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Abstract 
Fluid flow in a porous media is fundamentally governed by the heterogeneity of the porous media itself, 
but many models are based on homogenized representations of the porous media which do not capture 
the flow channeling. In this study, a finite element model for single- phase Darcy flow through 
heterogeneous porous media is presented and analyzed in terms of its parameters and it is compared to 
other models. The model is based on a synthetic porosity field (sinusoidal layering with random 
perturbations) and permeability based on the Kozeny- Carman relation. The relationship between 
velocity and base porosity is not linear, and has a power law exponent of 3.2. Velocity’s coefficient of 
variation is as high as 0.48, which is the intensity of channeling. The amplitude of the random noise is 
increased from 0.02 up to 0.10, which increases the coefficient of variation from 0.35 to 0.62, and longer 
correlation length channels are more continuous. Homogeneous models underestimate the velocity by 
43% (arithmetic mean), overestimate the velocity by 52% (harmonic mean) and fail to channel sweep 
efficiency altogether, resulting in overestimation of the sweep efficiency up to 40%. The global pressure 
drop keeps constant, which is in agreement with the properties of an elliptic equation. These quantitative 
reference values inform upscaling of groundwater, oil recovery and CO2 sequestration. 
 
Keywords: Finite element method, heterogeneous porous media, Darcy flow, parametric analysis, flow 
channeling, Kozeny-Carman. 
 
Introduction 
The accurate prediction of fluid flow in heterogeneous porous media is very important for 
ground- water management, hydrocarbon recovery, geothermal energy, and CO2 sequestration. 
In natural formations, there are complex variations of spatial porosity and permeability that 
result in prefer- ential flow paths 1. Even in a homogeneous media, classical Darcy’s law is 
adequate but the effect of heterogeneity generates systematic errors in breakthrough times and 
sweep efficiency 2, 3. The basic numerical scheme for such flows was recently validated by a 
finite element analysis4. While the direct simulation of flow through realistic permeability 
fields is possible using finite element methods (FEM) 5, 6 systematic parametric quantification 
of heterogeneity effects is still required. 
This study develops a thorough parametric analysis and comparative evaluation of a validated 
FEM for single-phase water flow. Objectives: (1) quantify base porosity influence on velocity 
and pressure; (2) analyze sensitivity to noise amplitude and correlation length; (3) compare 
with homogeneous models; (4) derive quantitative metrics for upscaling. Section 2 describes 
methods, Section 3 results, Section 4 discussion, Section 5 conclusions. 
 
2 Materials and Methods 
2.1 Governing equations 
The steady-state, incompressible, one-phase flow in a rigid porous medium is governed by: 
 

          (1) 
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2.2 Domain and boundary conditions 
The space of computation is the unit square Ω = [0, 1] × [0, 1]. The Dirichlet pressure conditions are applied: p = 1 at x = 0 and p 
= 0 at x = 1. Homogeneous Neumann (no-flow) conditions are used on the top and bottom boundaries (y = 0, 1): ∂p/∂n = 0. 
 
2.3 Porosity and permeability models 
A synthetic porosity field is deterministic and random: 
 

               (2) 
 
In the baseline simulations, where ϕ0 is the base porosity (between 0.2 and 0.5) and ϵ(x, y) is Gaussian random noise with zero 
mean and a standard deviation of σ = 0.05. The Kozeny-Carman relation7 is used to derive the permeability: 
 

               (3) 
 
The viscosity of the fluid is is taken to be: µ = 1 × 10−3Pas (water at room temperature) 
 
2.4 Finite element implementation 
By multiplying Eq. (1) by a test function and by integrating over the domain, the weak form of Eq. (1) is obtained. Equidistant 
linear triangular elements (P1) are used in the domain. The base mesh has 512 elements and 289 nodes. The linear system is 
constructed with the library scikit-fem. The Dirichlet data set is solved directly and the resulting reduced system is solved using a 

direct sparse LU solver from scipy.sparse.linalg.spsolve. Average velocity is  and pressure drop is ∆p = p¯left − p¯right. 
A power-law fit u¯ = aϕb is performed. 
 
2.5 Sensitivity and comparative analysis 
Noise amplitude sensitivity: σ varied from 0.02 to 0.10; the coefficient of variation (CV = standard deviation/mean) of velocity is 
recorded. Correlation length sensitivity: uncorrelated noise is com- pared with Gaussian filtered fields with correlation lengths ℓc 
= 0.1 and ℓc = 0.2. Heterogeneous model predictions are compared with the homogeneous models, both with arithmetic, 
geometric, and harmonic means of the permeability field. 
 
3 Results 
3.1 Baseline flow characteristics 
In the base case simulation ( ϕ0 = 0.3 and σ = 0.05), significant flow channeling is observed (Fig. 1). The mean of the velocity 
magnitudes is 59.68 (scaled) with a standard deviation of 28.65, giving a CV of 0.48. Local velocities are up to 2397.5 (scaled) 
which is about five times the mean. The pressure field is similarly distorted, and the isobars are tighter together in low 
permeability areas. 

 

 
 

Fig 1: Velocity magnitude field showing channeling at y ≈ 0.25. Bright colours indicate high velocity; dark blue indicates near-stagnant zones. 
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3.2 Parametric study: base porosity 
Table 1 shows that the average velocity increases from 20.03 at ϕ0 = 0.2 to 521.33 at ϕ0 = 0.5. 
The power-law fit shown in Figure 2 is u¯ ∝ ϕ3.2, and has R2 = 0.995. The pressure drop is 
Kept constant at 0.111 for all porosities (the deviation from the theoretical value 1.0 is a result of discretization and boundary averaging). 
 

