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Abstract

In 1991, Mount Pinatubo’s eruption in Luzon demonstrated that volcanic recurrence intervals defy simple
periodicity, motivating probabilistic approaches grounded in Markov chain theory. This research
evaluates spectral gap estimates for Markov operators governing state transitions in volcanic systems and
applies those estimates to forecast eruption recurrence on Luzon, Philippines. We derive a tightened
lower bound on the spectral gap of reversible Markov operators by combining Cheeger’s inequality with
a conductance profile that accounts for heterogeneous transition rates between volcanic activity states.
The bound was tested on synthetic Markov chains of dimension 10 to 1,000 and then applied to a five-
state eruption model (quiescent, unrest, minor eruption, major eruption, caldera-forming) calibrated with
historical records from 14 Luzon volcanoes spanning 1600-2023. The proposed estimate tracked the
exact spectral gap to within 3.2% relative error at dimension 1,000, compared with 17.0% for the
standard Cheeger bound. In the volcanic application, the fitted Markov chain yielded a median recurrence
time of 38 years for minor eruptions and 210 years for major events, with 90% credible intervals of [24 611
and [130. 340 years respectively. The spectral gap of the calibrated chain (0.041) confirmed rapid mixing,
meaning the stationary distribution was reached within roughly 25 transition steps. These findings
provide volcanologists with a rigorous mixing-time diagnostic for multi-state eruption models and offer
refined probability forecasts relevant to hazard planning in the Luzon volcanic arc.

Keywords: Spectral gap, markov operators, cheeger inequality, volcanic eruption, recurrence time,
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Introduction

When Spanish colonial records first documented Taal Volcano’s 1572 eruption, they
unknowingly began one of the longest continuous eruption catalogs in Southeast Asia. Four
and a half centuries later that catalog together with records from Pinatubo, Mayon, and 11
other Luzon volcanoes provides the empirical backbone for probabilistic eruption models 4.
The standard approach treats volcanic state transitions as a Markov chain whose stationary
distribution encodes long-run eruption frequencies, but a persistent question is how quickly the
chain converges to that stationary distribution: a chain that mixes slowly may give misleading
short-term forecasts [21. The spectral gap the difference between the two largest eigenvalues of
the transition matrix controls this convergence rate. A larger gap means faster mixing and
more reliable probability estimates after a modest number of observed transitions 1. Cheeger’s
inequality provides a two-sided bound on the spectral gap in terms of the chain’s conductance,
but the bound can be loose by an order of magnitude for chains with heterogeneous transition
rates [, Improved estimates exist for specific chain families such as birth-death chains and
random walks on graphs, yet volcanological Markov models, with their mix of fast and slow
transitions, rarely fit neatly into these special cases [ 1. This research derives a tighter spectral
gap bound for reversible Markov operators by incorporating a conductance profile a function
that describes how conductance varies across different cut sizes rather than collapsing it to a
single minimum. We validate the bound on synthetic chains and apply it to a five-state
eruption model for Luzon, producing revised recurrence time estimates with explicit mixing-
time diagnostics 1.
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Theoretical background

Let P be the transition matrix of an irreducible, reversible
Markov chain on state space S with stationary distribution 7.
The spectral gap v = 1 — X2, where X2 is the second-largest
eigenvalue of P, satisfies Cheeger’s inequality: h*2 <y < 2h,
with h the Cheeger constant (minimum conductance over all
subsets of S) [ 4. Our refinement replaces the single constant
h with a conductance profile ®(r) = inf {conductance of cuts
separating at most fraction r of m-mass}. Integrating ®? over r
yields a tighter lower bound: y > (1/2) o' ®(r) 2 dr . For
volcanic chains where high-activity states carry small t-mass
but high internal conductance, the profile integral captures
structure that the scalar h misses.

Material and Methods

Material

This research was conducted at the Department of Discrete
Mathematics, Wellington Department of Algebraic Studies,
Wellington, New Zealand, from February 2022 to October
2023. Eruption records for 14 Luzon volcanoes were
compiled from the Smithsonian Institution’s Global
Volcanism  Program database (GVP v4.11.2) and
supplemented with Philippine Institute of Volcanology and
Seismology (PHIVOLCS) bulletins covering the period 1600-
2023 M, Each recorded event was classified into one of five
states: quiescent (VEI 0), unrest (elevated seismicity without
eruption), and minor eruption (VEI 1-2), major eruption (VEI
3-4), and caldera-forming (VEI > 5). The compiled dataset
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Contained 487 state transitions across the 14 volcanoes.

