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Abstract

Adaptive cluster sampling (ACS) provides an effective framework for including neighboring or related
units while sampling rare and highly clustered populations. Introduced by Thompson, ACS is a reliable
sampling technique under the assumption that the data are free from outliers. However, conventional
ACS-based estimators can yield distorted results in the presence of outliers. Motivated by this limitation,
the present study develops adaptive estimators within the ACS framework using ordinary least squares
(OLS), Huber M, and Mallows GM estimation methods. The proposed regression-type estimators
incorporate these functions to improve performance. For illustration, real-life numerical data of the Blue-
winged teal has been utilized. The mean square error (MSE) properties of both the adapted and proposed
estimators are derived and compared to assess their efficiency.

Keywords: Adaptive cluster sampling (ACS), ordinary least square (OLS) regression, Huber M, mallows
GM, mean square error

Introduction

Adaptive cluster sampling (ACS), conceptualized by Thompson, S. K. (1990) ™, is an optimal
sampling method for detecting rare and highly clustered population units. It is a data-driven
approach that offers substantial potential for producing more reliable inferences when
estimating parameters of populations characterized by both rarity and strong spatial clustering.
ACS is commonly implemented as a two-phase sampling procedure for estimating population
totals and means of rare, hidden, and clustered populations. This approach is particularly
appropriate in situations where rare species tend to occur in localized clusters within a study
area.

In the first phase, an initial sample is selected using a conventional sampling design, such as
simple random sampling without replacement or stratified sampling, subject to a predefined
condition that at least one unit containing the rare species is detected. In the second phase, all
neighbouring units surrounding the identified units are incorporated into the sample.
Populations suited to this sampling framework include rare and endangered plant and animal
species, fisheries, pollution hotspots, sporadic disease occurrences, mineral deposits, criminal
activities, and populations affected by hidden or stigmatized diseases. Incorporating auxiliary
information alongside the primary survey variable can substantially improve the precision of
ACS-based estimates. For example, when the survey variable represents the count of a
particular species in a given locality, auxiliary variables such as food sources, habitat
characteristics, rainfall, and temperature in the same area can be used to estimate population
parameters including the mean, total, and variance.

The relationship between ecological variables and environmental covariates may be either
positive or negative. Accordingly, ratio-type estimators are used for positive correlations,
while product-type estimators are employed for negative correlations. The ACS procedure
initiates the sampling process through standard sampling methods like simple, stratified or
systematic sampling, and then seamlessly expanding it into the realm of ACS.
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Table 1 illustrates a cluster of V variables within a network
structure. The unit indicated by a star represents the initial
selection, while the units located to its south, north, east, and
west are collectively referred to as the first-order
neighbourhoods. In the context of the auxiliary variable V and
the study variable U, the adaptation criterion is pre-defined as

https://www.mathsjournal.com

follows: a unit will be included in the network if its value is
greater than or equal to 1 (i.e., V > 1). Units within the yellow
shaded area collectively constitute the network, while those
indicated with blue numbers represent respective edge units of
this network. Together, the network and its associated edge
units form a cluster.

Table 1: Supplementary variable (v) values of population-1

0 0 3 5 0 0 0 0 0 0
0 0 0 24* 14 0 0 10 103 0
0 0 0 0 3 3 2 0 13639 1
0 0 0 0 0 0 0 0 14 122
0 0 0 0 0 0 2 0 0 177
Table 2: Response variable (u) values of population-1
0 0 14 16* 63 0 0 0 0 0
0 0 0 0 97 10 0 23 383 0
0 0 0 0 0 10 10 0 34837 8
0 0 0 0 0 0 2 0 64 427
0 0 0 0 0 0 8 0 0 627

Table 2 follows the pattern of Table 1, and is also shaded in
yellow and blue to indicate the network and cluster of U,
respectively. The size of a network is denoted by h. Hence,
the average value of a network is h = (3(-)/h). Here ()
represents the sum of V or U values in a network.

