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Abstract

How can reproducing kernel Hilbert space (RKHS) frameworks be adapted for ecological population
estimation when spatial data is irregularly distributed? This research addresses that question by
developing a kernel-based nonparametric method for estimating the abundance of Galapagos marine
iguanas (Amblyrhynchus cristatus) across the archipelago. Traditional survey sampling techniques often
assume regular spatial grids and homogeneous detection probabilities, but field conditions on volcanic
island coastlines rarely satisfy these assumptions. We propose a modified RKHS estimator that
incorporates Bayesian inference to handle missing observations and employs conformal mapping to
transform irregular coastal geometries into tractable computational domains. The approach relies on
positive-definite kernel functions embedded in a functional Hilbert space, where population density is
treated as an element of the space and estimated through regularized projection. A discriminant analysis
step classifies habitat patches by suitability, and an Erlang distribution models inter-sighting times during
transect surveys. Field data were collected from six islands between March 2019 and August 2022,
covering 47 coastal transects. Results show that the RKHS estimator reduced mean squared error by
31.7% compared to conventional Horvitz-Thompson estimators and by 18.4% compared to model-
assisted ratio estimators. The Bayesian component improved posterior coverage rates to 94.3% under a
95% credible interval. Manifold-based corrections for island curvature accounted for 12.8% of spatial
bias in raw counts. These findings suggest that kernel methods from functional analysis can meaningfully
strengthen survey sampling protocols in complex ecological settings.
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Introduction

What happens to population estimates when the underlying spatial domain is curved,
discontinuous, and only partially observable? This question sits at the intersection of
functional analysis and ecological survey design, and it has direct consequences for
conservation planning on island archipelagos. The Galapagos marine iguana, an endemic
species found nowhere else on Earth, inhabits rocky intertidal zones that wrap around volcanic
coastlines with irregular geometries. Standard survey sampling methods, including stratified
random sampling and systematic transect approaches, were originally built for planar or near-
planar spatial domains ™. When applied to island perimeters with sharp concavities and
elevation shifts, these methods can produce biased abundance estimates 2.

Reproducing kernel Hilbert spaces offer a mathematical framework well-suited for this kind of
problem. An RKHS is a Hilbert space of functions where point evaluation is a continuous
linear functional, meaning that the function value at any point can be recovered from the inner
product structure of the space [l. This property makes RKHS methods attractive for
interpolation and regression on irregular domains. Kernel functions such as the Gaussian radial
basis function, the Matern family, and the Laplacian kernel each impose different smoothness
assumptions on the target function ™. Choosing among them requires balancing bias and

variance in a way that depends on the spatial correlation structure of the ecological data.
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Bayesian inference adds a second layer of flexibility. By
placing prior distributions on the kernel hyperparameters and
on the population density surface itself, one can propagate
uncertainty through the estimation pipeline rather than relying
on plug-in variance formulas . Previous work by Diggle and
Ribeiro [ applied geostatistical models with Bayesian
updating to disease mapping, while Cressie and Wikle [1
extended spatial process models to environmental monitoring.
But neither approach was built around RKHS theory, and both
assumed relatively simple domain geometries.

Conformal mapping provides the geometric bridge. A
conformal map preserves angles locally while transforming a
complicated boundary into a simpler one, typically a disk or a
rectangle [, For island coastlines, this means that the
irregular perimeter of a volcanic island can be mapped to a
standard domain  where kernel computations are
straightforward. After estimation, the results are mapped back
to the original geometry. This idea has been used in fluid
dynamics and electrical engineering ©°, but its application to
ecological survey sampling appears to be new.

This research develops and tests an RKHS-based estimator
that combines Bayesian inference, conformal geometry, and
discriminant analysis to estimate marine iguana abundance on
the Galapagos Islands. Field data from 47 transects across six
islands, collected between 2019 and 2022, serve as the
empirical basis. The goal is to show that functional-analytic
tools can meaningfully reduce estimation error in spatially
complex ecological surveys.

Theoretical Background: A reproducing kernel Hilbert
space H over a set X is defined by a symmetric, positive-
definite kernel function K: X x X -> R such that for every x in
X, the function K(.,x) belongs to H and the reproducing
property f(x) = <f, K(.,x)> holds for all f in H %, The kernel
encodes the smoothness and correlation structure of the
function class. In the Gaussian kernel K(x,y) = exp(-||x-y||"2 /
2h”"2), the bandwidth parameter h controls the effective range
of spatial dependence. The Matern class generalizes this by
introducing a smoothness parameter v that governs the
differentiability of sample paths I,

For population estimation, the density surface lambda(s) at
spatial location s is modeled as an element of H. Given
observations at locations s_1,...,s_n with counts y_1,....y n,
the RKHS estimator solves a penalized optimization problem:
minimize the sum of loss terms L(y_i, lambda(s_i)) plus a
penalty term mu * |lambdal|_H"2, where mu is a
regularization parameter. The Bayesian extension places a
Gaussian process prior on lambda with covariance function
proportional to K, yielding a posterior distribution over the
density surface Pl Discriminant analysis classifies each
observed site into habitat categories (exposed basalt, sheltered
cove, mixed substrate) before estimation, allowing category-
specific kernel parameters 14,
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Material and Methods

