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Abstract 

The curvature theory of minimal surfaces in higher-dimensional ambient manifolds occupies a central 

place in modern differential geometry. This research revisits the principal curvature identities governing 

a minimal isometric immersion φ: Mn → Nn+p of an n-dimensional Riemannian manifold into a 

Riemannian manifold of codimension p, and analyses how the vanishing of the mean curvature vector 

constrains the geometry of the immersion. Starting from the equations of Gauss, Codazzi and Ricci for an 

arbitrary isometric immersion, the associated Laplacian identity of Simons for the squared norm of the 

second fundamental form is presented and specialised to the minimal case, producing the celebrated 

Simons inequality and, as a further specialisation, the pinching theorem of Chern, do Carmo and 

Kobayashi for minimal submanifolds of the sphere. The cases of the catenoid, helicoid and Clifford 

minimal hypersurfaces are examined in detail as touchstones of the general theory, and the Bernstein 

problem the rigidity of entire minimal graphs in Euclidean space is placed in its higher-dimensional 

context through the work of Bombieri, De Giorgi and Giusti, together with the stability results of Fischer-

Colbrie and Schoen and of do Carmo and Peng. The main computational sections derive the relevant 

curvature expressions in ambient manifolds of constant curvature and extract the geometric content of the 

Simons inequality. The exposition closes with a discussion of the modern structure theory of Colding and 

Minicozzi for embedded minimal surfaces of fixed genus in three-manifolds, explaining how intrinsic 

curvature bounds translate into compactness and classification statements. The results gathered here 

provide a coherent curvature-theoretic framework for the research of minimal submanifolds in arbitrary 

dimension and codimension. 

 

Keywords: Minimal submanifolds, second fundamental form, sectional curvature, Simons inequality, 

mean curvature vector, Chern-do Carmo-Kobayashi pinching, Gauss-Codazzi-Ricci equations, Bernstein 

theorem, totally geodesic immersions, higher codimension 

 

1. Introduction 

Minimal submanifolds are among the most extensively investigated objects in global 

differential geometry. An isometric immersion φ: Mn → Nn+p is said to be minimal when its 

mean curvature vector H vanishes identically, a condition that is equivalent, in the compact 

oriented case, to the immersion being a critical point of the volume functional among all 

variations that fix the boundary. This variational characterisation, going back to the work of 

Lagrange and Plateau on soap films, has motivated more than two centuries of research. In the 

classical setting of surfaces in Euclidean three-space the subject is by now a highly developed 

chapter of geometric analysis [4, 7, 8], while in higher dimensions and higher codimensions, and 

in more general ambient Riemannian manifolds, the curvature theory becomes both subtler and 

more rewarding. 

The turning point for the higher-dimensional theory is Simons’ 1968 paper on minimal 

varieties in Riemannian manifolds [1]. Simons derived an elegant Laplacian identity for the 

squared length |σ|2 of the second fundamental form of a minimal submanifold and used it to 

prove integral and pointwise inequalities constraining the possible values of this quantity. A 

refinement of this argument due to Chern, do Carmo and Kobayashi [2] established that, for a 

compact minimal submanifold of the unit sphere Sn+p, the inequality |σ|2 ≤ n/ (2 − 1/p) forces 

either |σ|2 = 0 (totally geodesic) or |σ|2 = n/ (2 − 1/p), the latter case being realised precisely by  
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Clifford minimal hypersurfaces and the Veronese surface in 

S4. This pinching theorem is the prototype of a long line of 

analogous results, a number of which are surveyed by Chen in 
[15, 17]. 

Alongside the curvature-pinching programme, the global 

theory of complete minimal surfaces in Euclidean space was 

developed through independent and parallel lines of research. 

