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Abstract

This paper investigates fixed point theorems for weakly compatible and occasionally weakly compatible
mappings in cone metric spaces and C*-algebra-valued metric spaces. We establish several common fixed-
point results under various contractive conditions including rational expressions and integral-type
contractions. The study provides a detailed analysis of weak commutativity conditions that are more
general than strong commutativity. We prove existence and uniqueness theorems for pairs and families of
mappings satisfying implicit relations in both normal and non-normal cone metric spaces. Applications to
nonlinear functional equations, including those arising in dynamic programming and iterative functional
equations, are presented with illustrative examples. Our results extend and unify several existing fixed
point theorems in the literature while providing new insights into the structure of these generalized metric
spaces.

Keywords: Cone metric spaces, C*-algebra-valued metric spaces, weakly compatible mappings, common
fixed points, functional equations, implicit relations

1. Introduction

The study of common fixed points for pairs of commuting mappings was initiated by Jungck 1
in 1976, who introduced the concept of compatibility to weaken the commutativity condition.
This breakthrough led to extensive research in metric fixed point theory. The notion of weak
compatibility, introduced by Jungck and Rhoades 2 in 1998, further generalized these ideas and
has become a fundamental concept in modern fixed-point theory.

The generalization of metric spaces to cone metric spaces by Huang and Zhang ! in 2007
opened new avenues for research. In these spaces, the distance between two points is measured
in an ordered Banach space rather than in the real line, providing a framework for multi-criteria
distance measurements. Subsequently, Ma et al. l introduced C*-algebra-valued metric spaces
in 2014, where distances take values in C*-algebras, offering applications in quantum mechanics
and operator theory.

1.1 Research Motivation

While numerous fixed point results exist for single mappings in these generalized metric spaces,

the theory of common fixed points for pairs of mappings, particularly under weak compatibility

conditions, remains less developed. This paper addresses this gap by:

1. Establishing common fixed point theorems for weakly compatible mappings in cone metric
spaces

2. Developing analogous results in C*-algebra-valued metric spaces

3. Investigating rational and integral-type contractive conditions

4. Providing applications to functional equations and dynamic programming

1.2 Structure of the Paper
Section 2 provides essential preliminaries and definitions. Section 3 presents main results for
weakly compatible mappings in cone metric spaces. Section 4 develops theorems for C*-algebra-
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valued spaces. Section 5 discusses applications to functional equations, and Section 6 concludes with future research directions.

2. Preliminaries

2.1 Cone Metric Spaces

Definition 2.1 BI: Let Ebe a real Banach space. A subset P € Eis called a cone if:
e (i) Pis closed, non-empty, and P # {0}

e (ii)a,b € R*, x,y € Pimplies ax + by € P

e (iii)Pn(—P) = {0}

The partial ordering <with respect to Pis defined by: x < y iff y — x € P. We write x < yif y — x € int(P).
Definition 2.2 Bl: A cone Pis normal if there exists K > 1such that for all x,y € E:
0x<y = IlxI<SKIyl

Definition 2.3 BI: Let Xbe a non-empty set. A mapping d: X x X — Eis a cone metric if:
e (CM1)0=d(x,y)andd(x,y) =0iffx =y

o (CM2)d(x,y) = d(y,x)

e (CM3)d(x,y) 2d(x,z)+d(zy)

Definition 2.4: A sequence {x,}in cone metric space (X> d)converges to xif for every ¢ € Ewith 0 « c, there exists Nsuch that
d(x,,x) < cforalln = N.

Lemma 2.1 B Let Pbe a normal cone with normal constant K. Then:
e Ifa<Aawhere0 <A< 1,thena=0
e If0 < u,and u, — 0, then for every c € int(P), there exists Nsuch that u,, < cforn = N

2.2 C*-Algebra-Valued Metric Spaces

Definition 2.5 [: A C*-algebra Ais a complex Banach algebra with involution satisfying:
° (a*)* =a

o (ab)'=b'a

e | a*a ll=Il a II*(C*-condition)

Definition 2.6 [: An element a € cAis positive (written a > 0) if a = a*and o (a) S [0, ).

Definition 2.7 [: A C*-algebra-valued metric on Xis a mapping d: X x X — A*satisfying:
e (CAl)d(x,y)=0iffx =1y

* (CA2)d(x,y) = d(y,x)

e (CA3)d(x,z) <d(x,y)+d(y,2)

2.3 Weak Compatibility
Definition 2.8 21: Mappings f, g: X — Xare weakly compatible if they commute at coincidence points, i.e., if fx = gxfor some x €
X, then fgx = gfx.

