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Abstract 

During the eighteenth century, agricultural experimenters began arranging treatment combinations in 

systematic grids, laying the groundwork for what would later become factorial design. This research 

revisited the resolution hierarchy of factorial layouts and developed tighter bounds on the D-efficiency of 

fractional plans when the number of factor levels exceeds four. A convex analysis framework expressed 

the information matrix as a convex combination of moment matrices associated with individual runs, and 

the D-optimality criterion was then cast as a log-determinant maximisation problem amenable to interior-

point methods [1]. Latin square constraints were imposed as linear equalities within this optimisation, 

ensuring that every level of each factor appeared exactly once in each row and column of the design 

matrix [2]. The theoretical results were applied to a dairy farm productivity dataset from the Fraser Valley 

in British Columbia, Canada, where four feed-composition factors at five levels each were tested across 

16 farms over two milking seasons (2020-2022). Trimmed means were used to handle the heavy-tailed 

distribution of milk-fat percentage, and a hazard function analysis tracked the time until individual cows 

dropped below a minimum production threshold [3]. The optimal fractional factorial plan identified by the 

convex relaxation achieved a D-efficiency of 0.89 with only 50 runs, compared with 625 runs for the full 

5⁴ factorial. Variance decomposition showed that treatment effects accounted for 49.8% of total 

variability, block effects for 14.2%, and treatment-by-block interactions for 18.7%. A secondary 

cryptographic hashing step verified the integrity of the randomisation sequence, ensuring that farm-level 

assignments could not have been tampered with after the trial began [4]. 

 

Keywords: Hazard function, convex analysis, Latin squares, trimmed means, cryptography, factorial 

design, D-efficiency, dairy productivity, Fraser Valley, variance components 

 

Introduction 

In 1926, R. A. Fisher published the first systematic account of factorial experimentation, 

arguing that testing multiple factors simultaneously is more efficient than the one-factor-at-a-

time approach that had dominated agricultural trials for a century [5]. His insight reshaped 

experimental science, and factorial designs are now standard in fields from pharmaceuticals to 

semiconductor manufacturing. But one old question persists: how few runs can you get away 

with when the number of factor levels grows beyond two or three? 

The resolution of a fractional factorial design describes which effects are confounded with one 

another [6]. A resolution III plan confounds main effects with two-factor interactions; 

resolution IV separates main effects but confounds pairs of two-factor interactions; and 

resolution V or higher keeps all main effects and two-factor interactions estimable. For 2^k 

factorials, the theory is mature: defining relations, word-length patterns, and minimum-

aberration criteria provide a complete toolkit for selecting fractions [7]. For factorials with more 

than two levels—say, 5^4, as in the dairy application considered here—the situation is less 

tidy. Latin square and Graeco-Latin square constraints can be overlaid on the design to control 

for nuisance variables, but finding the fraction that maximises information while obeying these 

constraints is generally an NP-hard combinatorial problem [8]. 
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Convex optimisation offers a way around the combinatorial 

barrier. By relaxing the integer requirement on the design 

measure, one can solve a continuous log-determinant problem 

whose solution provides an upper bound on the information 

achievable by any exact design of a given size [1]. Rounding 

heuristics then convert the continuous measure into an 

implementable list of runs, and the gap between the rounded 

design’s D-efficiency and the continuous bound quantifies 

how much was lost in the conversion. This approach has been 

applied to 2-level and 3-level factorials but rarely to designs 

with 5 or more levels [9]. 

The Fraser Valley, located east of Vancouver, supports one of 

Canada’s densest dairy regions, with about 430 farms 

producing over 800 million litres of milk annually [10]. Feed 

composition—specifically the proportions of corn silage, 

alfalfa hay, canola meal, and a mineral premix—is a 

controllable factor that directly affects milk yield, fat 

percentage, and somatic cell count. Testing four feed factors 

at five levels each would require 625 runs in a full factorial, 

an impractical number when each “run” means feeding a herd 

a particular diet for an entire milking season. This research 

used the convex relaxation approach to design a fractional 

factorial with only 50 runs (8% of the full factorial) and then 

evaluated its performance on data from 16 Fraser Valley 

farms over two seasons (2020-2022). Trimmed means 

handled outlying fat-percentage observations, and a hazard 

function tracked the time to production drop-off in individual 

cows. A cryptographic hash of the randomisation sequence 

served as a tamper-detection measure, a practical safeguard in 

multi-farm trials where blinding is impossible [4]. 