The Bernstein problem whether every entire minimal graph in 

ℝn+1 is an affine hyperplane was settled affirmatively for n ≤ 7 

through the successive contributions of Bernstein, De Giorgi, 

Almgren and Simons, and shown to fail for n ≥ 8 by 

Bombieri, De Giorgi and Giusti, who constructed an entire 

minimal graph over ℝ8 that is not a hyperplane [18]. Stability 

and index-type theorems followed rapidly. Do Carmo and 

Peng showed that a complete stable minimal surface in ℝ3 is a 

plane [17], while Fischer-Colbrie and Schoen proved the 

analogous result in three-manifolds of non-negative scalar 

curvature [10]. In the spherical setting, Lawson’s rigidity 

theorems [3] and Reilly’s extrinsic rigidity results [13] constrain 

the geometry of compact minimal hypersurfaces very sharply. 

The purpose of this research is twofold. First, the curvature 

identities for an arbitrary isometric immersion the equations 

of Gauss, Codazzi and Ricci are assembled in a form that is 

convenient for the subsequent analysis, and specialised to the 

minimal case. Second, the Simons identity is derived and its 

consequences examined, including the Chern-do Carmo-

Kobayashi pinching theorem and its modern refinements. 

Along the way, explicit computations are carried out for the 

catenoid, the helicoid, the Clifford minimal hypersurface in 

S2m+1, and the Veronese surface in S4, which serve as 

recurring examples throughout the theory. 

 

2. Preliminaries and Methods 

2.1 Material: Isometric immersions and the second 

fundamental form 

All manifolds considered in this research are smooth, 

connected, Hausdorff and second-countable, and the metrics 

are of class C∞. Let (Mn, g) and (Nn+p, ġ) be Riemannian 

manifolds, and let φ: M → N be a smooth isometric 

immersion, so that φ*ġ = g. At every point p ∈ M the tangent 

space of the ambient manifold splits orthogonally, 

 

Tφ(p)N = dφ(TpM) ⊕ TpM⊥, 

 

defining the normal bundle T M⊥ → M. Denote the Levi-

Civita connections of M and N by ∇ and ̃∇ respectively. The 

second fundamental form σ of the immersion is the symmetric 

bilinear mapping 

 

σ: Γ(T M) × Γ(T M) → Γ(T M⊥), σ(X, Y) = (̃∇XY)⊥, 

 

where (⋅)⊥ denotes orthogonal projection onto T M⊥. For a 

normal vector field ξ along M the shape operator Aξ is the 

symmetric (1,1)-tensor on M characterised by the identity 

g(AξX, Y) = ġ(σ(X, Y), ξ). The normal connection on T M⊥ is 

denoted by ∇⊥. 

The mean curvature vector of the immersion at p is 

 

 H(p) = (1/n) ∑i=1
n σ(ei, ei), 

 

where {e1, …, en} is any orthonormal basis of TpM. The 

immersion is called minimal if H vanishes identically, and 

totally geodesic if the second fundamental form σ vanishes 

identically. The squared norm of the second fundamental 

form is 

 |σ|2 = ∑i,j=1
n ġ(σ(ei, ej), σ(ei, ej)) = ∑α tr(Aξα

2), 

 

where {ξα} is any orthonormal frame of T M⊥. 

 

2.2 Methods: The equations of Gauss, Codazzi and Ricci 

Let R and ̃R denote the Riemann curvature tensors of (M, g) 

and (N, ġ) respectively, and let R⊥ denote the curvature of the 

normal connection ∇⊥. For tangent vector fields X, Y, Z, W 

and normal vector fields ξ, η, the following identities hold [5, 6, 

7]: 

 

Gauss equation: g(R(X,Y)Z,W) = ġ(̃R(X,Y)Z,W) + ġ(σ(X, W), 

σ(Y, Z)) − ġ(σ(X, Z), σ(Y, W)). 

Codazzi equation: (̃R(X,Y)Z)⊥ = (∇X
⊥ σ)(Y,Z) − (∇Y

⊥ σ)(X,Z). 

Ricci equation: R⊥(X,Y)ξ − (̃R(X,Y)ξ)⊥ = σ(X, AξY) − σ(Y, 

AξX). 

