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Abstract

High-quality survey data are fundamental to effective planning and sound decision-making. However, the
presence of measurement and response errors in survey data can compromise the validity of statistical
analyses by introducing bias and inflating standard errors. Consequently, it is essential to assess and
account for the effects of these errors during data analysis to ensure that the resulting information is
reliable and suitable for use by statisticians and policymakers. This study focuses on regression
estimation within a multiple-frame survey framework. Specifically, a final two-phase sampling design for
regression estimation under multiple frames was implemented with the objective of enhancing the
precision and robustness of estimates in the presence of measurement and response errors. The findings
demonstrate that both types of errors contribute substantially to bias in the estimated parameters.
Furthermore, an examination of different error constant values reveals a systematic increase in the
magnitude of the estimates as error levels rise, underscoring the pervasive influence of measurement
errors on survey outcomes. These results highlight the importance of explicitly incorporating
measurement and response error considerations into both the design and implementation of surveys.
Failure to do so may lead to misleading inferences and suboptimal policy decisions. Therefore, it is
recommended to adopt methodological strategies that account for these errors in order to improve the
accuracy, efficiency, and overall reliability of survey-based estimates.

Keywords: Rate of metabolism, blood mass stream rate, warm conductivity, warm era, limited
component method, Pennes Bio - Heat Model

Introduction
Multiple frames surveys
Estimation in elusive population in which a direct sampling frame may not exist can be done
by use of multiple frames (MF) surveys. Multiple frames are useful for reducing costs for a
given precision constraint and improving coverage i.e. under-or over- coverage. To overcome
the problem of under coverage the original frame is supplemented with additional frames so
that the union of all frames covers the target population. In this case some units may be present
in more than one frame, leading to over-coverage. Duplication in the same frame may also
occur leading to over-coverage.
Thus imperfect frames can be dealt with by use of MF surveys where two or more listings of
units is simultaneously used for sample selection. For instance, we can have a three-frame
sampling design by carrying out a MF survey of homeless population where eligibility is from
homeless shelters, soup kitchens and street locations.
Thus MF set up corresponds to sampling individually at locations and has been applied in
European migration studies. MF surveys allows use of more flexible strategy than
conventional single frame survey as well as use of different modes of data collection. For
example, in one frame, one can use face-to-face interviews and in another frame, we use
email-questionnaires with an aim of controlling coverage survey costs, response rates and
estimation accuracy.
MF surveys have significant challenges in efficient estimation of population parameters of
interest due to possible overlap among the frames at the selection stage leading to multiple
opportunities of selecting the same unit in the final sample.
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Therefore, the multiplicity of selected units and their possible duplication at the estimation stage should be dealt with. There is
limited use of MF designs though very appealing due to difficulty in a simple interpretation and implementation of MF estimates
including variance estimation brought about by the natural complexity of the multiple frame estimation framework. The
estimation is difficult due to lack of a standard software. Singh and Mecatti (2009, 2011) 514 provided a simplified and unified
review of available MF estimation methods by using the multiplicity approach to MF estimation when there no measurement and
response errors.

1.1 Estimation in dual frames and multiple frames

The concept of multiple frames arises in surveys when no complete sampling frame comprising all the population units exists. It is
assumed that by considering various aspects of the population it is possible to have at least two or more incomplete lists of the
population units whose union is the whole population.

As an illustration consider a survey where the sampling frame is those with mail boxes. Not all families may have mail boxes but
there are those with mobile phones and no mail boxes and also in the groups there are those with mail boxes and mobile phones.
The list of mail box owners is one frame and the list of mobile telephone owners is another frame.

Considering each frame, it is possible to partition the list of units into disjoint sets determined by the membership of the units in
other frames. These disjoint sets are called domains of the frame. For instance, if there are two frames say A and B the disjoint
sets or the domains of A are two, those in A and those in both A and B i.e. a(A) and a(AB). Similarly, B has two domains b(B)
and b(AB). Of course a(AB) and b(AB) are same set.

If there are three frames say A, B, C then A will have four domains as a(A), a(AB), a(AC) and a(ABC). The same with B as b(B),
b(AB), b(BC) and b(ABC) and the same with C as c¢(C), c(AC), ¢(BC) and c(ABC). In general, if there are say L frames, then
frame A will have

(L;l}{Ll—l}r ,,,,,,,, +(t:3 _ LZ;[L;lj e

domains. This is the same for all other frames.

The estimation in Multiple Frames (MF) is done by partitioning of all frames into disjoint subsets (Singh and Mecatti, 2014) [,
For example, if we have three frames A, B and C, where A represents the list of people with telephones, B represents the list of
people with electricity and C represents the list of people with piped water, the three frames can be partitioned as follows,

- B

The number of domains in a frame is equal to 27 and the total number of domains in all the frames is equal to 2" -1
-1, . . . . .
DI =2 is constant for each frame | =1.......... ,L in the special case of all domains being non-empty. Define the frame

membership indicator 1, I =1........... L as

| _{1 if k™ population unitbelongs to frame |
lk —

0, otherwise
Let M, be the number of frames a unit in domain d belongs to, where d =1,2,......... 2" Then
m, = Z Ilk

ked

L L
The frame size is denoted by N, = Z l,, Note that Z N, >N
1=1

k=1
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Consider framel with 2“*domains. Each element belonging to domain d appears in M, frames altogether, which is the
multiplicity of such an element. The population mean can therefore be written as,

1 L
ﬁzﬁz Zﬂm
1=1 d ked

)

Now consider that samples are taken one from each frame and denote the samples as S| from the 1" frame. The sample

membership can be partitioned into domain membership with frame | as S|d . The estimator is therefore,

Holy Lo
g N;mdkezsuﬂ.lk

Where Sy is the sample from domain d and 7 is the inclusion probability of unit k in the sample.

