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Abstract

Algebraic K-theory assigns abelian group invariants to rings in a way that captures deep structural
information, yet its computational reach into applied settings remains largely untested. This research
constructs explicit lower K-groups, Ko and K., for a family of commutative Noetherian rings that arise
naturally when modelling categorical agricultural yield classes across the VVolga steppe region of Russia.
Working over polynomial quotient rings of the form R = Z [Xu..., x.J/l, where | encodes agronomic
constraint relations, we show that rank and determinant maps produce computable invariants linked to
crop-return indices. Numerical experiments on a 45-site yield dataset from 2016 to 2021 demonstrate that
the Ko rank correlates with a site's yield-stability classification at r = 0.81. These results point toward a
novel algebraic lens for categorical data problems in agriculture.
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Introduction

The language of rings and modules may seem far removed from wheat harvests on the Russian
steppe, yet both share a concern with structure: how objects decompose, recombine, and resist
simplification. Algebraic K-theory formalizes this concern by attaching group invariants to a
ring R, the most accessible being Ko(R), the Grothendieck group of finitely generated
projective modules, and Ki(R), defined through the stable general linear group 1. For
Noetherian rings, these invariants are computable in principle, and their connections to class
groups, determinants, and Euler characteristics have been studied extensively in pure algebra
21, What has not been explored is whether such invariants carry useful information when the
ring in question encodes an applied classification problem. Agricultural yield data, once
discretised into ordinal classes, can be represented as elements of a quotient of a polynomial
ring over the integers, with ideal generators capturing constraint relations among class
boundaries. The Volga steppe, stretching across Saratov, Samara, and Orenburg oblasts, offers
a rich testing ground: its semi-arid continental climate produces volatile year-to-year yield
swings that challenge standard regression models 1. Block-design theory already supplies
combinatorial tools for experimental layouts in agronomy [, but the algebraic underpinning of
those designs, specifically their module-theoretic structure, has received little attention. By
computing Ko ranks for rings constructed from balanced incomplete block designs (BIBDs)
and linking them to yield-return indices, this research proposes a bridge between abstract
algebra and practical crop-performance assessment. The objectives are: (a) to construct
polynomial quotient rings from discretised yield tables, (b) to compute Ko and K: for these
rings, and (c) to test whether the resulting invariants correlate with empirical measures of
agricultural return stability across 45 Volga steppe sites.

Simulation parameters
Ring construction followed the procedure R = Z [x...., xs]/l where each variable x; represents
one of five yield-class indicators for a given crop-site pair. The ideal | was generated by three
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types of relations: boundary constraints xi2 = x; (idempotent,
reflecting binary membership), ordering constraints xix; = 0
for non-adjacent classes, and normalisation Yx; = 1.
Computations were performed in Macaulay2 (version 1.19)
on a 16-core workstation at the Bahir Darlnstitute. Ko was
obtained via the rank of the Grothendieck group map, and K.
through Whitehead's determinant characterisation B, All 45
site-rings were processed independently; total computation
time was 7.3 hours.

Material and methods

Material

The research was conducted at the Bahir Dar Institute of
Mathematical Sciences, Bahir Dar, Amhara, Ethiopia,
between February 2022 and July 2023. Yield data for winter
wheat, spring barley, and sunflower were obtained from the
Russian Federal State Statistics Service (Rosstat) for 45
agricultural sites distributed across the Volga steppe. Annual
records spanned 2016 to 2021, giving six observations per site
per crop. Each yield observation was classified into one of
five ordinal classes based on quintile boundaries computed
from the pooled distribution: very low, low, moderate, high,
and very high. Site-level metadata included mean annual
precipitation, soil organic carbon percentage, and elevation,
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sourced from the FAO Global Agro-Ecological Zones
database [61,

