fourier coefficients rather than raw observations [7]. 

The attractor perspective from dynamical systems theory adds 

a further refinement: by reconstructing the phase-space 

attractor from the multivariate time series, one can estimate 

the effective dimensionality of the process and construct a 

covariance matrix that reflects the intrinsic geometry of the 

data rather than the ambient measurement space [8]. 

The Hindu Kush range stretches across northeastern 

Afghanistan and northwestern Pakistan, with peaks exceeding 

7,000 meters and seasonal snowpack that feeds the Kabul, 

Chitral, and Kunar river systems [2]. Snowpack monitoring is 

sparse due to the extreme terrain and political instability, 

making each observation valuable and the consequences of 

false alarms unnecessary evacuations or resource mobilization 

costly. 

This research develops a generalized Hotelling T² test 

incorporating robust covariance estimation, integral 

transforms for serial correlation, attractor-based 

dimensionality reduction, and peaks-over-threshold treatment 

of extremes. Application to 24 Hindu Kush stations over 10 

winter seasons tests the method's calibration and power under 

field conditions. 

 

System Architecture: The monitoring framework comprised 

three layers. The Data Acquisition Layer collected weekly 

measurements of snowpack depth (cm), snow water 

equivalent (mm), bulk density (kg/m³), and near-surface 

temperature (°C) from 24 stations via satellite-linked 

dataloggers. Missing values (8.7% of the total) were imputed 

using expectation-maximization with a seasonal adjustment 

factor [9]. The Processing Layer implemented the generalized 

T² pipeline in three stages: (i) frequency-domain 

transformation using the discrete Fourier transform on 20-

week winter windows, (ii) attractor reconstruction via time-

delay embedding with embedding dimension selected by 

false-nearest-neighbor analysis, and (iii) robust covariance 

estimation using the minimum covariance determinant at 75% 

subset fraction [6]. The Decision Layer compared the 

generalized T² to critical values derived from a permutation 

distribution with 5,000 resamples, avoiding reliance on 

asymptotic F-distribution approximations that may be 

inaccurate at small effective sample sizes. Alarms were 

classified as low (p<0.10), moderate (p<0.05), and high 

(p<0.01), with peaks-over-threshold exceedances 

automatically escalated to high regardless of the T² p-value 
[10]. 

 

Material and Methods 

Material: This research was conducted at the Department of 

Discrete Mathematics, Rajshahi National Institute of 

Mathematical Research, Rajshahi, Bangladesh, using 

snowpack monitoring data from the Pakistan Meteorological 

Department and the Afghanistan Meteorological Authority. 

Weekly records from 24 stations spanning winters 2013-2014 

through 2022-2023 (20 weeks per winter, October to March) 

provided 4,800 station-week observations. Stations were 

distributed across three elevation zones: low (2,500-3,500 m, 

8 stations), mid (3,500-4,500 m, 10 stations), and high (above 

4,500 m, 6 stations). Stratified sampling across these zones 

ensured balanced representation. Supplementary data included 

ERA5 reanalysis temperature and precipitation at 0.25-degree 

resolution and MODIS snow cover fraction at 500-m 

resolution. Ethical approval was not required as data were 

obtained from government meteorological databases. 

 

Methods: Analysis proceeded in five steps. First, each 

station's 4-variable weekly time series was transformed via 

the discrete Fourier transform to obtain frequency-domain 

coefficients for the first 10 harmonics (covering periodicities 

from 2 to 20 weeks). Second, the time-delay embedding 

reconstructed phase-space attractors using an embedding 

dimension of 3 (selected by false-nearest-neighbor analysis 

with a threshold of 5%) and a delay of 2 weeks [8]. Third, 

robust covariance matrices were estimated using the MCD 

algorithm on the Fourier coefficients, and the generalized T² 

was computed as T²_gen = n * (x_bar - mu_0)' * S_MCD^(-

1) * (x_bar - mu_0), where S_MCD is the robust covariance 

and mu_0 is the historical mean vector [6]. Fourth, critical 

values were obtained by a permutation procedure: under the 

null hypothesis, observations were resampled 5,000 times 

with random shuffling of year labels, and the T² distribution 

under permutation provided non-parametric critical values [11]. 

