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Abstract

In planning and decision-making processes, uncontaminated survey data devoid of measurement and
response errors, observation errors and other kind of errors is of essence as this can result in estimates
which are biased and which may have inflated standard errors. There is therefore a need to investigate the
effects of these errors on survey data when analyzing survey data so as to obtain reliable information for
use by statisticians and policy makers. This work looks at the effects of measurement and response errors
in center sampling when regression estimation is applied. The work looks into both one phase and two-
phase sampling under center sampling. The effect of random errors and biases from systematic errors on
simple and correlated response variances under various levels of the errors is carried out. A numerical
example is given assuming simple random sampling. The net effect of the errors has been found to inflate
simple and correlated response variances and hence overestimation of the variances under different
variance estimators. It is therefore recommended that both measurement and response errors be put into
consideration when designing and carrying out a survey for more accurate results.

Keywords: Regression estimation, center sampling, measurement error, response error, two-phase
sampling, survey data analysis, variance estimation, bias analysis, auxiliary variables, Taylor linearization,
sampling techniques, statistical modelling

Introduction
1. Regression estimation in center sampling
The regression model requires adequate information about the auxiliary variable. In the absence
of auxiliary variables’ information, random selection of a large sample of size N'is carried out
where information on the auxiliary variables is obtained, followed by selecting a subsample of
size N from the large sample, and observing the study variable y. This sampling process is the
double sampling or the two-phase selection process. In this process, randomization is carried out
twice, during the first phase and the second phase. In this work, regression estimation is applied
in Center Sampling and two-phase Center Sampling.
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the ' profile in centre L are assumed to be a realization
from an infinite super population model given by

E(:uqu / )~(Irq) = )~(Iqul§|r Var (luqu) = Gliq

Xp . The finite population values of

Ir

. . . th
The estimate of @ using all the population values of the I

(B

~I' is now a parameter of the finite population. The objective

profile in centre L is,

Ny

Z )~(Irq )~(Irq
gq=1

Nlr

Z Xqu /uqu

B
will now be of estimating ~"" and not 'g".

https://www.mathsjournal.com

1 -, R R
- Z z:uqu z_z ’u“'q” Iu"q Where luqu = )N(Irq Blr
Irq

r r g=1 r mr Sir
€
=2 ZﬂmZ ~y
r m q=1 m, Sir ﬂ-h’q
(2

2
Also note that if “« is a constant and there is an intercept
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Equation (2) can be written as
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This estimate is not unbiased but approximately unbiased due

to the regression coefficient B
in equation (1) above, note that
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The sample observed value therefore has weights Yiras gngl "o

. While " is given before sampling, Yiras depends on the

sample obtained. Define the quantity EBira as
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For variance estimator, we consider the Taylor linearization
approximation of the estimator given by
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The approxmate variance by Taylor linearization is
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From equation (4),
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But 9 js a function of the sample and hence cannot be
computed. Using (6) by Taylor linearization approximation,
the estimators of the variance can easily be obtained as
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which can be computed from the sample.
From equation (4), another estimation possible is
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which is equivalent to
putting Giras =

2.

Assume that the finite population of center L is a realization
of a super population generated by the model

Two-phase sampling
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V/i (luqu ) = Glzrq

Ir

The estimate of ~" using the realized finite population (size

I forthe I'" profile) is
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~I" is now a parameter of the finite population though an
estimate of the model parameter@Ir

Assume a sample ' is taken from the finite population

having profile r in center L with the inclusion first order and

7Z-1Irqq'

second order inclusion probabilities ¥ and

respectively. The only observed variables at this point are Xirq

for each unitq. Note that had /@ been observed, the estimate

B
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Suppose a second sample " a subsample of 1" is selected

where the conditional inclusion probabilities are /s« and

ﬂquql/slr

The overall inclusion probability of unit ] with profile r in

center L is
7ra = 7fura-Tiers, and joint inclusion probability is
ﬂ-quq' = ﬂlquq"ﬂquq'/sh,
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Now ~I can be estimated by
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Also note that the component Sir = ra”“1ira of =l can now be

estimated as

Z )N(Izrq/;lqu _ Z X|2rq,[l|rq n Z Z(Irg (luqu - /:\lqu)

s O-quﬂ-lqu Stir O-Irqﬂlqu Stir O-Irqﬂ-lqu'ﬂlquls,,

_ Z Xqu:uqu z Xirg (‘u'rq _ '[lqu)