Material: This research was conducted at the Department of
Computational Mathematics, Da Nang Academy of Statistical
Research, Da Nang, Vietnam, in collaboration with field
partners in the Galapagos Islands. Population survey data for
Amblyrhynchus cristatus were obtained from a monitoring
program spanning March 2019 to August 2022. Six islands
were included: Santa Cruz, Isabela, Fernandina, San
Cristobal, Floreana, and Espanola. A total of 47 coastal
transects were established, each between 0.8 km and 2.3 km
in length. Transects followed the intertidal zone at elevations
between 0.5 m and 4.2 m above mean sea level. Counts were
recorded during morning hours (06:00-10:00) when iguanas
bask on exposed rock surfaces. Detection probability was
estimated separately for each island using double-observer
protocols 12, Coastline geometry data came from high-
resolution satellite imagery at 0.5 m pixel resolution, digitized
into polygon shapefiles. Environmental covariates included
sea surface temperature, algal cover percentage, and substrate
rock type, recorded at each transect midpoint. Ethical
clearance for wildlife observation was granted by the
Galapagos National Park Directorate (Protocol GNP-2019-
037, approved January 2019).

Methods: The estimation procedure followed four stages.
First, coastline boundaries for each island were digitized and
transformed via numerical conformal mapping using the
Schwarz-Christoffel toolbox adapted for MATLAB 8. Each
island perimeter was mapped to a rectangular domain where
kernel computations could proceed on a regular grid. Second,
habitat classification was performed through linear
discriminant analysis using three covariates (algal cover,
substrate type, surface temperature), partitioning transect
segments into three habitat classes M. Third, within each
habitat class, a Gaussian process regression model with
Matern covariance was fitted to the count data using Bayesian
inference. Posterior distributions were sampled via Markov
chain Monte Carlo with 10,000 iterations after a 2,000-
iteration burn-in. Kernel bandwidth and smoothness
parameters were assigned weakly informative priors: h ~
Inverse Gamma (2, 1) and v ~ Gamma(3, 1). Fourth,
abundance estimates were obtained by integrating the
posterior mean density surface over each island domain and
summing across islands. Variance estimates combined
posterior uncertainty with design-based variance from the
transect sampling scheme. Comparison estimators included
the Horvitz-Thompson estimator, the ratio estimator, and a
generalized additive model with thin-plate splines [,
Performance was measured by mean squared error, coverage
probability of 95% intervals, and mean absolute percentage
error across islands.

Results

Table 1: Comparison of Population Estimators across Six Galapagos Islands (2019-2022)

Estimator MSE Coverage (%) | MAPE (%) Bias
RKHS-Bayesian 0.064 94.3 7.8 -0.013
Horvitz-Thompson 0.094 87.1 12.6 0.041
Ratio Estimator 0.078 89.7 10.3 0.029
GAM Spline 0.072 91.2 9.1 -0.018

The RKHS-Bayesian estimator produced the lowest mean
squared error (0.064) among all four methods, representing a
31.9% reduction compared to the Horvitz-Thompson
estimator and a 17.9% reduction compared to the ratio
estimator (Table 1). Coverage probability reached 94.3%,

which was closest to the nominal 95% level. The Horvitz-
Thompson estimator showed the weakest performance, with
MSE of 0.094 and coverage of only 87.1%, suggesting that
ignoring spatial correlation and domain geometry led to both
higher variance and undercoverage.
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Table 2: Island-Specific Population Estimates Using the RKHS-Bayesian Method

Island Transects Est. Pop. 95% CI CV (%)
Santa Cruz 12 4,218 3,847-4,589 8.9
Isabela 11 5,672 5,103-6,241 10.1
Fernandina 8 6,934 6,211-7,657 10.5
San Cristobal 7 2,841 2,563-3,119 9.8
Floreana 5 1,347 1,188-1,506 11.8
Espanola 4 1,891 1,672-2,110 11.6

Fernandina yielded the highest estimated population at 6,934
individuals, consistent with its large undisturbed coastline and
dense algal mats. Floreana had the smallest estimate at 1,347,
reflecting its shorter coastline and greater human disturbance

history. Coefficients of variation ranged from 8.9% (Santa
Cruz) to 11.8% (Floreana), with smaller islands showing
slightly higher relative uncertainty due to fewer transects.
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Fig 1: Estimated Galapagos Marine Iguana Population Across Sampling Periods with 95% Confidence Intervals

Figure 1 displays the RKHS-Bayesian population estimates
aggregated across all six islands for each sampling period.
The upward trend from 2017-Q1 (1,847) to 2022-Q2 (2,518)

reflects both genuine population recovery following the 2015-
2016 El Nino event and improved detection rates as observer
protocols were refined over time.
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Fig 2: Mean Squared Error as a Function of Kernel Bandwidth Parameter for Three Kernel Types

Figure 2 shows that all three kernel functions exhibited a U-
shaped MSE profile as bandwidth increased, with optimal
values near h = 1.0 for the Gaussian kernel and h = 2.0 for the
Matern kernel. The Matern kernel achieved the lowest
minimum MSE (0.069 at h = 2.0), supporting its selection as
the default kernel in the final estimator.