Regression estimation under multiple frames
In regression estimation we assume that different domains have different characteristics and hence the regression estimation will

be based on the domains of a frame.

Let the auxiliary variables be p and the observed vector be (Kiag » Xatq s -+ X piaq) = X for the q unit in domain d of
frameL . The true value ,, is given by
Lhaq = XaqBuaq - Where By, = (Blldq, oldq 1+ Bp,dq)
2L -1 1 y
The regression estimator is now, f z Z Oy 2l where Yieq is the value observed with,
H — rnd < q 7qdq
— Id

2 2 ~ A, X
B Vi) = Zagr VW) =Figr - COViy (Viggs Yidgr) = Olagy and Oi4q :1+(L,d -4, )T 1L2q

Vidg
The estimator can be written as,
2L -1 X
&\ Kag | Vi
I 3 L L
m "’ On. |7
d=1 "4 qeSy Idg Idq
2L—1
1 yldq o r-1 deq yldq
D e D e (N P L ) Vo
m T, Id 1d oo
d=1""d | a9 ““Idg qa “ldg’“ldg
Taking expectation with respect to the measurement error process we get,
2 Ly 2 Xigq Zid
ldg 7 -1 g ~ldg
E (tM) Zm z pa +(L<|d Ixm )T z 2 pa
d=1""d | qeSy “*1dg Sig ‘//qu Idg
ol 1 X 7 |_1
_\"_ = ¢ \f-1 Jdg | idg 2 Zy
- Z m z 1+(1:'de I'de )T 2 - Z z _q @)
d=1'""ld geSy l//ldq Tag  a=t My ges,, 7T|dq
Define the components as
-1 -1
~ X X X, .Z X X/ X . Z
_ 1dg “*ldg 1dg “ldq _ qu 1dg 1dg “ldq
Bldq - Z Z and Bqu - Z Z
qeSyy ‘//|dq qeSyy '//ldqﬂldq g=L Wy Idg 4 quﬂ-ldq
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Njg

1 Ey
0 - e
Let Zjgq = XigqBigq and By, =29 — Zldq then, E (t Z m, Zzldq + Z Qg —
]

geSyy 7ZMq
This is approximated under Taylor linearization as,

En(,) Z Zdzldq + 2, S

My 92 geSiy idg

Taking expectation under sampling gives,

Nld

E.(f,)=E,E.(,) Z ~ 32, 3)
d g=1
The bias introduced by measurement errors is,
Nig

) R 1 Nig
Bias,, (tﬂ, )= Z_Z Idg z Zluldq 4)

a My My o=

The variance is, V (fm )=V,E, (f;q )+EV, (fu. ) . Under Taylor linearization approximation, the approximate variance is,

Nld
AV E, ( Z Zzldq Yy - Fu
€Sy ““ldg
1 (l1-7x (7Teq = Tiga Piaer)
AVpE (t ) Z Z qu qu ZZ e Elququ’ (%)
md a g a#q’ Tigg g

The response variance component is,

V6)=EN, | T T gy, 2

m, Sy ﬂ-ldq
eyl Y ey
~=p mz qu gldqgldq
d Mg gesy Mg 0#0'eS)g Mg 1dq

With large sample approximation, put Oigq =1 this gives

Vm (fﬂl ) = E Z m Z qu Z Z Gldqq (6)

d | 9eSy qu a#q'eSy Z1dg”Cidg’
The estimate of the variance is,
V)V T T =Y T Jiry 3" Gl
m = 2 Jigq (7
d qeSy ”ldq d My | gesy Mg 920" ZidgTiag’

2.1 Special case: Regression estimation under multiple frames
Under simple random sampling without replacement

~g1~
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2L1

= g Yisg —
Which can be written as,

S ! )~(ldq Nld S 1 Nld f )Tt
_Z z 1"’( _~xd )T 2 _yldqzzm_ zyldqn_"'( ) ledqyldq

d=1 My ges,, Oigq | Nig d=t My | g Id qunld

- ) Id Z yldq ( ~de )T\_lz deq Zyqu

a1 MMy | 7 q O

Taking expectation with respect to the measurement error process we get,

L

Em( Z Z Zqu Id (hxm _ﬁqd )f_lledqzldq z—ld

a=1 My qeSy Ny Si qunld

2L1

= Z_ Z 1+(led _led )T 2 Z|dq n = Id Z Z G1dqZidq (8)
Id

l/lldq Mg o= My qeSyy

0 0 o Ny
Let Ziyy = XqBug and  Eigq, = Zigg — Zigq then, E. ()= Z Zzldq + Z O E ldoz "

qeSyg d
This is approximated under Taylor linearization as,
. Nig Id
Em (tlr ) Z Z Zqu Z Equz
d g=1 |d qeSyy
Taking expectation under sampling gives,
R R Nig
Em (tlr) = EpEm (t/,q) Z zzldq (9)
My 41
The bias introduced by measurement errors is,
. R 1 Nig Nig
Bias,, (t,) = Z_z Idg Z Zﬂmq (10)
g My g a My g1

The variance is, V/ (f,) =V, E,, (£, ) + E,V,,(f,;) . Under Taylor linearization approximation, the approximate variance is,