Simulation parameters

Synthetic validation used reversible Markov chains of
dimensions d € {10, 20, 50, 100, 200, 500, 1000} with
transition rates drawn from a log-normal distribution (mean 0,
variance 1) to mimic the heterogeneity of volcanic state
transitions. For each dimension, 500 random chains were
generated, and the exact spectral gap was computed via
eigendecomposition. The Cheeger bound and proposed profile
bound were evaluated and compared against the exact value.
All computations used Python 3.11 with NumPy 1.25 and
SciPy 1.11 on a 64-core computing cluster.

Methods

The five-state transition matrix was estimated by maximum
likelihood from the 487 observed transitions, with a
Dirichlet(0.5) prior to regularize cells with zero counts [,
Reversibility was enforced via the Metropolis-Hastings
adjustment. The spectral gap was computed exactly by
eigendecomposition and compared with the Cheeger and
profile bounds. Recurrence times to each state were derived
from the fundamental matrix N = (I — P + IT) !, where II is
the matrix with rows equal to m % Bayesian credible
intervals for recurrence times were obtained by posterior
sampling: 10,000 transition matrices were drawn from the
Dirichlet-multinomial posterior, and the spectral gap and
recurrence times were computed for each draw 1,

Results
Table 1: Spectral gap estimates: exact versus bounds (median over 500 synthetic chains)
Dim. Exact y Cheeger Rel. Err.(%) Profile Rel. Err.(%) Gain
10 0.312 0.278 10.9 0.308 13 9.6
100 0.198 0.171 13.6 0.194 2.0 11.6
500 0.121 0.102 15.7 0.118 25 13.2
1000 0.094 0.078 17.0 0.091 3.2 13.8

Table 1 shows that the profile bound reduced relative error

dimensions, with the improvement growing as chain size

from 10.9-17.0% (Cheeger) to 1.3-3.2% across all increased.
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Fig 1: Spectral gap estimates versus operator dimension for exact computation, Cheeger bound, and the proposed profile bound
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Table 2: Eruption recurrence times (years) for the luzon five-state markov model

State Median (yr) 90% ClI m (Stationary)
Quiescent - - 0.621
Unrest 8 [5.13] 0.214
Minor eruption 38 [24,61] 0.112
Major eruption 210 (130, 340] 0.047
Caldera-forming 4,100 [2,200, 7,800] 0.006

Table 2 lists median recurrence times and 90% Bayesian
credible intervals. Minor eruptions recur roughly every 38

years, while caldera-forming events have a median interval of
about 4,100 years.
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Fig 2: Cumulative probability of at least one minor eruption as a function of years from present, with median estimate and 90% credible band

Discussion

The conductance profile bound consistently outperformed the
classical Cheeger inequality because it captured the variable
connectivity across volcanic states. In the Luzon chain,
transitions between quiescent and unrest states are frequent
(high conductance), while jumps to caldera-forming events
are extremely rare (low conductance). The scalar Cheeger
constant is dominated by this bottleneck, yielding a
pessimistic estimate of the overall gap (. The profile integral,
by contrast, weights each conductance level according to its
probability mass, giving the fast-mixing portion of the chain
its due credit €1, The 38-year median recurrence for minor
eruptions aligns with published return-period analyses based
on extreme-value methods, which placed the estimate
between 30 and 50 years [*2 131, The spectral gap of 0.041
implies a mixing time of about 24 steps, meaning that after
observing roughly two dozen state transitions the chain’s
empirical frequencies are close to the stationary distribution.
A limitation is that the five-state model treats all 14 volcanoes
as exchangeable, ignoring volcano-specific heterogeneity; a
hierarchical extension with volcano-level random effects
would be a natural next step 4],

Conclusion

This research derived and validated a tighter spectral gap
estimate for reversible Markov operators using a conductance
profile that accounts for heterogeneous transition rates. On
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synthetic chains up to dimension 1,000, the profile bound
reduced relative error to 3.2%, down from 17.0% for the
standard Cheeger bound. Applied to a five-state volcanic
eruption model for Luzon, the method produced recurrence
estimates consistent with historical data while providing a
mixing-time diagnostic absent from previous volcanological
Markov analyses. The main practical contribution is a
straightforward recipe for assessing whether a fitted eruption
chain has mixed sufficiently for its stationary probabilities to
be trusted. Future work should extend the profile bound to
non-reversible chains and incorporate spatial dependence
among neighboring volcanoes along the Luzon arc.
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