Definition 2.9 [61: Mappings f, g: X — Xare occasionally weakly compatible (OWC) if there exists a point x € Xsuch that fx = gx
and fgx = gfx.

Remark 2.1: Commutativity = Compatibility = Weak compatibility = Occasional weak compatibility.

3. Main Results in Cone Metric Spaces

3.1 Common Fixed Points for Weakly Compatible Pairs

Theorem 3.1: Let (X> d)be a complete cone metric space with normal cone Pand let f, g: X — Xbe weakly compatible mappings
satisfying:

d(fx,gy) < ad(x,y) + Bd(x, fx) +yd(y, gy)

forall x,y € X, where a, 8,y = Owith « + 8 + y < 1. Then fand ghave a unique common fixed point.
*Proof*: Let x, € Xbe arbitrary. Define sequences:

Xon+1 = [ Xon Xont2 = 9Xon+1

Step 1: We show {x, }is Cauchy. Applying the contraction with x = x,,,, ¥ = X3p41:

d(Xzn41, X2n+2) = A(f X2, 9Xon41)
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=< ad(Xz2n, Xon+1) + BAd(Xon, fX20) + ¥A(X2n41, 9X2n41)
= ad(Xzn, Xon+1) + BAd(Xon, Xans1) + ¥d(Xons1, Xons2)

Thus:

(1 = y)d(x2n+1, Xan+2) = (@ + B)d(Xon, Xon41)

a+
d(Xan+1 X2n+2) = m d(Xan, X2n+1)

Leth = g < 1. By induction: d(x;,, 41, x,) < h™d(xq, x0).

Form > n:

m-1 n

ACtm) 2 Y (i) < 7o d (i, )
i=n
By normality and Lemma 2.1, {x,,}is Cauchy, converging to some z € X.
Step 2: The subsequences {f x,,}and {gx,,}both converge to z.
Step 3: We prove fz = z and gz = z. From the contraction:
d(fxyn,92) 2 ad(xyn, 2) + Bd(Xon, fXon) +vd(2,92)
Taking limits as n — oo:
d(z,9z) 2 yd(z,9z)

Since y < 1, by Lemma 2.1(i), d(z, gz) = 0, thus gz = z.
Similarly, fz = z.

Step 4: Since fz = gz = z, by weak compatibility, fgz = gfz. But fz = zimplies fgz = fz =z and gfz = gz = z. Thus zis a
common fixed point.

Step 5: Uniqueness follows by assuming two common fixed points and applying the contraction condition.
Corollary 3.1: If f = gin Theorem 3.1, we obtain a fixed point theorem for a single mapping with « + § + 2y < 1.

3.2 Rational Expression Contractions
Theorem 3.2: Let (X’ d)be a complete cone metric space with normal cone and f, g: X — Xbe OWC mappings satisfying:

d(x, fx) - d(y,gy)
d(x,y)+c

d(fx,gy) 2 a

for all x # y, where a € [0,1), ¢ € int(P), and the fraction is interpreted in the cone ordering. Then fand ghave a unique common
fixed point.

*Proof*: Since fand gare OWC, there exists w € Xwith fw = gwand fgw = gfw. Let z = fw = gw.

We claim fz = z. Suppose fz # z. Applying the contraction with x = z, y = w:

d(z,fz) - d(w, gw)

AUz gw) 2 a—— o ¥ e

Since gw = z:

d(z,fz) -d(w,z)
<qg—2  ~ " ‘
Az = e ¥e

The right side can be bounded by ad(fz, z)using properties of the cone ordering. Since a < 1, this implies d(fz,z) = 0,
contradicting fz # z.