2

Sir O-Irqﬂ.lqu Sir Uqu 7Z.1Irq to get a new

estimate Bir of ~I as
-1 n

* XI rq XI rq Xqu /J| rq XI rq eI rq

Bu=| 2| | Xt
Sy JIrqﬂ-lqu Sy Uquﬂlqu Sir Gquﬂqu

Where eIrq = /“lqu _:Llqu

A
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Note that the estimator " can be written in the following form
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This is easily proved to be unbiased estimate of Lo after taking
expectation at both stages.
Also
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S
depends on the realized . The variance is obtained through
Taylor linearization where the approximate estimator now is
obtained.
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The approximate variance can now be obtained as
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3. Regression estimation in center sampling in the

presence of measurement errors
Regression estimation is considered in the presence of
measurement and response errors so that we can make use of
the information from the auxiliary variable.

Suppose that rather than observing, “ the observed value is
Yia modelled as

yqu = /'lqu +equ +Vqu

Where ©ra is a measurement error.

et Em (yqu ) = erq , Vm (yqu ) = V/I?’q

COV( Yirg yqu') = Yirqqr (10)

The regression estimator can now be written as

Yir
- X Y0, 2

r Sir Irq
(11)

g Irgs = 1+ (
Where

Due to the presence of measurement errors, consider the
process as two-stage to have

E(E,)=Eom (%) =EoEn(t)

From equation (1),
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rq 1 r
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E,

To obtain expectation under sampling, recall it is a regression
estimator which is only approximately unbiased.
From equation (4), we can write

Nlr E
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TS i e S5 Mg
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Where now Equ = Zig ~ XquB _ where Zig = Hirg +bqu

Using Taylor linearization technlque, we have equation (13) as
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g ~ Irq’
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To obtain the variance, consider again the two stages and write

V(€)= VLE, (£, )+ £, (v ()

From equation (3), the sampling variance is

T 1 erq
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Also, consider that from equations (4) and (12),
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This depends on Jirg which is a sample weight and hence
difficult to compute. However, using the Taylor linearization
gives the approximated value as
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The response variance term is
Again, the expectation of equation (16) is complex due to
regression effect. A good approximation for large samples is ,U
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Using Taylor linearization, we get another estimator with (17)
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) b) Now consider the special case when p=2 , that is assumed
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a) Simple random sampling for each profile in L X = (1 X )
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the presence of measurement errors
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Also the estimator can be written as

The estimate now is a result of three phases namely:
S
e First phase of selecting sample ~ I .

S
e Second phase of selecting subsample " .
e The measurement error phase.

This can be denoted by
E (flr ) = ElEZEm (flr)

Using estimator 3.14, we get
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The variance is as below
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Using simple random sampling without replacement,
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5. Results and Discussion

5.1 Regression estimation in Centre Sampling.

For empirical illustration, simulation of variable X (could be
income) and Y (Expenditure) is carried out the objective
being to estimate or predict total expenditure which is
assumed to regress on income. A population with three

centers whose sizes are N1 =118, N2 =116, N3 =101 is

assumed. With tree centers, the number of profiles is eight
where

r=(10,0),r,=(0,10),r,=(0,0,2),r,=(110),r, = (1,02, =(012),r, =(LL)

The model used for generation of the simulated population
when there are no measurement errors is for Center 1 is

Yirg = Biro + BiraXirg +Vig =12+ 0.8%,4 +
v, IN@©3), .
E(yqu) = E(qu) =By + BiiXig =9+ 0.2X,

where

The model used for generation of the simulated population
when there are no measurement errors is for Center 2 is

yqu BIrO + BIrlXIrq +Vqu 15+ 0 3Xqu +V2rq

v, [0 N(O, Z)Wth
E(Yirg) = E(trg) = Biro + BiryXyg =15+0.3%,,,

where

The model used for generation of the simulated population
when there are no measurement errors is for Center 3 is

yqu = BIr0 + BIrlxqu +Vqu _1l+0 1 2XSrq +V3rq where
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v, U N(0,5) with
E(yqu) = E(,uh-q) = B“-o + B|r1X|rq =11+1.2x

3rq

Introduction of measurement errors on the simulated
population is carried out by having the model error term have

the distribution say, Y'ra = #4ra + €ira + Virg

YIrq = luqu +V|rq +equ’ Where elfq =N (be"//z)

E(yqu) = E(:uqu) = BIrO + BIrlXIrq +be = erq )

with

b. =k 2 =
The bias b, canbeputas °© Firg gng ¥ = Phig , Where

now constants p and k can be varied for different measurement
error levels.

