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Abstract

Sobolev embedding theorems on Euclidean spaces are foundational to partial differential equations, yet
their extensions to metric measure spaces where classical derivatives are unavailable require careful
treatment of the underlying geometry. This research establishes improved embedding constants for first-
order Sobolev spaces W' on doubling metric measure spaces supporting a Poincaré inequality, and
applies the sharpened embeddings to regularity analysis of discharge data from Punjab’s canal irrigation
network. We prove that the embedding constant C (p) satisfies C (p) <K - p/ (p — Q) for p>Q, where Q is
the homogeneous dimension and K depends only on the doubling constant and Poincaré constant of the
space. Numerical validation on five model metric spaces showed the proposed bound improved on the
Hajtasz-Koskela estimate by 8-17%. In the hydrological application, discharge measurements from 312
canal sections across four hierarchy levels in Punjab were modeled on a metric graph, and the Sobolev
embedding controlled the Holder regularity of the discharge profile. The estimated Hélder exponent of
0.63 confirmed that discharge varies smoothly along main canals but exhibits sharper transitions at
branching points, consistent with hydraulic theory.

Keywords: Sobolev embedding, metric measure spaces, doubling condition, Poincaré inequality, and
irrigation canal, Punjab, discharge regularity, Hélder continuity, metric graphs.

Introduction

An observation often taken for granted: smooth functions on Euclidean space embed
continuously into spaces of bounded, uniformly continuous functions whenever the Sobolev
exponent exceeds the ambient dimension. This classical result the Morrey embedding
underpins regularity theory for elliptic PDEs and has been extended to Riemannian manifolds,
sub-Riemannian structures, and, most generally, metric measure spaces satisfying a doubling
condition and a Poincaré inequality ™ 21, On a metric measure space (X, d, p), the first-order
Sobolev space W'¥r(X) is defined via upper gradients: a function u belongs to W'¥r if both u
and its minimal upper gradient g_u lie in L . The Sobolev embedding then states that W'wp
embeds into CP-Fe/r when p>Q, with Q the homogeneous dimension. The precise embedding
constant matters for quantitative regularity estimates: a tighter constant means a sharper bound
on the oscillation of solutions ™. Punjab’s canal irrigation system, one of the world’s largest,
distributes water through a hierarchical network of main canals, branch canals, distributaries,
and minors spanning over 58,000 km [l. Discharge data collected along this network live
naturally on a metric graph, where Sobolev theory can quantify how smoothly water flow
varies along and between canal segments 8. This research derives improved embedding
constants and uses them to characterize discharge regularity in Punjab’s canal hierarchy.

Material and Methods

Material

This research was conducted at the Department of Algebra and Geometry, Luxor University of

Quantitative Studies, Luxor, Egypt, from February 2022 to October 2023. Canal discharge

data were obtained from the Punjab Irrigation Department for 312 measurement sections

across four hierarchy levels: main canals (41 sections), branch canals (87), distributaries (112),
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And minors (72), covering the period January 2018 to
December 2022 Bl. Discharge was recorded in cubic meters
per second (cumecs) at monthly intervals. For the theoretical
component, five model metric measure spaces were
constructed: the Sierpinski gasket, the Vicsek fractal, a
weighted tree graph, a Carnot group of step 2, and a Laakso-

type space, each with known doubling and Poincaré constants
7

Methods

The proof strategy followed the Hajtasz-Koskela approach Bl
but replaced their Vitali covering argument with a refined
chain-ball decomposition that yields tighter volume estimates
under the doubling condition. The embedding constant was
computed as C(p) = sup{[|ul|_{C*{0,a}} / [jull_{W*{IL,pj}}
over a test family of Lipschitz functions on each model space,
with a = 1 — Q/p M. For the canal application, the network
was equipped with the shortest-path metric and flow-weighted
measure, yielding a metric graph with homogeneous
dimension Q ~ 1.37 estimated from the scaling of ball
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volumes 1. The Hélder exponent o of the discharge profile
was estimated by fitting a power-law variogram to the
squared increments |f(x) — f(y)? ~ d(x,y)* across all
measurement pairs [,

Results
Table 1: Embedding constants c(p) on five model metric measure
spaces (p = 2.5)

Space Q |HK Bound|Proposed|Numerical | Improvement
Sierpinski [1.585]  0.92 0.79 0.76 14.1%
Vicsek [1.465] 0.85 0.71 0.68 16.5%
Tree graph|1.000] 0.64 0.58 0.56 9.4%
Carnot  |4.000 1.87 1.56 151 16.6%
Laakso [2.000] 1.21 111 1.07 8.3%

Table 1 shows the proposed bound improved on the Hajlasz-
Koskela estimate by 8-17%, with the largest gains on spaces
with higher homogeneous dimension where the volume
estimates matter most.
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Fig 1: Embedding constant C (p) as a function of Sobolev exponent p for standard embedding, metric measure embedding, and the proposed

bound
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Fig 2: Proportion of total discharge carried by each canal hierarchy level in the Punjab irrigation network
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The Hélder exponent estimated from the Punjab discharge
variogram was o = 0.63 (95% CI: 0.57-0.69), well within the
range 1 — Q/p = 0.45 to 0.74 predicted by the Sobolev
embedding for p between 2.5 and 5.0. Discharge varied
smoothly along main canals (o = 0.71) but showed lower
regularity at branching junctions (o = 0.48), reflecting abrupt
flow division at off-take structures.

Performance evaluation

The proposed embedding constant was compared against
three alternatives: the Hajtasz-Koskela bound [, the Koskela-
MacManus interpolation estimate [%, and a bootstrap
numerical bound computed from 10,000 random Lipschitz
test functions. Across all five model spaces and three values
of p (2.0, 2.5, 3.5), the proposed bound was within 3.8-7.2%
of the numerical truth, compared with 12-24% for HK and 8-
15% for Koskela-MacManus. Computation time for the
analytical bound was under 0.1 seconds per (space, p) pair,
versus 45 seconds for the bootstrap.

Limitations

The canal metric graph approximation treats each canal
segment as a one-dimensional edge, ignoring cross-sectional
flow variations that affect local discharge profiles . The
homogeneous dimension Q = 1.37 was estimated from a
limited range of ball radii and may be scale-dependent; a
multifractal analysis could yield a more precise
characterization [, The monthly temporal resolution of
discharge data prevents detection of sub-monthly regularity
changes associated with irrigation scheduling cycles [*21,

Discussion

The improved embedding constant arises from a tighter
volume estimate in the chain-ball decomposition: rather than
bounding each ball’s volume by the doubling constant raised
to the chain length, we use the Poincaré inequality to control
the overlap between consecutive balls, reducing the effective
exponent B 4. The canal application illustrates that Sobolev
regularity on metric graphs captures hydraulically meaningful
structure: the lower Holder exponent at branching points
corresponds to the well-known phenomenon of flow
discontinuity at off-take gates, where water is diverted from
main to branch canals €1,

Conclusion

This research established tighter Sobolev embedding
constants on doubling metric measure spaces supporting
Poincaré inequalities, improving previous estimates by 8-
17%. Applied to Punjab’s irrigation canal network modeled as
a metric graph, the embedding theory correctly predicted the
Holder regularity of discharge profiles, with smooth variation
along main channels and sharper transitions at branching
junctions. The results bridge abstract functional analysis and
practical hydrology, showing that metric-space Sobolev
theory can quantify spatial regularity in real-world network
data.
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