 

When the ambient space has constant sectional curvature c, 

the ambient Riemann tensor takes the model form R̃(X,Y)Z = 

c(g(Y,Z)X − g(X,Z)Y), and the Gauss equation reduces to 

  

g(R(X,Y)Z,W) = c(g(X,W)g(Y,Z) − g(X,Z)g(Y,W)) + ġ(σ(X,W), 

σ(Y,Z)) − ġ(σ(X,Z), σ(Y,W)). 

 

Tracing this identity twice in the minimal case H ≡ 0 gives, at 

each point of M, 

  

Ric(X,X) = (n − 1) c − ∑α ġ(Aξα
2X, X), Scal = n(n − 1) c − |σ|2. 

 

The last identity makes explicit how the squared norm of the 

second fundamental form encodes the defect of the intrinsic 

scalar curvature relative to the ambient one in the minimal 

case. 

 

2.3 Methods: The Simons identity 
For an immersion into an ambient manifold of constant 

sectional curvature, Simons’ computation [1] yields the 

following identity for the rough Laplacian of |σ|2: 

 

(1/2) Δ |σ|2 = |∇σ|2 + nc |σ|2 − ⟨Q(σ), σ⟩, 
 

in the minimal case, where Q(σ) is the quadratic expression in 

σ obtained by contracting pairs of shape operators. A 

pointwise estimate of Q(σ) by |σ|4 gives, for minimal 

submanifolds of the sphere Sn+p (i.e. c = 1), 

 

(1/2) Δ |σ|2 ≥ |∇σ|2 + |σ|2 (n − (2 − 1/p) |σ|2). 

 

Integration over a compact minimal submanifold and 

application of the divergence theorem then yields the pinching 

result of Chern, do Carmo and Kobayashi: if 0 ≤ |σ|2 ≤ n/(2 − 

1/p) pointwise, then either |σ|2 ≡ 0 (and M is a totally geodesic 

submanifold of Sn+p), or |σ|2 ≡ n/(2 − 1/p) [1, 2]. 

 

3. Main Results: Curvature Structure of Minimal 

Submanifolds 

3.1 Gauss-Bonnet consequence and intrinsic curvature 
Combining the traced Gauss equation with the minimality 

condition produces a clean expression for the scalar curvature 

S of a minimal submanifold of an ambient space of constant 

curvature c: 

 

S = n(n − 1) c − |σ|2. 
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Thus the scalar curvature of a minimal submanifold of the 

sphere is bounded above by n (n − 1), with equality precisely 

when M is totally geodesic. For compact minimal surfaces in 

S3, this inequality, combined with the Gauss-Bonnet theorem, 

gives sharp topological consequences studied in detail by 

Lawson [3] and Reilly [13]. 

 

3.2 Pinching theorem of Chern-do Carmo-Kobayashi 
Theorem 1 (Chern, do Carmo & Kobayashi, 1970). Let Mn 

be a compact minimal submanifold of the unit sphere Sn+p 

with codimension p. If the squared norm of the second 

fundamental form satisfies 

 

|σ|2 ≤ n/(2 − 1/p) 

 

pointwise on M, then either (a) |σ|2 ≡ 0 and M is totally 

geodesic (an equatorial sphere Sn ⊂ Sn+p), or (b) |σ|2 ≡ n/(2 − 

1/p). 

In case (b) the possibilities are precisely the Clifford minimal 

hypersurfaces Mk,n-k when p = 1, and the Veronese surface in 

S4 when n = 2 and p = 2. The proof proceeds by the integrated 

Simons inequality reproduced in Section 2.3 and a careful 

analysis of the equality case using the algebraic Lemma of 

Chern, do Carmo and Kobayashi on pairs of symmetric 

matrices. 

 

3.3 Explicit examples 
Catenoid: The surface of revolution generated by rotating the 

catenary y = cosh(z) about the z-axis, parametrised by x(u, v) 

= (cosh v cos u, cosh v sin u, v), is the unique minimal surface 

of revolution in ℝ3 other than the plane. A direct computation 

gives principal curvatures ± sech2v, so that the Gaussian 

curvature is K = − sech4v and the squared length of the second 

fundamental form is |σ|2 = 2 sech4v. The catenoid is a 

complete, embedded minimal surface with finite total 

curvature ∫K = −4π, and is characterised by this property 

among complete embedded minimal surfaces of revolution [4, 

8]. 