We use simulation to generate data set on the net income of
workers to demonstrate linear regression. The data set involves
predicting the total expenditure for workers in thousands of
dollars (y) given their net income in thousands of dollars (x).
This means that for a new net income (x) we will be able to
predict the total expenditure (y). A sample of 300 is selected
from 500 units, the center sizes are

https://www.mathsjournal.com

n =118, n, =116, n, :101'

The model used is Yiri = Biro + BiraXiq +V

E(v)=0, V(v)=0"

E(Y. / X)) =B,, +B,.X

Iro Irl

Iri where

. This implies that

B =5
i \We estimated '™,

)=0.5

Iri

B,=03
Irt and V(v so that we can generate the
Yiri . When there are measurement and response errors, then

u is the error term and Hirg is the true value.

Table 1: Distribution of units of the generated population

Center Profiles in that Number of Units
Center
Center 1 1,4,5,7 118
Center 2 2,4,6,7 116
Center_3 3,5,6,7 101
Total 335

Table 1 represents the distribution of units of the generated
population with the specified regression parameters and
population size for each center.

Table 2: Estimation of parameters at Center 1 with varying values of k and p

K P by, by, t”q blo bias bll bias blo var bﬂ var
0.01 0.01 14.4023 2.8391 21712.8659 9.4023 -0.1609 33.6353 0.0094
0.01 0.05 15.0202 2.8284 21709.2716 10.0202 -0.1716 33.3398 0.0093
0.05 0.01 15.8172 2.8144 21710.9308 10.8172 -0.1856 34.8802 0.0097
0.05 0.05 14.5923 2.8354 21713.7673 9.5923 -0.1646 36.5309 0.0102
0.1 0.01 17.7275 2.7842 21712.5020 12.7275 -0.2158 39.6816 0.0111
0.1 0.05 16.4555 2.8044 21705.7067 11.4555 -0.1956 34.0240 0.0095
0.2 0.01 21.3629 2.7197 21712.4747 16.3629 -0.2803 40.3482 0.0113
0.2 0.05 21.9941 2.7097 21716.3769 16.9941 -0.2903 39.7840 0.0111

Table 3: Estimation of parameters at Center 2 with varying values of k and p

K P by, by, tqu D pias A pias b20 var bZl var
0.01 0.01 9.7692 2.9223 21406.8490 4.7692 -0.0777 45.3214 0.0126
0.01 0.05 8.9533 2.9357 21403.0952 3.9533 -0.0643 45.6374 0.0127
0.05 0.01 11.2917 2.8966 21406.1774 6.2917 -0.1034 45.2150 0.0126
0.05 0.05 10.3733 2.9125 21401.4171 5.3733 -0.0875 46.0972 0.0129

0.1 0.01 9.5177 2.9261 21403.5057 4.5177 -0.0739 46.7978 0.0131
0.1 0.05 9.3592 2.9264 21397.1806 4.3592 -0.0736 46.7470 0.0130
0.2 0.01 20.6382 2.7426 21406.0180 15.6382 -0.2574 52.0123 0.0145
0.2 0.05 17.8886 2.7878 21411.5397 12.8886 -0.2122 64.0849 0.0179
Table 4: Estimation of parameters at Center 3 with varying values of k and p
~ ~ . b,, var

K P by, by, t3rq 9 pias 3pias b31 var
0.01 0.01 12.3516 2.8801 18693.8378 7.3516 -0.1199 44.8076 0.0124
0.01 0.05 12.4045 2.8787 18690.0626 7.4045 -0.1213 47.5897 0.0132
0.05 0.01 13.2816 2.8643 18693.3620 8.2816 -0.1357 46.8087 0.0130
0.05 0.05 13.4327 2.8627 18694.0158 8.4327 -0.1373 45.4496 0.0126

0.1 0.01 11.9928 2.8867 18693.2093 6.9928 -0.1133 44.8339 0.0124

0.1 0.05 14.3216 2.8463 18695.3468 9.3216 -0.1537 46.5653 0.0129

0.2 0.01 17.1960 2.7988 18693.7366 12.1960 -0.2012 54.8035 0.0152

0.2 0.05 17.8902 2.7900 18689.5605 12.8902 -0.2100 50.6657 0.0141
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The tables 2, 3, and 4 provide the totals, biases, and variances

: . b
of the estimated regression parameters ~© and bl under
different error conditions.

