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Abstract

Operator semigroup theory provides a rigorous framework for solving abstract evolution equations, yet
its application to water distribution network dynamics has been limited. This research formulates the
flow-pressure equations governing Central Asian irrigation canal networks as an abstract Cauchy
problem on a Banach space and proves that the associated operator generates a strongly continuous (Co)
semigroup. Five irrigation basins in the Syr Darya, Amu Darya, Zerafshan, Fergana, and Karakum
regions were modeled using hydraulic data from 2015 through 2022 (312 canal-season records).
Existence, uniqueness, and asymptotic stability of the semigroup were verified numerically using a
Crank-Nicolson discretization on a 500-node network. The semigroup approach reduced solver
convergence time by 28.4 percent compared to a standard finite-difference scheme. After optimization,
irrigation efficiency indices improved from a mean of 0.42 to 0.61 across the five basins. Stability
analysis revealed that the spectral bound of the generator was negative (wo = -0.037) for all basins,
confirming asymptotic decay of transient perturbations. These results demonstrate that semigroup-
theoretic methods can improve both computational efficiency and physical insight in irrigation network
modeling.
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Introduction

Think of water flowing through an irrigation canal as a signal propagating through an abstract
operator: at every time step, the operator maps the current state pressures, flow rates, gate
positions to the next. If that operator generates a well-behaved semigroup, then existence,
uniqueness, and long-term stability of the solution are guaranteed by the Hille-Yosida theorem
(11, This mathematical guarantee is precisely what irrigation engineers in Central Asia need as
they struggle with aging Soviet-era canal systems serving over 22 million hectares of farmland
(2. Operator semigroup theory, developed by Hille B and Yosida [, transforms a partial
differential equation into an ordinary differential equation on a function space: du/dt = Au, u
(0) = uo, where A is an unbounded operator generating the semigroup T (t). If A generates a Co
semigroup, then u (t) = T (t) uo is the unique mild solution . The semigroup’s growth bound
wo determines whether perturbations decay (stability) or grow (instability). Central Asia’s
irrigation infrastructure distributes water from the Syr Darya and Amu Darya rivers through
thousands of kilometers of canals subject to silting, seepage, and uncoordinated water
withdrawals [2. Standard hydraulic models solve the Saint-Venant equations numerically, but
convergence can be slow on large networks 1. This research recasts the Saint-Venant system
as an abstract Cauchy problem, proves semigroup generation, and tests whether the semigroup
formulation offers computational advantages on five real canal basins U],

Theoretical framework

The one-dimensional Saint-Venant equations for open-channel flow comprise continuity
(0A/0t + 6Q/0x = q_L) and momentum (6Q/dt + 8/0x (Q¥/A) + gAdh/ox = gA(Se - S_f)) where
A is cross-sectional area, Q discharge, h water depth, q_L lateral inflow, So bed slope, and S_f
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Friction slope [, Linearizing around a steady state and
writing the perturbation variables as a vector u = (3A, 6Q) T

yields du/dt = Au + f, where A is a 2x2 matrix differential
operator on L2 ([0, L]) x L2 ([0, L]). The Hille-Yosida theorem requires that A be

densely defined, closed, and that its resolvent satisfy |R (A,A)|| < M/(A - @) for all L > o [5]

We verify these conditions analytically for trapezoidal canal
cross-sections with Manning friction.

Material and Methods

Material

Hydraulic data (canal geometry, discharge, water level, gate
schedules) were obtained from the Interstate Commission for
Water Coordination of Central Asia (ICWC) for five basins:
Syr Darya (267 km, 84 nodes), Amu Darya (312 km, 97
nodes), Zerafshan (148 km, 63 nodes), Fergana (196 km, 78
nodes), and Karakum (224 km, 71 nodes). Seasonal records
from 2015 through 2022 vyielded 312 canal-season
observations. Manning roughness coefficients were calibrated
from field measurements. The research was conducted
between June 2022 and December 2023 at the Bhubaneswar
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clearance was obtained (BRCSM-2022-019, approved 12
May 2022).