Fifth, peaks-over-threshold analysis identified extreme 

snowpack events using a generalized Pareto distribution fitted 

to exceedances above the 95th percentile of each variable. 

Clustering of stations used Ward's method on the 

Mahalanobis distance matrix, producing 4 regime clusters that 

were compared for spatial coherence. Type I error was 

evaluated on the 5 most stable winters (lowest interannual 

variability), and power was assessed by adding synthetic 

location shifts of 0.25, 0.50, 0.75, and 1.00 standard 

deviations to the historical data [12]. 

 

Results 

 
Table 1: Type I Error and Power of T² Variants at Nominal 5% Level 

 

T² Variant Type I Power 0.5σ Power 1.0σ False Alarms 

Classical T² 0.083 0.712 0.934 41 

MCD-based T² 0.061 0.798 0.961 29 

Generalized T² 0.048 0.867 0.987 23 

Permutation T² 0.051 0.841 0.978 25 

 

The generalized T² (combining Fourier transform, attractor 

reconstruction, and MCD covariance) achieved the best 

calibration with Type I error of 0.048, essentially matching 

the nominal 5% level (Table 1). Classical T² inflated Type I 

error to 8.3%, producing 41 false alarms over the 10-winter 

evaluation period compared to just 23 for the generalized 

version a 43.9% reduction. At the 0.5σ shift level relevant for 

early detection, the generalized T² achieved 86.7% power 

versus 71.2% for the classical test. 
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Table 2: Snowpack Characteristics by Elevation Zone and Station Cluster 
 

Zone Stations Mean SWE Mean Depth CV (%) Exceedances 

Low 8 312 mm 142.8 cm 38.4 17 

Mid 10 487 mm 198.4 cm 31.2 23 

High 6 634 mm 223.6 cm 27.8 14 

 

Snowpack increased with elevation as expected, with mean 

snow water equivalent rising from 312 mm in the low zone to 

634 mm in the high zone (Table 2). The coefficient of 

variation decreased with elevation (38.4% to 27.8%), 

indicating that high-elevation stations had more stable 

snowpack. Peaks-over-threshold exceedances were most 

frequent at mid-elevation stations (23 events), where the 

transition between rain and snow creates the most variable 

precipitation regime. 

 

 
 

Fig 1: Mean Snowpack Depth across Six Representative Hindu Kush Monitoring Stations 

 

Figure 1 shows substantial variation in mean snowpack depth 

among the six stations, ranging from 142.8 cm at Dir (low 

zone) to 223.6 cm at Gilgit (high zone). The Skardu and Bunji 

stations in the mid-zone corridor showed intermediate values 

with relatively high variability, consistent with their exposure 

to both westerly and monsoon precipitation systems. 

 

 
 

Fig 2: Performance Comparison of Classical and Generalized T² Tests across Six Diagnostic Criteria 
 

Figure 2 presents a radar comparison of the two T² variants 

across six criteria. The generalized T² (dark) outperformed the 

classical version (light) on all six axes, with the largest gains 

in robustness (0.84 vs. 0.61) and bias control (0.89 vs. 0.72).  

The efficiency gap was smallest at 0.09, indicating that the 

robustness gains came with minimal loss of statistical 

efficiency under near-normal conditions. 

 

https://www.mathsjournal.com/


 

~162~ 

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com 
 

Comprehensive Interpretation 

The combined results establish that the generalized Hotelling 

T² test, with its attractor-based covariance estimation and 

frequency-domain transformation, provides markedly better 

calibration and detection power than the classical T² for 

Hindu Kush snowpack monitoring. The 34.2% reduction in 

false alarms translates directly to reduced operational costs for 

emergency response agencies. 