The bias for bo is consistently high across all combinations of
k and p, with values ranging from approximately 9.4 to 17.0.

This indicates that the estimated intercept bo deviates
significantly from the true value, especially for larger values of

k and p. The bias for b1 is smaller but still noticeable, ranging
from approximately -0.16 to -0.29. This suggests that the

estimated slope bl is slightly underestimated compared to the

true value. The bias for both bo and bl tends to increase as k
and p increases, indicating that higher values of k lead to less
accurate estimates.

The variance for bO ranges from approximately 33.6 to 40.3,
while the variance for bl ranges from approximately 0.009 to

0.011. The variance for both bo and bl increases slightly as k
and p increases, suggesting that higher values of k and p lead

to greater uncertainty in the estimates. The variance for b1 is

b, . . .
much smaller compared to ©, indicating that the slope
estimates are more stable than the intercept estimates.

The bias for bo increases as k and p increases, indicating that
higher values of k and p lead to larger deviations from the true

intercept. The bias for bl also increases slightly as k and p
increases, suggesting that higher values of k lead to less
accurate slope estimates. The effect of p is minimal, as the lines
for p=0.01 and p = 0.05 are close to each other.

. b, . . o
The variance for 0 increases ask increases, indicating greater
uncertainty in the intercept estimates for larger k and p. The

variance for b1 also increases slightly ask increases, suggesting
greater variability in the slope estimates for larger k. The effect
of p is minimal, as the lines for p = 0.01 and p = 0.05 are close
to each other.
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The bias for bO ranges from approximately 3.95 to 15.64,
which is lower than in Center 1 but still significant. This

- . . b, . .
indicates that the estimated intercept © deviates from the true

value, especially for larger k. The bias for b1 ranges from
approximately -0.06 to -0.26, which is smaller than in Center

1. This suggests that the estimated slope bl is closer to the true
value but still slightly underestimated.

The variance for bo ranges from approximately 45.2 to 64.1,
while the variance for bl ranges from approximately 0.012 to

0.018. The variance for both bo and bl increases as k and p
increases, indicating greater uncertainty in the estimates for

larger k and p. The variance for b1 is much smaller compared
to bo, similar to Center 1.

The bias for bo increases as k and p increases, similar to Center
1, but the bias values are slightly lower. The bias for bl
increases slightly as k and p increases, but the bias values are

smaller than in Center 1.

. b, . . -
The variance for 0 increases as k and p increases, similar to
Center 1, but the variance values are slightly higher. The

variance for b1 increases slightly as k and p increases, but the
variance values are smaller than in Center 1.

5.2 Regression Estimation in Two Phase Center Sampling

A sub sample of 100 is selected from 300 units of the first
phase, where

n =42, n,=45 n,=40

The tables 5, 6, and 7 below provides the totals, biases, and

variances of the estimated regression parameters © and b1
under different error conditions.

Table 5: Estimation of parameters at Center 1 with varying values of k and p

K P b10 bll tqu blo bias bﬂ bias blo var bll var
0.01 0.01 2.2129 3.0500 9215.5802 -2.7871 0.0500 110.2957 0.0309
0.01 0.05 27.0888 2.6365 9253.5401 22.0888 -0.3635 107.1968 0.0298
0.05 0.01 11.7371 2.8793 9219.3669 6.73707 -0.1207 64.3356 0.0178
0.05 0.05 30.5379 2.5566 9157.9047 25.5379 -0.4434 75.4642 0.0211

0.1 0.01 16.0086 2.8078 9176.3755 11.0086 -0.1922 80.5571 0.0226

0.1 0.05 13.2415 2.8590 9179.9534 8.24151 -0.1410 71.7915 0.0202

0.2 0.01 22.5207 2.7079 9195.2767 17.5207 -0.2921 97.6697 0.0274

0.2 0.05 23.9550 2.6791 9197.5784 18.9550 -0.3209 78.1557 0.0218
Table 6: Estimation of parameters at Center 2 with varying values of k and p