Measures of central tendency, owing to their broad
applicability across scientific and artistic disciplines, have
created a growing need for improved mean estimation,
particularly in situations where adaptive cluster sampling
(ACS) is employed. The pioneering work on adaptive cluster
sampling (ACS) was carried out by Thompson (1990) [, who
proposed several unbiased estimators. Subsequently,
numerous researchers have contributed to improving the
efficiency of mean and variance estimation by incorporating
ancillary information, using either a single auxiliary variable
or bivariate auxiliary variables, under various sampling
designs. For details, see Thompson (1991) B, Chao (2004) [,
Chutiman and Kumphon (2008) [ Chutiman (2013) [,
Qureshi et al. (2018, 2020) 24, Yasmeen and Thompson
(2020) 2%, Shahzad et al. (2022) [?], Raja et al. (2023) 2%,
Raja and Magbool (2024) 221, For mean estimation, Kadilar et
al. (2007) 2% and Subzar et al. (2025) 21 have utilized robust
regression. Following this work, many authors have
developed mean estimators using robust regression; for
details, see Zaman and Bulut (2020) ¢ under SRS and
stratified sampling schemes, and quantile regression by
Shahzad et al. (2023) [21,

Accordingly, the present study aims to develop adapted and
newly proposed estimators within the adaptive cluster
sampling (ACS) framework by employing robust techniques.
These estimators are designed to enhance resistance to
outliers, non-normality, model misspecification, small sample
sizes, heteroscedasticity, and complex population structures,
thereby addressing the limitations of conventional estimation
methods. Robust regression methods are particularly valuable
for studies involving rare and clustered populations, as they
yield more accurate and reliable estimates.

The paper is structured as follows. “OLS Regression and
Adapted Estimators,” “Huber M Regression and Adapted
Estimators,” “Generalized M Regression and Adapted
Estimators,” and “Mallows GM Regression and Adapted
Estimators” examine these regression techniques within the
ACS framework. The section “Proposed Robust Estimator”
is devoted to the development of a robust estimator tailored
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specifically to the ACS setting, drawing on the Huber and
Mallows GM methodologies.

Adapted estimators

Ordinary Least Square (OLS)

The OLS method is a widely recognized parametric technique
with a strong reputation. Its popularity arises from its simple
computational procedure, which is often used for parameter
estimation. The OLS regression coefficient is commonly
applied to estimate the population mean. For example, Kadilar
and Cingi (2004, 2006) 9 proposed ratio-type regression
estimators for mean estimation by utilizing well-known
properties of auxiliary information. Likewise, Yan and Tian
(2010) 2 developed two modified ratio estimators based on
the coefficients of skewness and kurtosis Also, Raja and
Magbool (2021) [7], Rather et al. (2022) [*8] and Subzar et al.
(2025) 21 have proposed ratio-type regression estimators.
Inspired by these approaches, we have suggested estimator
within the framework of adaptive cluster sampling (ACS).

AL =[hu™ + dos(V™ = o )R ™ (V). 1)
A ==[hu~ + hots(V™ = ho )R (V" ). @)
A3 ===[hu~ + has(V™ — kv )]/ [hB2v] ~*(V™ po)...... (3)

Huber M regression and adapted estimators

Peter J. Huber introduced the concept of M-estimation for
regression, offering a more direct approach than M-estimation
for location. In M-estimation, which involves minimizing a
specified function of the residuals—as in location
estimation—the robustness of the estimator depends largely
on the choice of the weight function.

The OLS estimator that is generated by minimizing the sum
of squares function is identical to the maximum likelihood
estimator under the conditions of linearity, homoscedasticity,
and uncorrelated errors:

min L (w; — Y vii4;)? = min i, (e)? 4)
Expanding on principles of M-estimation for location, a
robust regression M-estimation minimizes sum of a function
of residuals that increases less rapidly
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p(e;)?

min Yy p(u; — X vi;4)* = min X,

®)
Since the solution lacks scale equivariance, residuals need to
be standardized using a robust scale estimate o.i, Which is
determined simultaneously. Similar to M-estimation for
location, median absolute deviation (MAD) is frequently
employed for this purpose. Deriving the score function
involves taking the derivative of equation (5) and solving:

Uij

. n A n i

min Y Y — X ]/3)Vik =die ¥ (e /6ei) v =0 (6)
With ¢ = p. there is now a system of K+1 equations, for
which y is replaced by appropriate weights that decrease as

size of residual increases

(ei/ﬁei) ;=0

Huber regression coefficient proves highly beneficial for
mean estimation under simple random sampling (SRS),
Zaman, T (2019) 251,

Huber regression-based ratio-type mean estimators under
ACS are formulated as:

n
i=1 Wi

U]

At4 — [hu +AH1Z7{T(V_ v)] ‘7 (8)
TRy +2 Huber V—hy)1 77—

Ags = Pt Tl ©
[h_u +2 ‘uber V_h_v 1

At6 — #va (10)

hﬁzv

Generalized M regression and adapted estimators
M-estimators actually fail to account for leverage (Hampel et
al., 1986) Bl. GM estimators were proposed with the aim to
create weights that will consider both leverage and vertical
outliers. Standard M-estimators are used to deal with outliers,
and their cap values are down-weighted to typically deal with
leverage points. The GM class of estimators is defined by the
function mentioned in equation (11):

ei

S Wi (=} vi = 0

(1)