Helicoid: Parametrised by x (u, v) = (v cos u, v sin u, cu), the 

helicoid is a complete minimal surface in ℝ3 with principal 

curvatures ± c/(c2 + v2) and K = − c2/(c2 + v2)2. By a classical 

theorem of Catalan, the helicoid is the only ruled minimal 

surface in ℝ3 other than the plane [4]. 

Clifford minimal hypersurfaces: For integers k, n − k ≥ 1, 

the product immersion 

 

 Sk(√(k/n)) × Sn-k(√((n−k)/n)) ↪ Sn+1 

 

is a minimal hypersurface of the unit sphere with constant |σ|2 

= n. These hypersurfaces, together with the equatorial sphere, 

realise the equality cases of Theorem 1 when p = 1. 

Veronese surface: The Veronese embedding of the real 

projective plane ℝP2 into S4 via quadratic spherical harmonics 

produces a minimal surface of constant Gaussian curvature 

1/3 and constant |σ|2 = 4/3 = 2/(2 − 1/2), realising the equality 

case of Theorem 1 for n = p = 2 [1, 2]. 

 

4. Results 

 

 
 

Fig 1: The catenoid and the helicoid, two classical complete minimal surfaces in ℝ3. Both surfaces have vanishing mean curvature H ≡ 0 at 

every point; they are locally isometric through a one-parameter family of minimal surfaces joining them [4] 

 

The curvature theory of minimal submanifolds displays a rich 

interplay between local invariants (the second fundamental 

form, the shape operator, the mean curvature vector) and 

global invariants (the scalar curvature, the index, the total 

curvature). Tables 1 and 2 collect the key analytical relations 

required for this research and the associated geometric 

quantities on the two classical surfaces of Figure 1. Figure 2 

then displays the geometric setting schematically, and Figure 

3 summarises the pinching classification that emerges from 

the Simons inequality of Section 2.3. 

 
Table 1: Structural curvature identities for an isometric immersion Mn → Nn+p (minimal specialisation in the third column) 

 

Identity General form Minimal case + const. curvature c 

Gauss R − ̃R + ⟨σ,σ⟩ term S = n(n−1)c − |σ|2 

Codazzi (̃R(X,Y)Z)⊥ = (∇⊥σ)(Y,Z) − (∇⊥σ)(X,Z) (∇⊥σ) totally symmetric 

Ricci R⊥(X,Y)ξ − (̃R(X,Y)ξ)⊥ = σ(X,AξY) − σ(Y,AξX) Flat normal bundle iff [Aξ,Aη] = 0 

Mean curvature H = (1/n) tr σ H ≡ 0 (minimality) 

Simons (Laplacian) (1/2) Δ|σ|2 = |∇σ|2 + ⟨σ, ∇2H + σ̇ terms⟩ (1/2) Δ|σ|2 = |∇σ|2 + nc|σ|2 − ⟨Q(σ),σ⟩ 
Pinching Pointwise inequality on |σ|2 |σ|2 ∈ {0, n/(2 − 1/p)} (Thm 1) 
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The third column of Table 1 highlights how the minimality 

condition decouples the Simons identity into a form amenable 

to integration by parts on compact manifolds, which is the 

starting point of every pinching theorem since Simons [1] and 

Chern-do Carmo-Kobayashi [2]. 

 
Table 2: Curvature data for four fundamental examples of minimal submanifolds 

 

Submanifold Ambient Dim / codim |σ|² Compact? 

Catenoid ℝ3 n=2, p=1 2 sech4 v No 

Helicoid ℝ3 n=2, p=1 2c2/(c2+v2)2 No 

Clifford Sk × Sn−k Sn+1 dim n, p=1 n (constant) Yes 

Veronese ℝP2 S4 n=2, p=2 4/3 (constant) Yes 

 

The last two rows are the equality cases of Theorem 1. Note 

that for the Clifford hypersurface n/(2 − 1/p) = n since p = 1, 

and for the Veronese surface n/(2 − 1/p) = 2/(3/2) = 4/3, 

consistently with the values in the |σ|2 column. 