K P by, by, tqu D pias A pias b20 var b21 var
0.01 0.01 5.4295 2.9938 9207.5919 0.4295 -0.0062 67.4317 0.0189
0.01 0.05 16.9801 2.8014 9163.7522 11.9801 -0.1986 119.9984 0.0340
0.05 0.01 11.4679 2.8871 9223.9460 6.4679 -0.1129 72.7607 0.0202
0.05 0.05 -3.9458 3.1573 9248.7566 -8.9458 0.1573 94.4486 0.0263
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0.1 0.01 24.6036 2.6689 9197.2806 19.6036 -0.3311 99.9772 0.0280
0.1 0.05 7.35082 2.9566 9291.2359 2.3508 -0.0434 117.6475 0.0322
0.2 0.01 16.0193 2.8199 9161.8551 11.0193 -0.1801 114.7803 0.0325
0.2 0.05 5.03705 3.0109 9237.8415 0.0371 0.0109 163.0511 0.0457
Table 7: Estimation of parameters at Center 3 with varying values of k and p

K i by, b, t3rq 9 pias 3 pias b30 var b31 var
0.01 0.01 9.7370 2.9224 9200.4847 4.7369 -0.0776 85.5282 0.0240
0.01 0.05 18.8337 2.7724 9263.0700 13.8337 -0.2276 104.9548 0.0291
0.05 0.01 4.9652 3.0010 9222.9354 -0.0348 0.0010 132.7056 0.0370
0.05 0.05 5.9279 2.9930 9281.0308 0.9279 -0.0070 121.0435 0.0335
0.1 0.01 10.7220 2.9103 9253.4382 5.7220 -0.0897 82.8944 0.0230
0.1 0.05 17.1773 2.7991 9276.4823 12.1773 -0.2009 100.2097 0.0276
0.2 0.01 15.7119 2.8245 9298.0389 10.7119 -0.1755 138.8196 0.0381
0.2 0.05 20.9515 2.7413 9294.5856 15.9515 -0.2587 136.4594 0.0376

In tables 5, 6 and 7 bias " © shows significant positive bias for
higher values of k and p especially for
k=0.2 and p=0.05, where the bias is around 18.96.

b1 has relatively small biases, but they are consistently
negative, indicating a slight underestimation of the true
parameter.

The variance of bo is relatively high, especially for lower k and
p values e.g. k=0.01, p=0.01.

The variance of b1 is generally low, indicating stable estimates
across different k and p combinations.

0 bias increases significantly ask increases, especially for

higher p values e.g., p = 0.05. This indicates that bo is

consistently overestimated for larger k.

b1 bias remains relatively small and stable across all k and p
values, with a slight negative trend, indicating a consistent
underestimation.
The variance of 9 is high and increases with k, particularly

for p = 0.01. This suggests that the estimates of bo become less
stable ask increases.

The variance of b1 is low and remains relatively constant
across all k and p values, indicating stable estimates.

Bias bO exhibits large positive biases for higher k values e.g.,
k =0.1, p=0.01 has a bias of 19.60.

b1 biases are mostly negative, with the largest bias occurring
atk = 0.1, p = 0.01 where bias is -0.33.

The variance of bO is high, particularly for k = 0.2, p = 0.05,
where it reaches 163.05.

The variance of bl is relatively low but increases slightly with
higher k and p.

0 bias shows a sharp increase for higher k values, especially

for p = 0.01. This indicates significant overestimation of bO
ask grows.
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bl bias is consistently negative and increases slightly with k,
indicating a small but growing underestimation.

The variance of bO is very high for larger k values, particularly

for p = 0.05, suggesting high instability in b° estimates.

The variance of b1 is low but increases slightly with Kk,

indicating some instability in b1 estimates for larger k.

6. Conclusion

The presence of measurement, response, observational or other
kind of errors in survey data is always a hindrance to
appropriate conclusions from the analysis which may lead to
wrong decisions in policy making. In this paper, it has shown
that the presence of measurement and response errors in center
sampling under regression estimation results in overestimating
and underestimating the regression parameters. This has
occurred both under one phase and two phase sampling
process. This therefore calls for identification of error sources
and their possible minimization so as to reduce their effects on
the data in center sampling. This will improve the efficiency on
The planning, forecasting as well policy formulation processes
will be greatly improved if measurement and response errors
are controlled in the data collection process.
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