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Abstract
In this research paper, we study the first, second Zagreb indices and Zagreb co-indices of Splitting graph
of comb graph.
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1. Introduction

Throughout this paper, we only consider simple and connected graph G = (V(G), E(G))with
nvertices and m edges. We use the notations ¢(v):4= A(G)and & = 6(G) g denote the degree
of a vertex v the maximum vertex degree of & and the minimum vertex degree of &,
respectively. A vertex v € V (G) is said to be pendant if its neighborhood contains exactly
one vertex, i.e.,d(v) = 1. Asusual K, ,_;, B, and C,, denotes a star, path and cycle on n

vertices, respectively. Mathematical calculations are quite necessary to analyze essential
concepts in chemistry because molecules are often modeled by graph structures
Type equation here.named molecular graphsa. A molecular graph is a simple graph in which
vertices represent the atoms and edges represent the linking bonds among them. By IUPAC
terminology, a topological index is a numerical value for the correlation of a chemical
structure with various physical properties, chemical reactivity, or biological activity. In
chemical graph theory, a graphical invariant is a number related to a graph which is
structurally invariant. These invariant numbers are also known MATH. REPORTS 24(74)
(2022), 4, 637-642 638 S. Elumalai and T. Mansour 2 as the topological indices. In 1972,
Gutman and Trinajsti’c examined the study of total m-electron energy on the molecular
structure and introduced two vertex-degree based graph invariants. The graphical invariants -
first, second Zagreb indices was introduced in (1) as

M,(G) = > [d()]*, ueV(G). M,(G) =3 [dwu)dv)], weEG)

Zagreb co- indices are defined in 4. The first, second Zagreb co-indices are defined as
M, (G) =Y [d(u) +d ()], uv ¢ E(G)

M,(G) = [du)d(V)], uv & E(G).

1.2 Splitting graph of a graph: For each vertex u eV (G), take a new vertex(duplicate)
u’ and denote the resulting set of vertices by V'(G). The splitting graph S(G) of a given
graph G is defined as the graph having the vertex set V (G) UV'(G) with two vertices

adjacent if they correspond to adjacent vertices of G or one correspond to a vertex u’ of V'
and the other to a vertex w of G where wisin N (u) .

~ 60~


http://www.mathsjournal.com/
https://www.doi.org/10.22271/maths.2016.v1.i1a.2341

International Journal of Statistics and Applied Mathematics

For all terminologies and notations that are not defined here, refer to F.H. Harary 1. Here we find the Zagreb indices, Zagreb co-
indices of splitting graph of some class of graphs. A Tadpole T,,; ,,+1 is a unicyclic graph on m + n vertices consisting of a cycle
C,,., such that removal of all the vertices of €, from it results a path B,.

G, O G, of G; and G, is the graph obtained by taking one copy of G, (which has n, vertices) and n,copies of G, and then
joining ith vertex of G, to every vertex in the i"'copy of G,.

B, ®© Ky n=>3is called comb graph.

1.3 Remarks

1. A vertex pairs {u,u} are not adjacent in S(G).
2. (') is a null graph.

3. degq(y) = degS(G)(ui/) .

4. degS(G)(ui) = 2der(G) (Ui/)

2. Main Results
Theorem 2.1: For the splitting graph of comb graph ¢ 2 p, © K,,

1. m,(s(G))=50(n-1)
2. M,(S(G))=96n-136-

Proof: Let V;, 1<1 <N be the vertices of P, and a, are pendent vertices that are adjacent to V. v.',a’ be the

n [ |
corresponding duplicate vertices. In s(p, - K, ) there are (n-2)vertices of degree 6,degree3 and 2 vertices of degree 4, degree 2.