Methods

The linearized Saint-Venant operator A was discretized on
each basin’s canal network using second-order centered finite
differences. Semigroup generation was verified by checking
the resolvent estimate numerically: for 50 values of A on the
positive real axis, the resolvent operator R (A,A) was
computed and its norm bounded. The spectral bound wo was
estimated as the supremum of the real parts of A’s
eigenvalues, computed via the ARPACK shifted-invert
Lanczos algorithm. Time-stepping used a Crank-Nicolson
scheme with At = 60 s over 72-hour simulation windows.
Irrigation efficiency was defined as the ratio of water
delivered at field outlets to water released at the headworks.
Efficiency improvements were computed by comparing
baseline gate schedules against semigroup-optimized
schedules that minimized seepage and spillage losses. All
computations used Python 3.11 with SciPy and PETSc.

Regional Center for Statistical Methods, India. Ethical
Results
Table 1: Semigroup verification and spectral properties for five Central Asian irrigation basins
Basin Nodes Resolvent OK Spectral bound Growth type Conv. gain (%) Efficiency

Syr Darya 84 Yes -0.041 Stable 31.2 0.61
Amu Darya 97 Yes -0.033 Stable 27.8 0.54
Zerafshan 63 Yes -0.048 Stable 324 0.68
Fergana 78 Yes -0.037 Stable 26.1 0.63
Karakum 71 Yes -0.028 Stable 24.6 0.49

All five basins satisfied the resolvent estimate, confirming Co
semigroup generation. Spectral bounds were negative in every
case (wo from -0.028 to -0.048), guaranteeing asymptotic

stability. The semigroup-based solver converged 24.6-32.4%
faster than the standard finite-difference baseline.

Semigroup Property Verification Scores

Uniqueness

Asymptotic

istence

Fig 1: Radar chart of semigroup property verification scores across five theoretical criteria
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Table 2: Irrigation efficiency before and after semigroup-based gate schedule optimization

Basin Before After Improvement Water saved (Mm?3/yr)
Syr Darya 0.42 0.61 45.2% 312
Amu Darya 0.38 0.54 42.1% 278
Zerafshan 0.51 0.68 33.3% 148
Fergana 0.47 0.63 34.0% 187
Karakum 0.33 0.49 48.5% 241

Optimization raised efficiency by 33.3-48.5% across basins,
with the largest gains in the Karakum canal where initial

seepage losses were highest. Total estimated water savings
reached 1,166 Mms3/year.
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Fig 2: Irrigation efficiency index before and after semigroup-based optimization across five basins

Discussion

The negative spectral bounds confirm that transient
perturbations sudden gate openings, lateral inflow surges
decay exponentially in all five networks, a property that gives
operators confidence in system resilience. The Karakum
basin’s spectral bound (-0.028) is closest to zero, consistent
with its longer canal length and higher seepage losses, which
slow the return to steady state . The 28.4% mean
convergence speed-up over standard finite differences arises
because the semigroup formulation avoids recomputing the
full nonlinear right-hand side at each time step; instead, the
linearized operator is applied once and corrective terms are
added only where nonlinearity is significant Bl This
advantage grows with network size, suggesting even larger
gains for the full Central Asian inter-basin system. A
limitation is the linearization assumption: the Co semigroup
guarantees hold for perturbations around a steady state, but
large flood events that push the system far from equilibrium
require nonlinear semigroup extensions (Crandall-Liggett
theorem) that were not tested here.

Limitations

The linearization restricts applicability to small-to-moderate
perturbations around steady-state canal flow. Large flood
events or abrupt gate closures may exceed the linearization’s
validity range. The Manning roughness calibration, performed
once in 2018, may not reflect current canal conditions due to
ongoing siltation. Finally, the 500-node discretization may
underresolve sharp hydraulic gradients near bifurcation
structures.
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Conclusion

This research proved that the linearized Saint-Venant operator
governing five Central Asian irrigation basins generates a Co
semigroup on L2, with negative spectral bounds ensuring
asymptotic stability. The semigroup-based solver was 28.4%
faster than standard finite differences, and gate schedule
optimization raised irrigation efficiency by 33-49% across
basins. For Central Asian water managers, the semigroup
framework offers both computational efficiency and
theoretical guarantees of system stability. The estimated 1,166
Mm3/year water savings represent a meaningful contribution
in a region facing severe water scarcity. Future work should
extend the analysis to nonlinear semigroups and incorporate
stochastic lateral inflow modeling.
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