AV E, (f,)=V Z Zzldq+ 2 B L

0eSyy r]Id

1 (Nig n,d Ny (N, -1
=) — -1E,. E..
; mg Zq: Nig qu z r; [ N Nl'd 1) He )

The response variance component is,
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Vm (fn) = E Z Z gldqyldq Id

M, qeSy Ny

1 aNpg
:Ep;W ngq éq ;d +Z Z gldqgldq’o-ldqq ;

d | 9€Sg Id 0=q'eSy Id nld

With large sample approximation, put Oigq =1 this gives

. 1 N2 N N/
Vm (tlr) = Ep ;F Z Iqu ;d + Z Z quq S
d

qeSy 0=q'eSy Ny nld

The estimate of the variance is,

V(ﬂr):\i Z z O14q qu qu

d geSyy qu

1 & N, N/
Z_z Z gldqyldq Id Zzgmgmq . ,Id
d d

0eSyy Id q=q’ Mg Nig
Thus,
7(f 1 Né Id Id
V(t,)= Z_z Z > Yidg Z Z —— Vi yldq (12)
a My qeSy Nig q=q’ Ny Id

Two-phase regression estimation under multiple frames with errors
Let N, be the size of domain d in frame f . In two-phase, an initial sample S, IS selected say of size Nigq * For the selected

units, observe the vector of auxiliary variable Xiaq = (X gaq+ X ). The q unit is selected with probability,,qu.

2fdg e pqu

The joint inclusion probability of two units ( and q" is ~ Lt . In the 2n phase, select sample s from s and observe

Yiag - The inclusion probability is 7 aars, and the joint inclusion probablllty IS 7 f4qq'ss,, - The overall probability of including unit

§ infinal sample s is also 7 ...

' 7tdq = 7C1tdq”C tdq/s, = 7T1 tdqq' 7% tdaq'/s, ’

2 A ! 3 R .
En (Vi) = Z g Vo (Yidg) = Tig 30 COM(Y g Vi) = T v - L8 Y 16q= XiaqBra - The regression estimator of the frame

d md Siid ﬂ-lqu Sty ﬂqu

f total can be written as, fﬂf :ZL[ZEJ’Z Yiag ~ 9qu:|

This estimator can be written as,

—Zm nydq Z yqu_zh

d | €S ”qu qeS; g ﬂ-lqu qeSg ﬂ.qu

-1
:Zi Zm"' Z Xiog Zﬁ Z )N(’qufqu' Z Z(fquyqu

d My | ey Trag  \aeSiy Pitdg  aeSg Frag )\ aese  Wrag qeSyg ¥ 1dq” tdq

~g3~
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1 y X X . XgaY
:;m_d Zﬂ.,. Z fdQ_z qu T fqu fdg

qeSy ﬂ.qu qeS; g ﬂlqu qeSgy ﬂ-qu qeS¢q l//quﬂ.qu
X X X y
2 fd ~fd -1 <fd fd
BIED NLHDIE—N AT
d qeSgy qeS; g4 ﬂ-lqu qeS¢y ﬂ-qu l//qu ﬂqu

The expectation of the estimator is now based on three levels, namely, first phase, second phase and the measurement error model
phase. The expectation of the estimator is therefore,

E(t, )=EEE,(t,)
Under the measurement error model,

X Z fdq

E (t#f) Z Z Z Xig _ Z Xtag T ~qu

a My gesy, 9eSig Pitdg  aeSi Ftdg Wqu T tdq

Z
zziz gqu fdg (13)
d w

md geSgg fdq
; 0 _ | )~(qu2qu 5 ] )~(qu2qu
Define, Zqu —)N(quBde where, B, =T Z =X and B, =T Z it
9eSt ¥ tdq”P1tdg qeSu ¥ 1dq”" faq

And Z ¢y = Xi4qBgq - Then define By, =7, — Z?dq , the estimator now can be written as

0
£,6)-Y | ¥ ey g,
m \" gqu
T T
d d | deSiqq “*1fdg  deSg fdq

Under Taylor linearization approximation, Em ('[A#f ) can be written as,

0
Z fdq

E fdgz

AL I DI

d | aeSi P1fdg  aeSy Ttdg

Taking expectation under the 2™ phase now gives,

Z° 7. -7°

o 1 fd fd fd
EE. (L, )= E)—| > —+ - 13 2w gy
8 a My | asSy Tirgg  aeSy  Frag z my q;m 7T tdq
N
E(,)=EEE,({,) Z szdq (14)
My o=

Again to get the approximated variance,

V(fﬂf )=V,E,E, (fﬂf )+EV,E, (fﬂf )+EEV, (fﬂf )

0
VlEzEm(fyf):VlEzzi z Zqu + Z Equz —V Z z quz

d My | ges;y Z1taq  aeSy Tiag d My qesry Mg

~g4~
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Nig
v 1 “ (1- ”qu) Tty ~ "1 1dg 1 1dgr 7 7
_2_2 Z qu ZZ fdg < fdg’ (15)
d Myl o=t Ty a0 T1dq”C1tdy

0
Elszm(f#f)=Elvzzi D ZfdMZEqu =EV, Z > f"qz | g
d

d | 9eSi ﬂlqu qeSeq 7Z'qu My qeS; 1 ﬂqu

_E z 1 Z 7 tdqrs, (:I-_”qu/s1 Z Z T tdqqrs, — 7% tdqrs, 7% tdqirs, E E
! 2 2 quz fdgz — fdq'z
d d

| d€Sig ﬂqu q#0'eSy ”quﬂ-qu’