Further there are n vertices of degree 2,degreel.
Thus M, ((S(B, © K,))=50(n—-1)

(ii). The result can be proved by calculating the product of degrees between the adjacent vertices {u,v}. The following cases
araises. For G =P, (O K,

Case 1: U,V €V g,

Case 2:U €V ),V eV/ise@<iz j<n)

With the above two cases,

M,(G)= D d(ud(v) + > d(u)d(v) (6)

uveV (5(G)) ueV (5(G))vev/(s(G))

Case 1: There are (n-3)pairs of edges {u,v} (u,v #1, n) with degree 6. Further there are (n—2) pairs of edges {u,v} with
deg(u)=6,deg(v)=2 and two pairs of edges with degrees 4,2 and 6,4.

Thus > d(u)d(v)=48n—68.

uveV(S(G))

Case 2. There are (2n-6) pairs of edges {u,v}such that deg(u)=6,deg(v)=3 and two pairs of edges with degrees 4,3; 6,2; 4,1 and
2,2. Moreover there are (n-2) pairs of edges with degrees 2,3 and 6,1.

Thus > d(u)d(v) =48n-68.

ueV (S(G))vev/(s(G))
By adding the above (6) becomes M, (S(G))=96n—136

Theorem 2.2: For the splitting graph of comb graph ¢ = B, (O K,
1. M,(S(G))=48n>—-82n+92

,  M,(S(G))=55n" ~51n—465.
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Proof: The result can be proved by calculating the sum (product) of degrees between the non-adjacent vertices u,v in the
following cases.

1. uveV
uveV’
ueV,veV’
uveA
u,ve Al

ueAveA
Among the vertices of cycle and path

No g o~ w D

Case 1: Let u = v, is of degree 4 and is not adjacent to (n-3) vertices of degree 6 and one vertex of degree 4. Similar is the
case with V, . The vertices u=V,,V, , of degree 6 are not adjacent to(N—4) vertices of degree 6 and a vertex of degree 4.
Further each v,,3<1i<n—2 is not adjacent to (n—5) vertices of degree 6 and two vertices of degree 4 and there are (n-4) such

Vertices. Here all vertices are counted twice.

1

Thus > d(u)+d(v)= E((n —4)[(n-5)(6 +6) + 2(6 + 4)]) = 6n* —54n +130 (2.1)
Zd(u)d(v) = (n—4)(18n—66) 2.11)

u,veV

I, . -
Case 2: For u=V, ,V,, of degree 2 there are (N—2) vertices of degree 3 and one vertex of degree 2 as v. Remaining (N —2)
vertices of degree three are mutually non adjacent.

Thus > d(u)+d(v) =3n’-10n+8 (2.2)

U,VeV/

> d(u)d(v) = l(gn2 —33n+30)
uvev'! 2 (2.12)
o .
Case 3: (Between vis,vi/s): Here u=V, of degree 4, is not adjacent to V; ,V, of degree 2, (n _3)Vi/5(| #1,n) of degree 3.
/
Further Vv, of degree 6 is not adjacent to V, of degree 2, (n —3)Vj/S of degree 3.Similar is for the vertexV,_, . Further

7 (3 <i<n- 2) is not adjacent to Vll , Vn/ of degree 2 and (n —4) Vi/ of degree 3 and there are N —4 such V;S.

Thus Zd(u)+d(v) = 9n?—24n+24 (2.3)
D du)d(v) = 9n* +4n—44 (2.13)
ueV,veV/

Case 4: Each a; is of degree 2 and are not mutually adjacent.

Thus 3" d(u)+d(v) = 2n(n—1) (2.4)
> d(u)d(v) =2n(n-1) (2.14)

Case 5: As all ai/ of degree 1 are mutually non adjacent and there are n such vertices.
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Thus > d(u)+d(v) =n(n—1) (2.5)
zAd u)d(v) = ”(”2_1). (2.15)

Case 6: Here U = &, (1 <1 < n) of degree 2 are mutually non adjacent to v = ai’ (<1 <n) of degree 1.

Thus > d(u)+d(v) = 3n? (2.6)
ueA,ve Al
> d(u)d(v) = 23n° —16n—36 (2.16)
UEA,VEA/

Case 7: We can find Zd (u) +d(v) in the following four sub cases.