1 represents score function and weights w; and v; are updated
iteratively, depends on model matrix V

Mallows GM regression and adapted estimators
The GM estimator which includes only w; weights (i.e.,
var(v)) = 1 in equation 11) was proposed by Mallows; for
reference, see Krasker and Welsch (1982) @, where w; are
calculated from cap values and range from 0 to 1 with the
assumption that observations receive less weight having high
leverage than those with small leverage (i.e., if s; > s;, then z;
< z;). To be resistant against high leverage outliers, Mallows
proposed the Mallows GM estimate and defined it by:

N 1-— Si

?zlwiﬂ%{%ﬁ)}vi 0, where R(e) =p’(e) and w;
with s; being leverage of the in observation. The adapted
Mallows GM regression-based ratio-type mean estimators

under ACS are formulated as:

At7 — [hu +2 Ma%WS(V_hv)] V (12)
At — [hu +2 Ma%vs(v_hv) 1 E (13)
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”’-u +1 Huber(v_hu) 1
V[?Zv
hﬁzv

Ao = (14)

Proposed robust estimator

A long-standing challenge in survey sampling is the efficient
and effective estimation of population parameters for rare and
clustered populations. Conventional sampling designs often
fail in such settings, as many sampled units provide little
information. Thompson's pioneering work on Adaptive
Cluster Sampling (ACS) introduced a data-driven approach
that improves sampling efficiency and yields more reliable
inference for populations characterized by rarity and high
spatial clustering. Here we introduce a regression estimator
that consistently reveals indubitable efficacy. This estimator is
a combination of Huber and Mallows and focuses on the
regression component, excluding the ratio-biased factor
present in the suggested versions. The proposed estimator is
given as:

Ptes= [E +4 Huber (V - hv)+ AMallows(V - hv) (15)
Accordingly, using existing results and simple algebraic
manipulations to avoid lengthy calculations, we obtain the
MSE expressions for the proposed class of estimator up to
order n'l, as

MSE (Pest)_= [v (Hu) -2( Huber + A matiows)Cov (Ew Eu) +
AZHuber |4 (hu) + AzMallows |4 (hv)] .. (16)

Results and Discussion with numerical illustration

To support the employment of both adapted and proposed
estimators, we employ a combination of empirical and
theoretical analyses. In pursuit of this objective, we choose a
real population for analysis: Blue-winged teal data. The
effectiveness of the proposed estimator was evaluated using
actual data from a population of blue-winged teal, as made
available in Smith et al. (1995) ! and Chutiman et al. (2014)
(141 The original dataset covered a total study area of 5,000
km2, which was partitioned into equal quadrants of 50-100
km2 each in central Florida. Data presented in Table 1 were
employed as a supplementary variable (v) to generate values
for the response variable (u) using the model u = 4v + e,
where e is normally distributed. Generated (u) values are
presented in Table 2.

Results obtained during the evaluation of real-world data are
presented in Table 3 after applying robust methods instead of
traditional techniques to estimate population parameters can
substantially reduce variance. Conventional approaches
typically assume that residuals follow a normal distribution,
an assumption that is frequently violated in the presence of
skewed or heavy-tailed data. In contrast, robust methods do
not depend on the normality assumption, making them more
reliable under such conditions.

Table 3: Parameters of population

U =137.7203 V =53.1315 hots = 2.5852

Anuper = 2.5853 AmalloWs = 2.2506 Bany = -3.2473

Table 4 provides mean squared error (MSE) of the estimators
for comparison.
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Table 4: Mean square error of the adapted and proposed estimators

Estimators Mean Square Error
At 52,592
Atz 42,268
Ats 59,662
Ats 52,598
Ats 42,274
Ate 59,669
Aty 51,497
Ats 40,989
Ato 57,989
Piest 21,567
Conclusion

From the above results, we conclude that the Adaptive Cluster
Sampling (ACS) technique is a highly effective method for
estimating the mean of sparsely distributed and hidden
clustered populations, yielding notably meaningful results.
The findings from the numerical study clearly indicate that
the use of ACS leads to the lowest mean square error (MSE)
for the proposed estimator, outperforming all competing
estimators considered. Consequently, the proposed estimator
demonstrates performance relative to the other estimators
examined in this study. Future research accomplishments may
benefit from adopting the proposed estimator.
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