_E z 1 z 7T tdqis, (1_7[qu/51) E? +Z Z T taaqrs, — 7% tdars, 7% tdq'rs, E E.|
-1 2 fdgz 1qu fdgz = fdq'z * fdqq’
d

2
My | 9€Stfg T tgq 04#0'€S; g 7147 1o
Nfd —_
3 1 {1 ”qu/s1 7 tdqq (”quq =T taqis, 7% qu/sl)E E
—Z 2 Z = ZZ fdaz = fdq’z (16)
a My|gx Ty 0=’ 1”7 taq'

To get the component E;E,V_ (fﬂf ), write

V() =V, z Y o

My gesyq ' fdg
2
1 2 Ot O taqy’
Z_z 2 G2+ 22 YO
My | gesg 7 t4q a#q dg”7 tdg’
Under Taylor linearization approximation, g aq=1

N ElEsz(fuf):ElEzZ$ Z Gqu ZZ O tqq'
d

d | qeSy ”qu 020" 7 tdq 7 g

_E Z 1 z 7 tdqrs, O_qu ZZ 7 tdqq'15,9 fdaq’
1 2 2
d d

Sy g a0 iaq” fag’
2
=S| D Dy e @
—Li 2
a My | qesy P rag a#a" g’ tdg’

3.1 Special case: Two-phase regression estimation under multiple frames with errors
The regression estimator of the frame f total under simple random sampling without replacement can be written as,

1 N
- ; z yqu +Z yqu yqu) n

d | S 1fdg St fd

This estimator can be written as,

~g5~
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R 1 N
; :Z Z yqu M + Z yqu L Z Yig— -
d

d | 9eS¢q fd qeS; g l fd qeSgy n
, 1
_ 1 1fd N Xidq X tdq Ny XtaqYrag
=> = > yqu + D X D X || TS > I
d My | gesy Ny B Mg desy Nig Naesy Yy assy Mg Vg
1 N 1 N |2 N XigqY
_ = ~ fdg / fdg
—Zm_ > yqu + 2 X N D X 0 T P
d d | 9S4 qeS; g 1fd  GeSy fd qeSy ' 'fd l//qu
1 N g4 1 Xrg | N
— -1 ~fdq fd
=2 =D L D X D Xig 2 Yiag
d My gesy 9eS 1 fd Sy Ng Vidg | N
Thus,
o 1 N, 4 N g 3 Xrgg | N
=N _- _1fd _ _d -1 ~fdg | "fd
n _Zm 1+ > Xt~ 2 _— T = o Vi
d d 0eSgy 0eSyqg ' 1fd qeSy ' 'fd l//qu fd
The expectation of the estimator is therefore,
E(t, )=EEE,(,)
Under the measurement error model,
- 1 X4 X ., X YA
_ = ~fdg ~fdq -1 ~fdg fdg
En,)=2— 2 |1+ 2 Xu D el L
d d geSgg qeS; g ﬂ-lqu qeSgy ﬂqu l//qu ﬂqu

1
= Z— Z Otaqliaq — (18)

d md geSgg fd
: 0 ! N, g4 deq fdq 5 o N, g4 deq fdq
Define, Zy, = XigqBry, Where, B, = Z and B, =T~ Z Lt~ fdg
Sy Mg ‘/f fdg Sy Mg ‘/fqu

And Zqu = deq deq Then define Equz = Zqu — Z?dq , the estimator now can be written as

- 1
Em(tyf)=z_ Z Zqu z gqu quz
d

d | d€S1g 1fdg  deSg fd

Under Taylor linearization approximation, E_ ('f#f ) can be written as,

- 1
Em(t#f)zz— Z Zqu Z Equz fd
d

d | 9eSi4 1fd qeSy fd

Taking expectation under the 2 phase now gives,

~86~
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. 1 Ny Ni 5 1 N
Enf) =B —| 2 Zhe—+ 2 — (L= Zh) =3 — > 107, and
a My | g5y, Mifg g5y Mg a My gesyy Mg
Nig
E(,)=EEE,({,) Z ZZqu (19)
my o=

To get the approximated variance,

V(f,uf ) :VlEZ Em (fpf ) + E1V2 Em (fyf ) + E1E2Vm (f,uf )

d aeS Mg qeSy d My gesy Mg

" 1 N N N
V1E2Em(tm):V1Ezzm_|: Z = Z(f)dq Z _defdm} V{Zl Z 1fdzquz}
4

_fd_ 2 fd fd 1)nfd(Nfd) 20
"L {Z( 1J2qu+ZZ NGy (N, —1) Z““Zf"”'] 0

q=1 n fd a=q

1 N
¢ 1 N N —EV| S = S ZRE
EV,E.(t, )= Elvzz Z 11d Z?dq Z JEqu 1 2[Zd: m, qg%:fd N, fdgz ! 2 fdg
a My €Sy g nlqu qeSg Ny

7 N2 —N,.n N’ (n, —1
2512%[2, qu/sl( fd2 fd fd)EfquZ+z Z {,“’(—m;—l}quzqu,z]

9€S; 14 Ny 0#0'€S; ¢4 N (Nfd -1

nfd 0#q'eSy g

1 N N (g —1)
- Elz_z[ Z (__lJEfquz 1fdg Z Z [m—l EquZEqu,Zlquq,
d Myq ta WN g

1| &( Ny 2 N (N =)ny (N —1)
=) — —-1|E E. E. .
; [Z[ fdg ZZ N;d (Nfd _1) fdgz — fdg'z

q#q’