 

 
 

Fig 2: Schematic of the immersion Mn ↪ Nn+p at a point p. The tangent vector X is horizontal with respect to the immersion; ξ is a normal vector; 

the mean curvature vector vanishes because the immersion is minimal. The second fundamental form σ and the Gauss equation are recalled in 

the boxed insets 

 

 
 

Fig 3: Pinching classification of compact minimal submanifolds of the sphere Sn+p in the Chern-do Carmo-Kobayashi sense [1, 2]. The critical 

value of |σ|2 is n/ (2 − 1/p), achieved precisely by the Clifford minimal hypersurfaces (when p = 1) and by the Veronese surface (when n = p = 2) 

 

Comprehensive interpretation 

The combined picture provided by Tables 1 and 2 and Figures 

1-3 can be read as follows. Table 1 assembles the curvature 

identities that any isometric immersion must satisfy, together 

with their minimal-case specialisations in an ambient 

manifold of constant sectional curvature. These identities are 

the algebraic backbone of every quantitative result about 

minimal submanifolds: The Gauss equation relates intrinsic 

and extrinsic curvature; the Codazzi equation controls the 

differentiability structure of the second fundamental form; 

and the Ricci equation measures the failure of the normal 

connection to be flat. The Simons identity, stated in the last 

http://www.mathsjournal.com/
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two rows, packages these into a single elliptic inequality for 

the scalar quantity |σ|2 whose global consequences are 

extracted via integration by parts. 

Table 2 shows how the abstract pinching threshold n/(2 − 1/p) 

translates into concrete numerical values on the fundamental 

examples. For the Clifford hypersurface the threshold equals 

n, and the squared length of the second fundamental form is 

exactly n. For the Veronese surface the threshold is 4/3, and 

the surface realises this value as well. The non-compact 

examples the catenoid and the helicoid have non-constant |σ|2 

and do not fit directly into the pinching paradigm of Theorem 

1 (which requires compactness), but they do illustrate how 

minimality constrains the pointwise geometry of a surface in 

Euclidean space. 

Figures 1 and 2 visualise the local geometric setting: the 

catenoid and helicoid display the classical surface-theoretic 

picture, and the schematic in Figure 2 clarifies the 

tangent/normal decomposition on which the Gauss, Codazzi 

and Ricci equations are built. Figure 3 then distils the upshot 

of the Simons-Chern-do Carmo-Kobayashi chain into a one-

dimensional picture: on the real axis of |σ|2 values, the gap 

between 0 and n/(2 − 1/p) is a forbidden zone for compact 

minimal submanifolds of the sphere. 

 

5. Discussion 
The results surveyed here have been refined in several 

directions since their original appearance. Chen introduced his 

now widely used δ-invariants and the associated fundamental 

inequalities [5, 15], which provide sharper pointwise bounds on 

mean and scalar curvatures in terms of sectional curvatures of 

the ambient space. The relationship between the mean 

curvature vector, the shape operator and the ambient 

curvature in space forms was made explicit by Chen in [12] and 

has formed the basis of a sizeable body of subsequent work. 

The stability and index theory of minimal submanifolds, 

initiated by Simons [1], developed by Spruck [9] and by 

Fischer-Colbrie and Schoen [10], and refined by do Carmo and 

Peng [17], gives a second, complementary perspective, placing 

the second variation of the volume functional at the centre of 

the analysis. 

On the global side, the Bernstein problem the rigidity of entire 

minimal graphs over ℝn in ℝn+1 was resolved in its essential 

aspects over a sequence of papers between 1915 and 1969. 