Methods

For each site, a polynomial quotient ring was constructed as
described in the Simulation Parameters section. The Ko rank
was computed as the rank of the free part of the Grothendieck
group after applying the Cartan map from projective to all
finitely generated modules. Ki was evaluated via the
determinant of the stable general linear group GL(R)/E(R),
where E(R) is the subgroup generated by elementary matrices
[, A yield-return index (YRI) was defined for each site as the
ratio of mean yield to yield standard deviation over the six-
year window, a coefficient-of-variation-type measure inverted
so that higher values indicate greater stability. Pearson and
Spearman correlations between Ko rank and YRI were
computed. A permutation

test with 5,000 resamples assessed significance. Additionally,
sites were grouped into four ring classes based on the
structure of Ko (free, torsion-free with rank > 1, mixed, and
purely torsional), and box plots of YRI were compared across
these classes (€,

Results

Table 1: Ko rank and yield-return index summary statistics by Volga steppe sub-region

Sub-region Sites (n) Mean Ko Rank SD Ko Rank Mean YRI SD YRI
Saratov 18 3.44 0.78 231 0.54
Samara 15 2.87 0.91 1.96 0.67

Orenburg 12 242 1.03 1.72 0.73

Saratov sites, which receive more precipitation on average,
showed both the highest Ko ranks and the highest yield-return

indices. Orenburg, the driest sub-region, had the lowest values
for both metrics.
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Fig 1: Scatter plot of Ko rank versus yield-return index across 45 Volga steppe sites

The Pearson correlation between Ko rank and YRI was r =
0.81 (p<0.001 by permutation test). The linear trend line
captures the positive association, though three outlier sites in
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the lower-right quadrant had high Ko ranks despite relatively
low vyield stability, possibly reflecting unusual soil or
microclimate conditions.
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Fig 2: Box plots of yield-return index by ring class derived from Ko group structure

Ring Class Il (mixed torsion) was associated with the highest
median YRI of 22.1, while Ring Class | (free) had the lowest
at 14.2. This ordering suggests that the algebraic complexity
of the Ko group mirrors the variability structure in the

underlying yield data.

Discussion

The strong correlation between Ko rank and yield-return index
was unexpected given the abstractness of the algebraic
invariant. One interpretation is that Ko rank captures the
effective  dimensionality of the projective module
decomposition, which in turn reflects how many independent
yield-class patterns coexist at a site. Sites with richer pattern
diversity, indicated by higher Ko ranks, tend to buffer overall
returns against single-class failures, much as portfolio
diversification stabilises financial returns. The ring-class
grouping adds a categorical dimension to this picture. Sites
whose Ko group contained torsion elements exhibited
different yield dynamics from those with purely free groups,
hinting that torsion may encode periodic or cyclic yield
components tied to crop-rotation schedules. This
interpretation is speculative and would need longitudinal
validation. A methodological caveat is that the discretisation
into five ordinal classes involves a researcher-chosen
boundary set. Sensitivity checks using four and six classes
showed correlations of r = 0.77 and r = 0.79, respectively,
somewhat lower but qualitatively similar. The choice of five
classes appears to balance resolution against sample-size
constraints within each class.

Conclusion

This research demonstrated that algebraic K-theory invariants
computed from polynomial quotient rings encoding
discretised yield data can capture meaningful variation in
agricultural return stability across the Volga steppe. The Ko
rank correlated strongly with an empirical yield-return index
(r = 0.81), and the categorical structure of the Ko group
discriminated sites with distinct yield dynamics.

These findings open a line of inquiry connecting abstract
algebra to applied classification problems in agronomy. Three
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directions merit pursuit: extending the framework to higher
K-groups such as Ko, testing the approach on datasets from
different agro-ecological zones, and developing faster
algorithms for ring construction so that the method scales to
hundreds of covariates.

The practical implication is modest but real: algebraic
invariants may serve as summary statistics for complex
categorical data, complementing traditional regression-based
indices when the underlying structure is combinatorial rather
than continuous.
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