. 1| (N N’ (n, —n’ (N, —1)
E1V2 Em( o ) = Z_Z Z - 1 Efqu ZZ ‘ fd, ‘ ‘ EquzEqu’z (21)
e My| &= Nfd(Nfd _1)

Ny q=q'

To get the component E, E,V_ (fﬂf ), write

Vo€, )=V,

Z Z O 14q Y taq fd]

d €Sy Ny

Ndefd

1
:Z_z 2. 91T 2 +229qu9qu%qq ;
. M,

qeSy q=q’ NigNig

Under Taylor linearization approximation, g aq=1

Nf2d Nde;d

= EEV,(,)= EEZm{z Chg— - Zz O tiaq

qeSy q=q’ nfd

~g7~
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1 N (D, —
=E1;F Z Ol * ZZ T deqq'

d | 9€Sg nfd a=q’ d (Nfd )

https://www.mathsjournal.com

N
=Zdliz Z N ?dq ZZ {0 2 O fiqq

d | 9eSg nfd q=q' fd(Nfd )
Therefore,
N 1 N (ng —1
EEV,(,)=> = Z Tl ZZ N O fgqq (22)
d md qeSyg ' 'fd q=q' fd( fd )

4. Results and Discussion

4.1 Regression estimation under multiple frames

The table below represents the distribution of units of the generated population 300 with the specified regression parameters and
population size for each frame.

Table 1: Distribution of units of the generated population 300

Frame domains in that Frame Number of Units
Frame_1 a,ab,ac,abc 126
Frame_2 b,ab,bc,abc 100
Frame_3 ¢, ac,bc,abc 114

Total 340

X represents the auxiliary variable. Y is the variable of interest, modeled as a linear function of X with some random error. In
frame 1 the variable X has an average of 60.19399779 while Y has an average of 185.5474753. Frame 1 has a total of 126 units.
In frame 2 the variable X has an average of 59.75562628 while Y has an average of 184.3415139. Frame2 has a total of 100 units.
In frame 3 the variable X has an average of 59.58270185 while Y has an average of 183.9812518. Frame 3 has a total of 114
units.

4.2 Single-Phase Regression Estimation under Multiple Frames
Errors are introduced to the Y values based on the specified k and p values. Results are stored in data frames for each combination
of k and p. Regression estimates and mean/variance for the error-introduced data for each combination of k and p are computed.

The table below provides the totals, biases, and variances of the estimated regression parametersh, and b, under different error
conditions.

Table 2: Single-phase estimation of parameters in frame 1 with varying values of k and p

K P by, by, bgq by, bias D pias Do yar biyar
0.01 0.01 21.2848 2.7290 23379.0383 16.2848 -0.2710 42.1402 0.0116
0.01 0.05 21.2323 2.7290 23373.4524 16.2323 -0.2710 43.2084 0.0119
0.05 0.01 20.2215 2.7465 23378.6511 15.2215 -0.2535 43.7447 0.0120
0.05 0.05 21.1927 2.7287 23366.7765 16.1927 -0.2713 42.3904 0.0117

0.1 0.01 22.5074 2.7067 23378.9868 17.5074 -0.2933 42.5119 0.0117

0.1 0.05 21.9053 2.7174 23373.9234 16.9053 -0.2826 44.0561 0.0121

0.2 0.01 31.7229 2.5562 23378.4220 26.7230 -0.4438 44.6037 0.0123

0.2 0.05 29.2231 2.5969 23375.5634 24.2231 -0.4031 44.8328 0.0123
Table 3: Single-phase estimation of parameters in frame 2 with varying values of k and p

k P by, by, fouq b, bias b, bias b,, var b,,var
0.01 0.01 14.5873 2.8406 18432.6897 9.5873 -0.1594 37.4096 0.0104
0.01 0.05 14.1979 2.8461 18426.2538 9.1980 -0.1539 38.2844 0.0107
0.05 0.01 15.6431 2.8242 18436.4282 10.6431 -0.1758 38.2077 0.0107
0.05 0.05 14.3395 2.8420 18422.9978 9.3395 -0.1580 39.4647 0.0110

0.1 0.01 19.1807 2.7643 18435.7682 14.1807 -0.2357 37.0760 0.0104

0.1 0.05 15.0566 2.8351 18431.1144 10.0566 -0.1649 37.0621 0.0104

0.2 0.01 22.1185 2.7106 18433.1850 17.1185 -0.2894 41.7301 0.0116

0.2 0.05 20.1649 2.7546 18444.4755 15.1649 -0.2454 55.8658 0.0157
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Table 4: Single-phase estimation of parameters in frame 3 with varying values of k and p

k P by b, L2 b, bias b,, bias By var b,, var
0.01 0.01 13.9710 2.8535 20974.6391 8.9710 -0.1465 38.4900 0.0108
0.01 0.05 14.5072 2.8439 20971.9109 9.5072 -0.1561 39.7591 0.0112
0.05 0.01 15.3330 2.8312 20972.8491 10.3330 -0.1688 37.5907 0.0106
0.05 0.05 12.1810 2.8825 20967.5725 7.1810 -0.1175 40.2686 0.0113
0.1 0.01 14.8036 2.8389 20974.4919 9.8036 -0.1611 40.9844 0.0115
0.1 0.05 18.7959 2.7690 20963.7899 13.7959 -0.2310 47.9199 0.0134
0.2 0.01 17.5771 2.7936 20973.8178 12.5771 -0.2064 50.1227 0.0141
0.2 0.05 20.8755 2.7404 20976.1125 15.8755 -0.2596 48.9794 0.0138

bO : The bias is consistently high (15-26) across all parameter combinations, with the highest values at higher k values e.g., 26.72
for k=0.2, p=0.01. This suggests the model systematically overestimates the intercept, especially for larger k.

bl: The bias is negative (-0.27 to -0.44), indicating underestimation of the true slope. The magnitude increases with k e.g., -0.44
for k=0.2, p=0.01, showing worse performance at higher sampling fractions.

bO : Ranges between 42—45, with minimal sensitivity to k or p. The variance is stable but high, reflecting significant uncertainty in
intercept estimates.

bl : Small (0.011-0.012) and stable, indicating precise slope estimates despite bias.

b, : Starts high (16) at k=0.01 and increases sharply with k, peaking at 26.7 for k=0.2.