 

Implementation Details 
The full pipeline was implemented in Python 3.11. Fourier 

transforms used NumPy's FFT module, attractor 

reconstruction used the nolds library for false-nearest-

neighbor analysis, and MCD estimation used scikit-learn's 

MinCovDet class. The permutation test was parallelized 

across 8 CPU cores using Python's multiprocessing module, 

reducing computation time from 42 seconds to 7 seconds per 

station-winter. The peaks-over-threshold model used the 

scipy.stats generalized Pareto distribution fitting via 

maximum likelihood. Station clustering used 

scipy.cluster.hierarchy with Ward linkage and a cophenetic 

correlation threshold of 0.80 for cutting the dendrogram. The 

entire pipeline processed all 24 stations for one winter in 

under 3 minutes on an Intel i7 desktop, making it feasible for 

near-real-time monitoring applications. 

 

Discussion 

The 8.3% Type I error rate for the classical T² is not 

catastrophic, but in a monitoring context with 24 stations and 

20 weeks per winter, it means roughly 40 false alarms per 

season nearly one per week. Reducing this to 23 alarms (4.8% 

rate) may seem like a modest improvement in percentage 

terms, but it represents a 44% reduction in the workload for 

field teams who must investigate each alarm [1]. The 

operational benefit is even larger when considering that false 

alarms erode trust in the monitoring system: after enough 

false alerts, operators begin ignoring alarms, including 

genuine ones. 

The attractor reconstruction step is the most unconventional 

element of the pipeline. Phase-space attractors are typically 

used in chaos theory and nonlinear time series analysis [8], not 

in process monitoring. But the rationale is sound: the attractor 

captures the intrinsic dynamics of the multivariate snowpack 

system the way depth, density, water equivalent, and 

temperature co-evolve over a winter season in a lower-

dimensional manifold that strips away redundant variation. 

The estimated embedding dimension of 3 suggests that the 4-

variable system is effectively 3-dimensional, consistent with 

the physical coupling between depth and water equivalent 

(both depend on precipitation) that reduces the degrees of 

freedom. 

The stratified sampling design across elevation zones was 

necessary for valid inference but also limited the analysis. 

With only 6 stations in the high zone, the permutation test had 

limited resolution for detecting subtle shifts at the highest 

elevations. Future deployments should prioritize adding 

stations above 4,500 m, where snowpack changes have the 

largest downstream impact on spring runoff [2]. 

The peaks-over-threshold component identified 54 extreme 

events across all stations, of which 37 coincided with known 

heavy snowfall episodes documented in Pakistan 

Meteorological Department records. The remaining 17 may 

represent measurement artifacts or localized events not 

captured in synoptic records. The generalized Pareto 

distribution fitted these exceedances with Anderson-Darling 

p-values above 0.10 in 22 of 24 stations, supporting the 

distributional choice [10]. 

 

Conclusion 

This research developed a generalized Hotelling T² test for 

multivariate monitoring of snowpack conditions in the Hindu 

Kush, incorporating robust covariance estimation, frequency-

domain transformation, attractor-based dimensionality 

reduction, and peaks-over-threshold treatment of extremes. 

The generalized test achieved near-nominal Type I error 

control at 4.8% compared to 8.3% for the classical T², and 

improved detection power to 86.7% at the 0.5 standard 

deviation shift level. False alarm rates dropped by over a 

third, which carries direct operational benefits for monitoring 

agencies working in resource-constrained and logistically 

challenging environments. Stratified sampling across 

elevation zones ensured balanced spatial coverage, while 

clustering identified coherent snowpack regime groups that 

align with known climatic zones. The attractor reconstruction 

revealed that the 4-variable snowpack system is effectively 3-

dimensional, allowing more efficient covariance estimation. 

For water resource managers and disaster preparedness 

agencies in Afghanistan and Pakistan, the generalized T² 

framework offers a statistically rigorous alternative to ad hoc 

alarm rules currently in use, with computational requirements 

that are compatible with near-real-time deployment. 
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