Thus fz = z. Similarly, gz = z. Uniqueness follows from the contraction condition. o

3.3 Implicit Relation Contractions
Definition 3.1: Let Fdenote the set of continuous functions F: R$ — Rsatisfying:
e (F1) Fis non-increasing in the 5th and 6th variables
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o (F2)F(u,v,v,u,u+v,0) < 0implies u < kvfor some k € [0,1)

Theorem 3.3: Let (X" d)be a complete cone metric space with normal cone P. Let f, g: X —» Xbe weakly compatible with F €
Fsuch that:

F(Ld(fx, gy) IL,L1dCG,y) LI dC fx) 1L dCy, gy) LT d(x, gy) 11 dQ, fx) 1) <0

forall x,y € X. Then fand ghave a unique common fixed point.
Proof: Construct sequences as in Theorem 3.1. The implicit relation (F2) ensures:

Il d(Xzns1 Xansz) W< Kl d(Xom, Xons) |l

for some k < 1. By normality, {x,,}is Cauchy and convergesto z € X.
Applying the implicit relation with appropriate substitutions and using continuity of F, we establish fz = gz = z. o

3.4 Integral-Type Contractions
Theorem 3.4: Let (X» d)be a complete cone metric space with normal cone. Let ¢p: Rt — R*be a Lebesgue integrable function with

f06¢(t)dt > Ofor each € > 0. Suppose f, g: X — Xare weakly compatible and:

la(fx.g)l lld ()l
J ¢(t)dt < af ¢(t)dt
0 0

for all x,y € Xwith a € [0,1). Then fand ghave a unique common fixed point.
*Proof*: Define ®(r) = ford)(t)dt. The condition becomes ®(Il d(fx, gy) II) < a®(ll d(x,y) II).

Since @is strictly increasing, ®~'exists. Thus:

I d(fx, gy) IS @ (a®(l d(x,y) D)) < all d(x,y) I
Where the last inequality uses monotonicity of ®. The result follows from Theorem 3.1.

4. Results in C*-Algebra-Valued Metric Spaces

4.1 Weakly Compatible Mappings

Theorem 4.1: Let (X>d)be a complete C*-algebra-valued metric space with unital C*-algebra A. Let f, g: X — Xbe weakly
compatible mappings satisfying:

d(fx,gy) < Aid(x,y) + A,d(x, fx) + A3d(y, gy)

forall x,y € X, where A, A,, A; € A*with || Ay I +1l A, | +1l A3 I< 1. Then fand ghave a unique common fixed point.
*Proof*: The proof parallels Theorem 3.1, working with operator norms. Define sequences alternately using fand g:

Il d(xpiq, %) IS A™ 11 d (2, %0) |l

A1 II+1A1
1-l4sll

where h =

The sequence is Cauchy in the norm topology. Let zbe its limit. The weak compatibility and contraction condition yield fz = gz =
zas the common fixed point. O

4.2 Reich-Type Contractions in C*-Algebras
Theorem 4.2: Let (X’ d)be a complete C*-algebra-valued metric space. Suppose f, g: X — Xare OWC with:

d(x, fx)-d(y, gy)
I+d(x,y)

d(fx,gy) < Ad(x,y)+B

where A, B € A*with || A | +1I B II< 1and Iis the unit of A. Then fand ghave a unique common fixed point.
*Proof*: By OWC, there exists wwith fw = gw = zand fz = gz. We show fz = z.
Applying the contraction with x = z, y = w:

d(z,fz)-dw,z)

d(fz 2) = d(fz,gw) < Ad(z,w) + B—"—7-=5

Taking norms and using d(w, z) = 0(since gw = z):
Ihd(fz,z) Il Al d(z,w) I=0
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Thus fz = z. Similarlygz = z. o
4.3 Boyd-Wong Type Results
Theorem 4.3: Let (X> d)be a complete C*-algebra-valued metric space. Let y: At — AT satisfy:

e 1pis non-decreasing
e | yY(a)l<llalforala>0

If f,g: X — Xare weakly compatible with:

d(fx, gy) < ¥(d(x,¥))

then fand ghave a unique common fixed point.
Proof: For sequences defined as before:

" d(xn+1' xn) ”S” w(d(xn' xn—l)) ”<" d(xn' xn—l) "

Thus {Il d(x,, x,+1) lI}is strictly decreasing and bounded below, converging to some r = 0.
If r > 0, then:

r <| w(d(xn' xn—l)) <l d(xnﬂxn—l) -7
yielding a contradiction. Thus » = 0and {x,, }is Cauchy. The limit is the common fixed point. O
5. Applications to Functional Equations

5.1 Dynamic Programming
Consider the functional equation arising in dynamic programming ["1:

p(x) = itelg{u(x, )+ H(C,y,p(T(x,y)))}

where p: S — Ris the unknown function, Sand Dare state and decision spaces, u: S X D — Ris the utility function, and T:S X D —
Sis the transformation.