The bias is worse for p=0.01 than p=0.05 at higher k, suggesting sensitivity to both parameters.

bl: Stable but negative (-0.27 to -0.44), indicating systematic underestimation of the slope. Bias worsens with k e.g., -0.44 at
k=0.2, especially for p=0.01.

b0 Variance: High (42—45) and insensitive to k, but slightly higher for k=0.2.

This implies uncertainty in intercept estimates is consistently large, regardless of sampling.

b, Variance: Very low (0.011-0.012) and flat, indicating precise but biased slope estimates.

b, : Bias ranges from 9.2 to 17.1, increasing with k e.g., 17.12 for k=0.2, p=0.01. Overestimation is systematic but less severe
than Frame 1.

bl: Bias is negative (-0.16 to -0.29), with larger biases at higher k. The slope is consistently underestimated but less so than in
Frame 1.

b0 Variance: Lower (37-56) than Frame 1, except for the combination k=0.2, p=0.05 (55.87), which shows instability.

bl Variance: Slightly higher than Frame 1 (0.010-0.016), with a notable jump for k=0.2, p=0.05 (0.0157), indicating reduced
precision at high k and p.
b0 : Lower than Frame 1 (9-17) but still increases with k. Notable spike at k=0.2 e.g., 17.1 for p=0.01.

bl . Negative (-0.16 to -0.29) but less severe than Frame 1. Bias is stable for k<0.1 but worsens at k=0.2.
b0 : Lower than Frame 1 (~37-56), but spikes at k=0.2, p=0.05. This suggests instability with aggressive sampling ('k=0.2").
bl: Slightly higher than Frame 1 (0.010-0.016), with a sharp rise at k=0.2, p=0.05.

bo , bl and t|dq estimates for Frame 1, 2, and 3

bo: Bias ranges from 7.2 to 15.9, increasing with k, e.g., 15.88 for k=0.2, p=0.05. Overestimation is present but less extreme than
Frames 1-2.

bl: Bias is negative (-0.12 to -0.26), with minimal sensitivity to p. The slope is slightly underestimated, but the bias is the
smallest among all frames.

: Ranges from 38-50, increasing with k, e.g., 50.12 for k=0.2, p=0.01. Higher k leads to more unstable intercept estimates.

Regii=

: Small (0.010-0.014) and stable, similar to other frames but with the lowest bias.

=

: Smallest among frames (~7-16) but still increases with k. Best performance at k=0.05, p=0.05 (bias = 7.2).

o

: Mildly negative (-0.12 to -0.26), with the least bias across frames. Stable for k<0.1 but deteriorates slightly at 'k=0.2".

=

: Moderate (38-50) and scales with k, but no extreme spikes.

. Lowest of all frames (0.010-0.014), with minimal sensitivity to k or p.

> O

. Increases significantly with k, e.g., from 21 at k=0.01 to 31.7 at k=0.2).

o
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The intercept is overestimated, especially at higher sampling fractions k, indicating a systematic upward bias. The worst

overestimation occurs at k=0.2.

b, : Decreases with k, e.g., from 2.73 at k=0.01 to 2.56 at k=0.2.

The slope is underestimated, with the bias worsening as k increases
qu Stable across k and p, with minimal fluctuations.

The mean estimate is robust to changes in k and p, suggesting the sampling strategy does not heavily distort the central tendency.
60 starts high (21) at k=0.01 and increases dramatically to 32 at k=0.2. Shows clear positive relationship with k, indicating
severe overestimation that worsens with sampling fraction. p=0.01 line rises more steeply than p=0.05 at higher k values.

61 begins near 2.73 at k=0.01 and declines to 2.56 at k=0.2. Demonstrates consistent negative trend with increasing k. Both p
values follow similar downward trajectories

qu remains extremely stable around 23,370-23,380 across all k values. Shows virtually no sensitivity to either k or p changes.

60 increases with k but less severely than Frame 1, e.g., 14.2 at k=0.01 to 22.1 at k=0.2.

Intercept bias exists but is less extreme than Frame 1. Higher k still leads to overestimation.

61 mildly decreases with k, e.g., 2.84 at k=0.01 to 2.71 at k=0.2. Slope estimates are closer to the truth than Frame 1 but still
exhibit slight underestimation at higher k.

qu very stable, with negligible sensitivity to k or p. Like Frame 1, the mean estimate is reliable across sampling strategies.

A

b0 ranges from 14 (k=0.01) to 22 (k=0.2). Shows moderate positive relationship with k. p=0.01 produces higher intercepts than
p=0.05 at same k values

61 declines gently from 2.84 to 2.71 across k values. Maintains better stability than Frame 1. p=0.05 shows slightly less bias than
p=0.01

qu hovers consistently around 18,430 and shows remarkable stability. Tiny variations (<0.1) across conditions.

b0 increases with k, e.g., 14 at k=0.01 to 20.9 at k=0.2 but is the least biased of all frames. Intercept estimates are closest to the
true value, though still slightly overestimated at higher k.

b1 nearly stable, with only minor decreases at higher k, e.g., 2.85 at k=0.01 to 2.74 at k=0.2.