Bernstein settled the classical case n = 2; De Giorgi handled n 

= 3; Almgren treated n = 4; and Simons [1], in the same 1968 

paper that introduced the Laplacian identity discussed above, 

settled the cases n = 5, 6 and 7. The sharpness of these results 

was then established in 1969 by Bombieri, De Giorgi and 

Giusti [18], who constructed an entire minimal graph over ℝ8 

that is not a hyperplane, thereby showing that Bernstein 

rigidity fails from dimension 8 onward. The counterexample 

relies on a careful analysis of the Simons cone {x ∈ ℝ8: x1
2 + 

⋯ + x4
2 = x5

2 + ⋯ + x8
2} and introduced the use of minimal 

cones in high dimensions as a central analytical tool. 

In the ambient class of three-manifolds of non-negative scalar 

curvature, Fischer-Colbrie and Schoen’s rigidity theorem [10] 

states that a complete stable minimal surface is either a plane 

or a flat totally geodesic torus, and in the latter case the 

ambient manifold must split isometrically as a product near 

the surface. This is a prototype of the interaction between 

ambient curvature, intrinsic curvature, and extrinsic stability, 

which has been developed further by Meeks, Pérez and their 

collaborators [8, 16]. Colding and Minicozzi’s four-paper series 

on the space of embedded minimal surfaces of fixed genus in 

a three-manifold, of which [16] is the final instalment, 

establishes powerful compactness and structure theorems 

under intrinsic curvature bounds a development closely tied to 

the Poincaré and geometrisation programmes. 

Several reasons support the continued interest in the extrinsic 

curvature analysis of minimal submanifolds. First, minimality 

is a natural relaxation of the totally geodesic condition and 

allows the construction of rich families of examples the 

Clifford and Veronese examples are only the simplest. 

Second, the curvature identities reproduced in Section 2 

remain the analytical engine behind most pointwise and 

integral estimates. And third, higher-dimensional and higher-

codimensional theorems often disclose phenomena invisible 

from the classical surface-theoretic viewpoint, as the 

Bombieri-De Giorgi-Giusti counterexample and the Chern-do 

Carmo-Kobayashi pinching dichotomy both demonstrate. The 

framework presented in this research is intended to serve as a 

compact reference from which these more specialised 

directions can be approached. 

 

6. Conclusion 

The main contribution of this research is a consolidated 

curvature-theoretic treatment of minimal isometric 

immersions into higher-dimensional Riemannian manifolds, 

organised so as to expose the logical links between local 

curvature identities and global classification statements. The 

development proceeds from the equations of Gauss, Codazzi 

and Ricci, through the Simons Laplacian identity for the 

squared norm of the second fundamental form, to the Chern-

do Carmo-Kobayashi pinching theorem and its sharp 

realisations on Clifford and Veronese minimal submanifolds 

of the sphere. The logical chain is short and transparent: 

traced Gauss gives the scalar-curvature identity, Simons gives 

the elliptic inequality for |σ|2, and integration on a compact 

minimal submanifold then forces the dichotomy of Theorem 

1. 

The supporting evidence assembled here draws from six 

decades of sustained research on the topic. The Simons 

identity [1], the Chern-do Carmo-Kobayashi theorem [2], 

Lawson’s and Reilly’s rigidity results [3, 13], the Bernstein-type 

results in arbitrary dimension settled by Bombieri, De Giorgi 

and Giusti [18], the stability and structure theory of Fischer-

Colbrie and Schoen [10], of do Carmo and Peng [17], and of 

Colding and Minicozzi [7, 16], and the δ-invariant framework of 

Chen [5, 12, 15] collectively demonstrate how fertile and 

interconnected the curvature analysis of minimal 

submanifolds has become. 

For the field as a whole, the significance of the results 

collected here is that they provide a concise entry point into 

both the pinching and the rigidity programmes. Several open 

questions remain vigorous. Sharp versions of the Chern-do 

Carmo-Kobayashi theorem in codimension greater than two 

are still actively investigated. The classification of complete 

embedded minimal surfaces of finite total curvature in 

arbitrary three-manifolds is not complete. And the index 

theory of unstable minimal submanifolds in higher 

codimension, especially in ambient manifolds without 

constant curvature, remains largely open. The framework 

assembled in this research is intended to make these 

directions more accessible to readers approaching the subject 

for the first time. 
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