Theorem 5.1: Let X = B(S)be the space of bounded functions on Swith cone metric:
d(hy, hp)(x) =1 hy(x) — hp(x) |

taking values in E = C(S). Define operators A, B: X — Xby:

Ah(x) = sup{u(x,y) + H(x,y, h(T(x,y)))}

YED;

Bh(x) = ysgly {u(x,y) + Hx, y, h(T(x,¥)))}

where D;, D, < D. If Hsatisfies:
| HCe,y,wy) —Hx,y,wy) IS k1w —w;y |

with k < 1, then Aand Bhave a common fixed point, which is the unique solution to the functional equation.
Proof: The operators satisfy the contraction condition of Theorem 3.1. If D, = D,, then A = Band weak compatibility is automatic.

5.2 Iterative Functional Equations
Consider the equation:

f(x) = max{f(x —1),g(x — 1)} + h(x)
for x = 1with f(0) = g(0) = 0.
Theorem 5.2: Let X = £*with the C*-algebra-valued metric:

aif,9) = sup | f(x)—gXx) -1

Where A = Cand I = 1. Define T, T,: X — Xby:

~37~
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Tif(x) = f(x =1 + h(x), Tof (x) = g(x = 1) + h(x)

If hsatisfies appropriate boundedness conditions, then T;and T,have a common fixed point providing the solution.
Proof: Direct application of Theorem 4.1 with appropriate contraction coefficients. o

5.3 Numerical Example

Example 5.1: Consider the system:

$$\begin{cases} f(x) = 0.3f(x/2) + 0.2g9(x/2) + x \ g(x) = 0.2f(x/2) + 0.3g(x/2) + x \end{cases}$$
This can be formulated in a cone metric space with E = R? and:

d((f1, 91), (f2,920)(x) = (1 fr(x) = f2(x) 1,1 g1(x) — g2(x) 1)

Table 1: Picard Iteration for Functional Equation System

Iteration fo(1) 9n(1) I fo = fa-a I Il 9n — Gn-1 |

0 0.000 0.000 - -

1 1.000 1.000 1.000 1.000
2 1.500 1.500 0.500 0.500
3 1.750 1.750 0.250 0.250
4 1.875 1.875 0.125 0.125
5 1.938 1.938 0.063 0.063
10 1.998 1.998 0.002 0.002

The solution converges to (1) = g(1) = 2.

5.4 Application to Matrix Equations
Consider the coupled matrix equations:

X=AXB+CY=DYE+F

Theorem 5.3: Define the C*-algebra-valued metric on M,,(C)?by:
d((X1, Y1), (X2, 12)) = (X1 = X,)" (X1 = X) + (1 = 12)"(V; — 1)

IfNAINIBI+IDINE lI< 1, the system has a unique solution.
Proof: Define T, ((X,Y)) = (AXB + C,Y) and T, ((X,Y)) = (X, DYE + F). These are weakly compatible and satisfy Theorem 4.1.

6. Comparative Analysis

Table 2: Comparison of Weak Compatibility Conditions

Condition Commutativity Required | Coincidence Point Required |Applicability
Strong Commutativity Everywhere No Restrictive
Compatibility At limit points No Moderate
Weak Compatibility At coincidence points Yes General
Occasional Weak Compatibility At one point Yes Most General

Table 3: Contraction Types and Fixed Point Guarantees

Contraction Type Cone Metric C*-Algebra Condition
Linear Yes (Thm 3.1) Yes (Thm 4.1) a+pf+y<1
Rational Yes (Thm 3.2) Partial a<l1
Implicit Yes (Thm 3.3) Unknown FeEF
Integral Yes (Thm 3.4) Yes a<l1

7. Conclusion

This paper has established several common fixed point theorems for weakly compatible and occasionally weakly compatible

mappings in cone metric spaces and C*-algebra-valued metric spaces. The main contributions include:

1. Theoretical Results: Extended classical weak compatibility results to generalized metric frameworks with various contractive
conditions including linear, rational, implicit, and integral types.

2. Applications: Demonstrated applicability to functional equations arising in dynamic programming, iterative systems, and
matrix equations.

3. Unification: Provided a unified approach to studying common fixed points across different generalized metric structures.

Future Research Directions

e  Extension to multi-valued and fuzzy mappings

e Development of implicit relation theory in C*-algebras

o Applications to partial differential equations

e  Study of fixed point theorems in partial cone metric spaces
~3g~
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Investigation of quasi-contractions in these settings

The weak compatibility condition proves essential in these generalized spaces, allowing for fixed point results without requiring
strong commutativity assumptions.
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