Slope estimates are the most accurate across frames, with minimal bias.

qu highly stable, unaffected by k or p. The mean estimate is consistently reliable, similar to other frames.

b0 shows moderate increase with k but best performance overall. p=0.05 produces lower intercepts than p=0.01

bl most stable of all frames (2.74-2.88). Minimal decline with increasing k. p=0.05 shows slightly better performance

qu insensitive to parameter changes. Variation <0.05 across all conditions.

Two-Phase Regression Estimation under Multiple Frames when there are response and measurement errors

A subsample of 100 units is taken from the 300 units of the first phase units. The table below provides the totals, biases, and
variances of the estimated regression parameters t|dq , bo and b1 under different error conditions. The sample sizes are,

n =46, n,=41n,=42

Table 5: Two-phase estimation of parameters in frame 1 with varying values of k and p

k P blO b11 tidq blO bias b11 bias b10 var b11 var
0.01 0.01 17.0194 2.8036 9290.2340 12.0194 -0.1964 99.5794 0.0274
0.01 0.05 23.1144 2.6926 9251.9446 18.1144 -0.3074 139.1416 0.0384
0.05 0.01 14.6436 2.8473 9274.6324 9.6436 -0.1527 148.6661 0.0412
0.05 0.05 15.9688 2.8210 9286.7174 10.9688 -0.1790 89.1403 0.0246
0.1 0.01 11.9945 2.8862 9254.3532 6.9945 -0.1138 141.0141 0.0391
0.1 0.05 19.4754 2.7573 9340.4799 14.4754 -0.2427 76.7432 0.0208
0.2 0.01 25.7189 2.6465 9271.1282 20.7189 -0.3535 96.5022 0.0264
0.2 0.05 39.8037 2.4216 9262.6310 34.8037 -0.5784 157.8024 0.0436
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Table 6: Two-phase estimation of parameters in frame 2 with varying values of k and p

A

A

A

A

k P b20 b21 tqu b20 bias b21 bias bzo var b21var
0.01 0.01 11.2141 2.9025 9212.9009 6.2141 -0.0975 74.1247 0.02080
0.01 0.05 12.4388 2.8853 9170.9089 7.4388 -0.1147 63.0524 0.0179
0.05 0.01 17.0357 2.7932 9165.5941 12.0357 -0.2068 95.0813 0.0268
0.05 0.05 17.1547 2.7893 9178.5246 12.1547 -0.2107 80.1326 0.0225
0.1 0.01 12.7017 2.8653 9180.0763 7.7017 -0.1347 75.4755 0.0212
0.1 0.05 14.9474 2.8298 9267.2687 9.9474 -0.1702 73.4501 0.0202
0.2 0.01 25.4487 2.6492 9176.6328 20.4487 -0.3508 87.2991 0.0245
0.2 0.05 25.8639 2.6659 9258.7329 20.8639 -0.3341 88.0818 0.0246

Table 1: Two-phase estimation of parameters in frame 3 with varying values of k and p

K P b30 b31 t3dq b30 bias b31 bias b30 var b31 var
0.01 0.01 10.3166 2.9222 9236.4608 5.3166 -0.0778 100.3350 0.0281
0.01 0.05 18.3151 2.7832 9183.5607 13.3151 -0.2168 93.4050 0.0264
0.05 0.01 19.2912 2.7562 9144.5399 14.2912 -0.2438 68.4437 0.0194
0.05 0.05 11.1063 2.8907 9192.4186 6.1063 -0.1093 120.5291 0.0337
0.1 0.01 16.5371 2.7981 9247.5162 11.5371 -0.2019 71.4456 0.0197
0.1 0.05 20.3490 2.7332 9138.5297 15.3490 -0.2668 89.8135 0.0254
0.2 0.01 15.5207 2.8262 9204.7988 10.5207 -0.1738 109.6873 0.0308
0.2 0.05 14.1816 2.8421 9195.0037 9.1816 -0.1579 100.4237 0.0281

Frame 1 exhibits the highest variability in bias and variance across parameter combinations. For instance, when k = 0.2 and p =
0.05, BO shows extreme bias (34.80) and variance (157.80), while bl has significant negative bias (-0.58) and high variance

(0.044). The results suggest that larger k and p values amplify estimation errors, particularly for b0 . The qu estimates remain

stable around 9250-9350, indicating robustness in mean estimation despite parameter fluctuations.
Frame 1 exhibits the most extreme fluctuations in bias and variance, particularly for bO . The b0 bias sharply increases with

higher k, peaking at 34.80 when k = 0.2, p = 0.05, indicating severe overestimation. Similarly, b0 variance rises significantly at

higher k, reaching 157.80, suggesting instability in estimation. The bl bias remains negative but worsens with larger k while bl
variance stays moderate below 0.044.
Compared to Frame 1, Frame 2 demonstrates more moderate bias and variance, though bo still shows notable bias, e.g., 20.86 for

k= 0.2, p = 0.05. The variance for b, and b, is generally lower, withb, variance staying below 0.025. The qu estimates are
consistent (9150-9267), suggesting reliable mean estimation. The bias patterns imply that higher k worsens bO accuracy, while
b, remains relatively stable.

