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Abstract 

Continued fraction expansions of algebraic numbers encode structural information through their partial 

quotient sequences, yet applications beyond number theory remain rare. This research decomposes 

continued fractions of algebraic numbers of degree 2 through 6 and maps the resulting partial quotient 

patterns onto tropical cyclone return period estimation for Fiji. Cyclone records from the Fiji 

Meteorological Service (1969-2022, 187 named storms) were encoded as sequences whose distributional 

properties were matched to continued fraction templates. The best-fitting algebraic number (degree 4, 

discriminant 1297) produced partial quotient statistics that minimized Kolmogorov-Smirnov distance (D 

= 0.073) against the empirical return period distribution. Estimated return periods for Category 3+ 

cyclones were 4.7 years (continued fraction model) versus 5.1 years (Gumbel extreme value model), with 

the continued fraction approach yielding narrower confidence intervals (width 1.83 vs. 2.47 years). The 

partial quotient sequence’s periodic structure captured the quasi-periodic ENSO modulation of Fiji 

cyclone activity better than stationary extreme value models. 
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Introduction 

A policy statement from the Fiji National Disaster Management Office in 2019 called for 

“improved return period estimates for major cyclones to guide infrastructure design 

standards.” The standard approach uses extreme value theory fitting a Gumbel or generalized 

extreme value (GEV) distribution to annual maximum wind speeds [1]. But these models 

assume stationarity, which conflicts with the known quasi-periodic modulation of South 

Pacific cyclone activity by ENSO [2]. Continued fractions offer an alternative encoding of 

periodic structure. Every quadratic irrational has an eventually periodic continued fraction 

expansion (by Lagrange’s theorem), and algebraic numbers of higher degree produce partial 

quotient sequences with complex but structured patterns [3]. If a cyclone return period sequence 

shares distributional properties with the partial quotients of a particular algebraic number, the 

algebraic number’s periodic structure can be exploited for prediction [4]. This research tests this 

idea on 54 years of Fiji cyclone data. The goals were to identify which algebraic number’s 

continued fraction best matches the empirical return period distribution, to compare the 

resulting estimates against standard extreme value models, and to assess whether the continued 

fraction approach captures ENSO-related periodicity [5]. 

 

Material and methods 

Material 

Named tropical cyclone records (Category 1-5 on the Saffir-Simpson scale) passing within 400 

km of Fiji’s capital Suva were obtained from the Fiji Meteorological Service for the 1969-

2022 cyclone seasons, totaling 187 storms. Annual maximum sustained wind speeds and 

return periods (computed as the inverse of the Weibull plotting position) were derived. ENSO  

https://www.mathsjournal.com/
https://www.doi.org/10.22271/maths.2024.v9.i3d.2391


 

~240~ 

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com 
 

State (El Niño, La Niña, neutral) for each season was obtained 

from NOAA’s Oceanic Niño Index. The research was 

conducted between October 2021 and April 2023 at the 

Indore College of Applied Mathematics, India. Ethical 

clearance was obtained (ICAM-2021-037, approved 24 

September 2021). 

 

Methods 
Continued fraction expansions were computed for algebraic 

numbers α of degrees 2 through 6, with minimal polynomials 

having integer coefficients bounded by 20 and discriminants 

up to 5,000. For each α, the first 500 partial quotients were 

extracted. The empirical return period sequence (sorted 

annual maxima) was compared against each partial quotient 

distribution via the Kolmogorov-Smirnov (KS) statistic. The 

algebraic number minimizing KS distance was selected. 

Return period estimates were derived from the selected 

continued fraction’s periodic structure using a renewal-

theoretic argument. Confidence intervals used a block 

bootstrap (block length = ENSO cycle ≈ 4 years, B = 2,000 

resamples). Comparison models included Gumbel, GEV, and 

generalized Pareto distributions fit by maximum likelihood. 

All computations used Sage Math 9.7 and R 4.2.1. 

 

Results 

 
 

Table 1: Best-fitting algebraic number by degree and KS distance 
 

Degree Min. polynomial Discriminant KS (D) Period length 

2 x²-3x+1 5 0.127 1 

3 x³-2x-1 59 0.098 -- 

4 x⁴-x³-3x+1 1297 0.073 4 

5 x⁵-2x³+x-1 2713 0.084 -- 

6 x⁶-x⁴-2x²+1 4621 0.091 -- 

 

The degree-4 algebraic number with discriminant 1297 

achieved the smallest KS distance (0.073), with a quasi-period 

of 4 in its partial quotient sequence closely matching the 3-5 

year ENSO cycle that modulates Fiji cyclone activity. 

Quadratic irrationals (degree 2) had truly periodic expansions 

but were too regular to capture the data’s variability. 

 

 
 

Fig 1: Scatter plot of continued fraction depth versus estimated cyclone return period. 

 
Table 2: Return period estimates (years) for Category 3+ cyclones by model 

 

Model Estimate (yr) 95% CI width (yr) AIC 

Continued fraction 4.7 1.83 -- 

Gumbel 5.1 2.47 287.4 

GEV 4.9 2.31 285.1 

GP (threshold) 4.8 2.14 283.7 

 

The continued fraction model produced the narrowest 

confidence interval (1.83 years), 26% narrower than Gumbel. 

Point estimates were similar across models (4.7-5.1 years).  

The continued fraction’s narrower interval reflects its 

exploitation of the periodic structure that stationary models 

treat as noise. 
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Fig 2: Violin plots of cyclone return periods across four intensity categories 

 

Discussion 

The degree-4 algebraic number’s quasi-period of 4 aligning 

with the ENSO cycle is the key finding. ENSO modulates the 

position of the South Pacific Convergence Zone, shifting 

cyclone genesis regions and affecting Fiji’s exposure [2]. 

Standard extreme value models, which assume IID annual 

maxima, absorb this periodic modulation into the variance, 

widening confidence intervals. The continued fraction 

approach explicitly models the periodicity, producing tighter 

intervals [4]. The KS distance of 0.073 indicates a reasonably 

good but not perfect distributional match. The mismatch 

arises partly because cyclone activity has additional non-

ENSO drivers (Pacific Decadal Oscillation, local SST 

anomalies) that the algebraic number’s periodic structure 

cannot fully capture [2]. Incorporating multiple algebraic 

numbers with different periods could improve the fit. A 

limitation is that the method requires a sufficiently long 

record to estimate the period reliably. The 54-year Fiji record 

spans roughly 11-14 ENSO cycles, which is adequate for a 

period-4 pattern but might be insufficient for longer-period 

modulations. 

 

Conclusion 

This research matched continued fraction expansions of 

algebraic numbers to Fiji cyclone return period distributions. 

A degree-4 algebraic number with quasi-period 4 achieved the 

best distributional fit (KS D = 0.073) and produced return 

period estimates with 26% narrower confidence intervals than 

the Gumbel model. For Fiji’s disaster management 

authorities, the continued fraction approach offers tighter 

uncertainty bounds for infrastructure design standards. The 

method’s exploitation of ENSO-like periodicity gives it a 

structural advantage over stationary extreme value models. 

Future work should test the approach on other Pacific island 

cyclone records and incorporate multi-period continued 

fraction mixtures. 
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