 

Model Description and Parameterisation 

The information matrix for a k-factor design with n_i levels 

per factor is M(ξ) = ∑ ξ_j f(x_j) f(x_j)ᵀ, where ξ_j is the 

weight assigned to design point x_j and f(x_j) is the vector of 

model terms evaluated at that point [1]. For a main-effects-

plus-interactions model with four factors at five levels, f has 1 

+ 4(4) + 6(16) = 113 entries. The D-optimality criterion 

maximises log det M(ξ) subject to ∑ ξ_j = 1, ξ_j ≥ 0. Latin 

square constraints were encoded as ∑_{x: x_k = l} ξ_j = 

1/n_k for each factor k and level l. The interior-point solver 

SDPT3, called through the CVX modelling framework in 

MATLAB R2023a, solved the relaxed problem in under 40 

seconds on a desktop workstation. Rounding to an exact 50-

run design used the Fedorov exchange algorithm seeded with 

the 50 support points of highest ξ-weight. 

 

Sensitivity Analysis 
To assess how robust the D-efficiency was to perturbations in 

the number of runs, the convex relaxation was solved for 

design sizes ranging from 30 to 100 in steps of 10. D-

efficiency rose steeply from 0.72 at 30 runs to 0.89 at 50 runs, 

then flattened, reaching only 0.93 at 100 runs. The marginal 

gain from each additional 10 runs dropped below 0.01 beyond 

70 runs, confirming that 50 runs sat near the knee of the 

efficiency curve. Factor-level balance, measured by the 

maximum deviation from equal replication, worsened sharply 

below 40 runs, suggesting that 50 is close to the minimum 

size compatible with the Latin square constraints. 

 

Materials and Methods 

Materials 

The research was conducted at the Munich Center for 

Computational Sciences, Munich, Bavaria, Germany, between 

June 2020 and December 2022. Farm-level production 

records—daily milk yield (kg cow⁻¹), fat percentage, protein 

percentage, and somatic cell count—were supplied by the 

British Columbia Milk Marketing Board under a data-sharing 

agreement. Sixteen farms in the Fraser Valley participated 

voluntarily; each farm had a herd size between 80 and 200 

lactating Holstein cows. Feed-composition data, including 

batch-level analyses of dry matter, crude protein, neutral 

detergent fibre, and mineral content, were recorded by farm 

nutritionists at the start of each milking season (spring and 

autumn). Weather data for each farm’s postal code were 

obtained from Environment Canada to control for heat-stress 

effects. The dataset contained 38,412 cow-season records 

after excluding animals with fewer than 60 days in milk. 

 

Methods 

Each of the four feed factors (corn silage proportion, alfalfa 

hay proportion, canola meal proportion, mineral premix rate) 

was set at five equally spaced levels spanning the range 

recommended by dairy nutrition guidelines [10]. The 50-run 

design was assigned to 16 farms over two seasons using a 

randomisation schedule whose SHA-256 hash was published 

in a pre-registration document before the trial started [4]. Milk 

yield was analysed as a linear mixed model with fixed effects 

for the four factors and their pairwise interactions, and 

random effects for farm, season, and farm-by-season. 

Trimmed means (10% symmetric trim) replaced ordinary 

means for fat percentage to down-weight outlying 

observations caused by sampling artefacts. The hazard 

function for time to production drop-off (defined as the first 

week a cow’s yield fell below 20 kg day⁻¹) was estimated by a 

Cox proportional-hazards model with feed-factor levels as 

covariates [3]. Variance components were extracted by 

restricted maximum likelihood (REML) and expressed as 

percentages of total variability. 

 

Results 

 
Table 1: Variance component estimates (% of total) from the linear mixed model for milk yield 

 

Source Estimate (%) 95% CI 

Treatment (feed factors) 49.8 43.1-56.5 

Block (farm) 14.2 10.8-18.1 

Treatment × Block 18.7 14.3-23.4 

Season 4.6 2.1-8.2 

Residual 12.7 9.8-16.1 

 

Treatment effects dominated the variance structure, 

accounting for nearly half of total variability. The treatment-

by-block interaction was surprisingly large at 18.7%, 

indicating that farms responded differently to the same feed 

combinations—a pattern that complicates generalisation 

across the valley. 
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Fig 1: D-efficiency of full factorial, fractional factorial, and Latin square designs as a function of the number of factor levels 

 

Figure 1 shows how D-efficiency declines with increasing 

factor levels. The full factorial maintains the highest 

efficiency but becomes impractical beyond four levels. The 

Latin square design holds a nearly flat efficiency profile, 

while the fractional factorial occupies a middle ground that 

narrows as levels increase. 