Frame 2 shows more controlled bias and variance compared to Frame 1. The bO bias still increases with k, peaking at 0.86 for k =
0.2, p = 0.05, but the b0 variance peaking at 88.08 is significantly lower. The bl bias remains stable around -0.35 at worst, and

bl stays below 0.025, indicating better consistency. This suggests that moderate parameter choices e.g., mid-range k improve

stability though higher k still introduces notable bias.
Frame 3 strikes a balance between Frames 1 and 2, with intermediate bias and variance levels. For example, at k = 0.05, p = 0.01,

b0 has bias 14.29 and variance 68.44, while b1 shows minimal bias (-0.24) and low variance (0.019). The qu estimates (9138-

9247) are consistent, reinforcing stable mean estimation. The results highlight that mid-range k and p values yield better trade-offs
between bias and variance.

Frame 3 demonstrates the most balanced performance. Theb, bias peaking at 15.35 and variance peaking at 120.53 are lower
than in Frame 1, while bl bias remains mild worst: -0.27 with low variance < 0.034. Unlike Frame 1, increasing k does not
drastically worsen performance, suggesting better robustness across parameter settings.

Frame 1 shows the most extreme variability in parameter estimates. The 60 values range widely from 11.99 to 39.80, indicating

substantial sensitivity to parameter combinations, particularly at higher k values (0.2). b1 remains relatively stable between 2.42-

2.89, though shows a clear downward trend with increasing k. The f estimates are remarkably consistent (9250-9340) despite
the volatility in other parameters, suggesting the mean estimation is robust even when slope and intercept estimates fluctuate
significantly. The most extreme deviations occur at k=0.2, p=0.05 where b spikes to 39.80 while b1 drops to 2.42.
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Frame 1 exhibits dramatic trends in parameter estimates. The b shows extreme sensitivity to increasing k values, particularly at
p=0.05 where it spikes from 18.11 (k=0.01) to 39.80 (k=0.2). Conversely, b1 displays a steady decline from 2.80 to 2.42 as k

increases, with the steepest drop occurring at p=0.05. The qu remains remarkably stable (9250-9340) despite these fluctuations,

forming nearly horizontal lines across all k values. The clear divergence between lines at different p values suggests strong
interaction effects between parameters in this frame.

Frame 2 demonstrates more moderate behavior in parameter estimates compared to Frame 1. bO values range from 11.21 to

A~

25.86, showing less extreme variation. b1 estimates are tightly clustered between 2.65-2.90, with the lowest values again

occurring at k=0.2. The qu values (9150-9267) maintain good consistency, similar to Frame 1. This frame shows better stability
in estimates overall, though still exhibits the pattern of increasing 60 and decreasing 61 with higher k values, particularly

noticeable at k=0.2 where 60 exceeds 25.

Frame 2 shows more moderate but still noticeable trends. b0 increases linearly from 11.21 to 25.86 as k grows from 0.01 to 0.2,
with p=0.05 consistently yielding higher estimates than p=0.01. 61 maintains a gentle downward slope (2.90 to 2.65), with the

p=0.01 line slightly above p=0.05. The qu lines are again nearly flat (9150-9267) and closely clustered, demonstrating excellent

stability. The parallel nature of the lines for each p value indicates more predictable behavior than Frame 1, though the systematic
changes with k remain evident.

Frame 3 presents the most stable and reliable estimates across all parameters. 60 ranges moderately from 10.32 to 20.35, with no

extreme outliers. 61 maintains a narrow range of 2.73-2.92, showing minimal deviation across parameter combinations. The f
values (9138-9247) are again very consistent. The estimates in this frame show the least sen3|t|V|ty to changing k and p values

with smooth, predictable variations. Even at k=0.2, the maximum b only reaches 20.35 and b1 stays above 2.73, demonstrating
superior stability compared to the other frames.

A

This frame demonstrates the most stable performance. b0 shows a controlled increase from 10.32 to 20.35, with p=0.05 estimates

consistently higher than p=0.01. 61 exhibits minimal variation (2.92 to 2.73), with the tightest clustering of all frames. The qu

lines are again extremely stable (9138-9247) and nearly indistinguishable between p values. The smooth, nearly parallel
progression of all lines indicates robust estimation that is less sensitive to parameter changes than other frames, while still

maintaining the general pattern of increasing b and decreasing b1 with higher k.

Conclusion

Regression estimation in multiple-frame surveys provides a flexible and efficient method for enhancing survey estimates by
integrating auxiliary information across overlapping frames and complex sampling designs. When combined with multiplicity
adjustment and two-phase sampling strategies, regression estimators can achieve substantial gains in precision and coherence
across frames. However, the presence of measurement and response errors poses serious challenges to the validity of these
estimators, as such errors introduce bias and inflate variability, thereby weakening the efficiency gains typically associated with
regression-based methods. These effects are often magnified in multiple-frame contexts due to frame overlap, weighting
adjustments, and the need to reconcile information from different sources. Evidence from studies on complex survey designs and
regression estimation shows that failure to account for these errors can lead to misleading inferences, even when advanced
estimation techniques are employed. Consequently, it is essential that measurement and response errors be explicitly incorporated
into both the design and analysis stages of multiple-frame surveys, through improved data collection procedures, calibration,
model-assisted regression techniques, and adjustments for two-phase sampling. Addressing these error sources enhances the
robustness, accuracy, and policy relevance of regression estimates, particularly in official statistics and applied research settings
where multiple-frame surveys are increasingly used to achieve comprehensive population coverage.
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