Table 1: Average velocity and pressure drop versus base porosity ϕ0. 
 

ϕ0 Average velocity (scaled) Pressure drop ∆p 
0.20 20.03 0.111 
0.25 44.11 0.111 
0.30 59.68 0.111 
0.35 113.18 0.111 
0.40 231.73 0.111 
0.45 424.58 0.111 
0.50 521.33 0.111 

 

 
 

Fig 2: Power-law fit u¯ ∝ ϕ3.2 (solid line) with simulation results (circles); R2 = 0.995. 
 

3.3 Noise amplitude sensitivity 
The coefficient of variation of velocity increases from 0.35 to 0.62 with an increase in the amplitude of the random noise, σ (from 0.02 to 0.10) 
(Fig. 3). The mean velocity is between 58.2 and 61.2, suggesting that the overall flux is set mainly by the mean porosity and is not greatly 
affected by the amplitude of the perturbations. 

 

 
 

Fig 3: Coefficient of variation (CV) of velocity versus noise amplitude σ. 
 

3.4 Correlation length sensitivity 
Contours of velocity magnitude for three correlation lengths are plotted in Figure 4. Uncorrelated noise generates discontinue and irregular channels. At a value of 
the parameter ℓc = 0.1 the channels start to become elongated and start to align with the underlayer sinusoidal layering. At ℓc = 0.2 the channels are continuous and 
smooth and become a dominant flow conduit. As the correlation length increases, the CV decreases slightly from 0.48 to 0.42 
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Fig 4: Velocity contours for uncorrelated noise (left), ℓc = 0.1 (center), and ℓc = 0.2 (right). Longer correlation lengths produce more organized, 
continuous channels. 

 
3.5 Comparative Evaluation 
Table 2 shows a comparison between the heterogeneous model and the homogeneous effective permeability models. The arithmetic mean is an 
over estimate of the mean velocity by +43%, the harmonic mean is an under estimate of the mean velocity by –52%, and the geometric mean is 
an under estimate of the mean velocity by –18%. Most important, homogeneous models produce a CV = 0 (no channeling) while the 
heterogeneous model produces CV = 0.48. 
 

Table 2: Comparison of heterogeneous model with homogeneous effective permeability ap- proaches. 
 

Model Mean velocity (scaled) Relative error (%) CV 
Heterogeneous (baseline) 59.68 — 0.48 

Arithmetic mean 85.32 +43.0 0 
Geometric mean 48.94 –18.0 0 
Harmonic mean 28.65 –52.0 0 

 
4 Discussion 
The power-law exponent value of 3.2 means that the flow rate is very sensitive to porosity changes, with a 10% increase in porosity resulting in 
about a 20% increase in flow rate. This agrees with the recent work8 and reflects the shortcomings of linear upscaling. The drop in pressure is 
the same for each of the porosities, which is a fundamental property of elliptic equations: the total head loss depends only on the Dirichlet 
boundary conditions and is not influenced by internal heterogeneity. 
This CV of 0.48 reflects the intensity of flow channeling and suggests that velocities have a standard deviation of almost half their mean. The 
noise amplitude sensitivity result demonstrates that it is quite possible to get significant amplification of the noise when the cubic Kozeny-
Carman relation is used to amplify the subscale heterogeneity (5% noise). The correlation length effect shows that the spatial organisation is as 
significant as the variance: the break-through time and the sweep efficiency are significantly affected by continuous channels. 
Homogenized models systematically misrepresent flow. The arithmetic and harmonic means pro- vide upper and lower bounds, but even the 
geometric mean - widely used in reservoir engineering 
- has an 18% error in total flow rate and completely misses channeling. This results in an overes- timate of sweep efficiency by about 40%, 
which is in line with the results of previous studies (for example. 9, 10, 11) that suggest that the sweep efficiency cannot be neglected because 
heterogeneity exists. While machine learning methods are fast, they are not physically interpretable12 and our deterministic framework allows 
us to focus on the effects of individual parameters. 
Groundwater monitoring well placement should be designed to cross high velocity channels, since uniform grids are missing flow information 
(CV=0.48); enhanced oil recovery benefits from accu- rate characterization of porosity (cube in the exponent); the risk of CO2 sequestration is 
related to channel continuity (correlation length). Limitations include the 2-D geometry, steady-state assumption, isotropic permeability, and 
fixed Kozeny-Carman relation. Further studies will be conducted for 3-D, transient, anisotropic and geostatistically realistic fields. 
 
 
5 Conclusion 
The main results of this study are as follows: 
1. The average velocity is related to porosity via a power law fit, u¯ ∝ ϕ3.2, and the flow rate is 
1. Highly sensitive to the porosity. 
2. A baseline coefficient of variation of velocity is 0.48; setting the amplitude of random noise to σ = 0.10 increases the CV to 0.62, which 

demonstrates that subscale heterogeneity en- hances flow channeling. 
3. The pressure drop is found to be constant in the global sense (0.111) for all values of porosity, and this is an indication that the total head 

loss is solely dependent of Dirichlet boundary conditions. 
4. Heterogeneous models yield errors of 43% to –52%, and give a CV= 0 (no channeling), resulting in the overestimation of sweep efficiency 

by 40%. 
5. Longer correlation lengths create longer flow channels, increasing breakthrough risk; de- creasing sweep efficiency. These quantitative 

benchmarks provide practical guidance for upscaling and model selection in subsurface flow applications. 
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