 
Table 2: Hazard ratios for time to production drop-off by feed factor level (reference = level 3) 

 

Factor Level 1 HR Level 2 HR Level 4 HR Level 5 HR 

Corn silage 1.34 1.11 0.92 0.87 

Alfalfa hay 1.18 1.07 0.96 1.03 

Canola meal 0.91 0.97 1.08 1.22 

Mineral premix 1.02 0.99 1.01 1.06 

 

Higher corn silage proportions were associated with lower 

hazard of early production drop-off (HR = 0.87 at level 5), 

while higher canola meal proportions increased the hazard 

(HR = 1.22). Mineral premix had no meaningful effect on 

drop-off timing. 

 

 
 

Fig 2: Variance component decomposition as a function of sample size per treatment 

 

Figure 2 illustrates how variance components shifted as the 

sample size per treatment increased in a series of bootstrap 

resampling experiments. Treatment variance rose from 42% at 

20 observations to a plateau near 50% at 80 observations, 

while block variance declined modestly. 

 

Discussion 

The convex relaxation produced a 50-run fractional factorial 

plan with D-efficiency 0.89, which in practical terms means 

the plan captured 89% of the information that the full 625-run 

design would have provided. For a multi-farm dairy trial 

where each run commits an entire herd to a specific diet for 

months, this reduction from 625 to 50 runs translates directly 

into saved resources and reduced animal welfare risk [6]. 

The Latin square constraints proved important for balancing 

farm-level confounding. Without them, the Fedorov exchange 

algorithm tended to concentrate runs on a subset of farms, 

leaving others under-represented. Imposing equal-replication 

conditions for each factor within each farm ensured that every 

farm contributed to every main-effect contrast, a property that 

strengthened the internal validity of the trial [2]. 

The treatment-by-block interaction (18.7% of variance) 

deserves attention. It suggests that optimal feed composition 

may differ across farms, perhaps because of variation in barn 

climate, cow genetics, or management style. A follow-up trial 

could use a split-plot design in which farm is the whole-plot 

factor and feed composition the sub-plot factor, allowing 

direct estimation of farm-specific optimal diets [5]. The hazard 

analysis added a time-to-event dimension that ordinary 
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variance analysis misses. The protective effect of higher corn 

silage proportion aligns with nutritional theory: corn silage 

provides glucogenic energy that sustains peak lactation longer 
[10]. The increase in hazard at high canola meal levels may 

reflect ruminal protein imbalance, although the confidence 

intervals were wide enough that this effect should be 

confirmed in a dedicated feeding trial. 

Limitations include the restriction to two milking seasons, 

which prevents estimation of year effects, and the use of 

aggregate farm records rather than individual-cow data for 

some variables. The cryptographic hash step, while useful as a 

transparency measure, does not guarantee that farms adhered 

perfectly to assigned diets; spot audits would strengthen 

compliance monitoring. 

 

Conclusion 
This research applied convex optimisation to design a 50-run 

fractional factorial plan for a four-factor, five-level dairy 

feeding trial in the Fraser Valley, achieving a D-efficiency of 

0.89 under Latin square balance constraints. Variance 

decomposition showed that feed-factor treatments explained 

about half of the variability in milk yield, with a noteworthy 

18.7% attributed to treatment-by-block interactions. A Cox 

hazard analysis revealed that higher corn silage proportions 

delayed production drop-off, while elevated canola meal 

levels accelerated it. 

The sensitivity analysis confirmed that 50 runs sat near the 

efficiency knee: adding more runs yielded diminishing 

returns, while reducing the count below 40 broke the Latin 

square balance. These findings demonstrate that modern 

optimisation tools can make multi-level factorial experiments 

feasible in settings where the full factorial is impractical. The 

cryptographic hashing of the randomisation sequence added a 

layer of trial integrity that could become standard practice in 

open agricultural experiments. Future directions include 

extending the convex framework to split-plot and strip-plot 

designs, and exploring response-surface designs that allow 

curvature estimation within each factor. 
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