Sub Case 7.1: The vertices V,,V, of degree 4 are not adjacentto N —1 &;S of degree 2.Remaining V;S of degree 6 are not

adjacent to (n-1) &;S of degree 2.

Thus > d(u)+d(v) = 16n° —46n+74. 27)
ueVv,ve A
> d(u)d(v) = 32n° —32n—432 (2.17)
ueV,veA

Sub case 7.2 (between Vi/S, a;S): For i=1 a; of degree 1 is not adjacent to (N —2) Vi/S of degree 3, one Vi/ of degree 2.
Similar is for @, . Remaining &S, (2<i<n-1) are not adjacent to two Vi/s of degree 2 and (N—23) Vi/ of degree
3.Thereare (N—2) such a,'s.

Thus > d(u)+d(v) =5n* +7n-12 2.8)
ueV/,veA
> d(u)d(v)= 6n°—10n+4 2.18)
UEV/,VEA

Sub case 7.3 (between V;S, ai/s): Here v, of degree 4 is not adjacent to (n —1) ai/S of
degree 1. There are (N—2) duplicate vertices vi/ (i #1, n) of degree 6 that are not adjacent to (n —1) ails of degree 1.

Thus > d(u)+d(v) = 7n*~1In+4 (2.9)
ueV,ve A
> d(u)d(v)=6n®-10n+4 (2.19)
ueV,veA/

Sub Case 7.4: The vertices Vl/ ,Vn/ of degree 2 are non adjacent to ai/ that are n in number. Remaining (N—2) Vi/S of degree

3 are not adjacent to to ai/ that are n in number.

Thus > d(u)+d(v) = 8n° —8n+2. 2.1)

ueV/,Ve A

~ 63~



International Journal of Statistics and Applied Mathematics

> d(u)d(v) = 8n*-13n+7 (2.20)

uev’ ,VeA/

By adding all the above 2.1-2.10 we get

M, (S(G))=48n* —82n+92.

By adding all the above 2.11-2.20 we get

M, (S(G))=55n? —51n — 465.

References

1. BraunJ, Kerber A, Meringer M, Rucker C. Similarity of molecular descriptors: The equivalence of Zagreb indices and walk
counts. MATCH Communications in Mathematical and in Computer Chemistry. 2005;54:163-176.

2. Das KC, Gutman I. Some properties of the second Zagreb index. MATCH Communications in Mathematical and in
Computer Chemistry. 2004;52(1):103-112.

3. Gutman I, Trinajsti¢ N. Graph theory and molecular orbitals: Total n electron energy of alternant hydrocarbons. Chemical
Physics Letters. 1972;17:535-538.

4. Gutman I, Polansky O. Mathematical concepts in organic chemistry. Berlin: Springer-Verlag; 1986.

5. Harary F. Graph theory. Reading (MA): Addison-Wesley; 1969.

6. Malik MA, Imran M. On multiple Zagreb indices of TiO- nanotubes. Acta Chimica Slovenica. 2015;62:973-976.

7. Nikoli¢ S, Kovacevi¢ G, Mili¢evi¢ A, Trinajsti¢ N. The Zagreb indices 30 years after. Croatica Chemica Acta. 2003;76:113-
124.

8. Ponraj R, Soma Sundaram S. On the degree splitting of graphs. National Academy Science Letters. 2004;27(7-8):275-278.

9. Sampathkumar E, Walikar HB. On the splitting of a graph. The Karnataka University Journal of Science. 1980-1981;25-
26:13-16.

10. Zhou B, Gutman I. Relations between Wiener, hyper-Wiener and Zagreb indices. Chemical Physics Letters. 2004;394:93-95.

11. Zhou B. Zagreb indices. MATCH Communications in Mathematical and in Computer Chemistry. 2004;52:113-118.

12. Zhou B, Gutman I. Further properties of Zagreb indices. MATCH Communications in Mathematical and in Computer

Chemistry. 2005;54:233-239.

~ 64~