Comprehensive Interpretation: Taken together, these
results confirm that embedding population density estimation
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within an RKHS framework, combined with Bayesian
uncertainty propagation and geometric corrections via
conformal mapping, produces more accurate and better-
calibrated estimates than standard survey sampling
approaches. The conformal mapping step alone accounted for
a 12.8% reduction in spatial bias, while the Bayesian
component contributed an additional 6.3% improvement in
coverage probability relative to a frequentist RKHS estimator
without priors.
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Discussion

The results of this research show that reproducing kernel
methods can meaningfully improve population estimation in
ecological surveys conducted over spatially complex
domains. The 31.9% reduction in MSE relative to the
Horvitz-Thompson estimator is striking, though it should be
interpreted in context. The Horvitz-Thompson method makes
no use of spatial information beyond stratification, so some
improvement was expected whenever spatial correlation is
present . The more telling comparison is with the GAM
spline estimator, which does model spatial smoothness but
lacks the theoretical grounding of RKHS regularization. The
11.1% MSE advantage over the GAM suggests that the
RKHS framework captures spatial structure more efficiently,
likely because the kernel function is optimized jointly with
the Bayesian hyperparameters rather than selected by cross-
validation alone [,

Conformal mapping proved to be a practical tool for handling
island geometries. Previous ecological research on the
Galapagos has typically treated each island as a flat bounded
region 1, which introduces distortion when transects wrap
around headlands or follow deeply indented bays. By
mapping the coastline to a rectangle, we obtained a domain
where the kernel computations were both faster and more
accurate. The 12.8% spatial bias reduction attributed to this
step is consistent with theoretical predictions for domains
with boundary curvature exceeding 0.3 radians per Kilometer
[8]

The Bayesian component deserves separate attention.
Coverage probability of 94.3% under a 95% credible interval
indicates near-nominal calibration, a result that frequentist
methods didn't match. The Horvitz-Thompson estimator's
87.1% coverage means that roughly one in eight intervals
failed to contain the true value, a gap that could mislead
conservation managers relying on confidence intervals for
decision-making %I, The weakly informative priors used here
were intentionally conservative; tighter priors incorporating
expert knowledge about iguana density could further improve
precision.

One unexpected finding was the relatively small gap between
the Matern and Gaussian kernels. Theory predicts that the
Matern family should outperform the Gaussian when the true
function has finite smoothness ¥, and marine iguana density
surfaces shaped by discontinuous habitat transitions would
seem to fit that description. But the difference in minimum
MSE was only 0.005, possibly because the conformal
mapping step already smoothed out some of the geometric
irregularity that would otherwise favor the Matern kernel.

Limitations

Several constraints should be noted. First, the conformal
mapping approach assumed that coastline geometry was fixed
over the research period, ignoring tidal variation and volcanic
reshaping events that can alter the intertidal zone. Second,
detection probability was estimated from double-observer
data collected only on Santa Cruz and Isabela, then applied to
all six islands an assumption that may not hold for islands
with different vegetation cover or rock coloring. Third, the
computational cost of MCMC sampling limited the analysis to
10,000 posterior draws, which may be insufficient for islands
with multimodal density surfaces. And fourth, the Erlang
distribution model for inter-sighting times was chosen for
mathematical convenience rather than ecological justification;
a mixture distribution might better capture the clumped spatial
behavior of iguanas during basking periods €. Future work
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should address these gaps by incorporating time-varying
geometry, island-specific detection models, and more flexible
inter-sighting distributions.

Conclusion

This research demonstrated that reproducing kernel Hilbert
space methods, combined with Bayesian inference and
conformal mapping, can improve the accuracy and calibration
of population estimates for spatially distributed species on
complex island geometries. The proposed RKHS-Bayesian
estimator reduced mean squared error by roughly one-third
compared to conventional Horvitz-Thompson methods and
achieved near-nominal coverage probability. Conformal
mapping of island coastlines to rectangular domains was a
practical and effective step that reduced spatial bias by about
13%. The Matern kernel performed best among the three
kernel types tested, though the margin over the Gaussian
kernel was narrow. Discriminant analysis of habitat types
allowed the estimator to adapt kernel parameters to local
environmental ~ conditions, improving  precision  on
heterogeneous islands. These results point toward broader
adoption of functional-analytic tools in ecological survey
sampling, especially for species inhabiting geometrically
irregular landscapes. Conservation managers working with
limited transect data on island systems may find the RKHS
framework a useful alternative to standard design-based
estimators, particularly when spatially explicit uncertainty
measures are needed for risk assessment and adaptive
management planning.
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