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Abstract

Many mathematical problems in science and engineering can be expressed in terms of differential
equations. When solving certain boundary value problems in partial differential equations using the
separation-of-variables method, one frequently encounters multiparameter eigenvalue problems. A three-
parameter eigenvalue problem is a specific type of such multiparameter problems. However, numerical
research on eigenvalue problems involving three or more parameters remains limited, highlighting the
need for further study. This paper focuses on computing numerical solutions to three-parameter
eigenvalue problems using Newton’s method. Numerical results are provided to demonstrate the
effectiveness of the proposed approach.

Keywords: Multiparameter, three-parameter, eigenvalue, eigenvector, Newton’s method, Gerschgorin
theorem

1. Introduction

The multiparameter eigenvalue problem generalizes the classical one-parameter eigenvalue
problem. A three-parameter eigenvalue problem is a specific case within this broader class.
Such problems frequently arise when separation of variables is applied to boundary value
problems associated with partial differential equations (Volkmer ©41). They naturally occur in
many areas of mathematical physics. Examples include the dynamical analysis of a
homogeneous beam under a vertical load (Collatz 1), the vibrating membrane problem (Roach
[2)), and the study of divergent flow between non-parallel planes in an electrically conducting
fluid subjected to a transverse magnetic field (Srivastava and Hazarika %),

A three-parameter eigenvalue problem in matrix form is as follows

AlO X = /11A11X + AzAlzx + },3A13x

Aoy = MAny + A2,y + A3453y (1.1.1)
A3oz = 11A312 + /1214322 + /1314332

where 4; € C,i = 1,2,3

x € C"\{0}; Ayp, A1, Ayz, A3 € "

y € C™\{0}; Ajg, Azy, Azz, Azz € CTT

z € CP\{0}; A3¢, A3y, A3z, A3z € CP*P

The equation (1.1.1) can be reduced to a system of three one-parameter eigenvalue problems

Alu = lleu (1.1.2)
~gg~


https://www.mathsjournal.com/
https://www.doi.org/10.22271/maths.2026.v11.i2a.2261

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com

Azu = /12A0u (1.1.3)

A3u = A3A0u (114)
where Ay, Ay, A,, A; are nmp X nmp dimensional matrices defined as

Do= A1 @ Az @ Azz — A1y @ A23®A3; + A1 @ Az @ Az

_A12 ® AZl ® A33 + A13 ® A21 ® A32 - A13 ® AZZ ® A31 (115)
A= A10 ® Ayy @ Azz — A1p @ A23®A3; + A1, @ Az ® A3

_A12 ® AZO ® A33 + A13 ® AZO ® A32 - A13 ® A22 ® A30 (1-1-6)
A2= All ® AZO ® A33 - All ® A23®A30 + A10 ® A23 ® A31

—A10 @ Az @ Azz + A1z ® Ay @ Azp — A13 @ Ao @ Az (1.1.7)
A3: All ® AZZ ® A30 - A11 ® A20®A32 + A12 ® AZO ® A31

_A12 ® A21 ® A30 + AlO ® A21 ® A32 - AlO ® A22 ® A31 (1-1-8)
andu =x Q yQ®z

In this paper we discuss Newton’s method for three-parameter eigenvalue problems. We consider the problem (1.1.1) is non-
singular in our entire discussion. To apply Newton’s method for three-parameter problems some initial approximations are
required. Here the Gerschgorin theorem is applied to find the initial approximation for Newton’s Method.

Finally numerical examples are given to estimate the eigenvalues and eigenvectors of a three-parameter eigenvalue problems

using Newton’s Method based on the Gerschgorin theorem.

1.2 Newton’s method for three-parameter eigenvalue problems
To apply Newton’s method we consider the three-parameter eigenvalue problems (1.1.1) as

Flu)=0
_Alox - /11A11X - AzAlzx - A3A13x_
Azoy — MAz1Y — X242y — A3Azzy
A3oz - 11A312 - /1214322 - /13A33Z
where F(u) = - %xTx +% (1.2.1)
1oy 4t
2 y'y + 2
12Tz 4
2 2

and u = [x,y,2,4;, Ay, A3]T € CVHmAPE3

In this paper we have considered three-parameter eigenvalue problems with real coefficients only. Under some relevant changes,

the theory will be applicable in the complex field also.

To apply Newton’s method for three-parameter eigenvalue problems F(u) = 0, the jacobian matrix E,(u) must be non-singular.

The following algorithm can be used for Newton’s Iterative Method for three-parameter eigenvalue problems

1. Start with an initial approximations (x,,yo,z,) to the eigenvectors where ||x,ll = 1, llyoll = 1, lIzo]l = 1 and (19,29, 13) to
the eigenvalue (44, 4,, 13).

2. Check determinant of matrices (Ao — A¥A,; — AKA41, — 25A13), (Ayg — AXAy — A5A,, — 2K A53),(Asg — AXA5—25AS, —
KA, ) and if either are equal to 0, perturb (A%, A%, A%) slightly.

3. Solve the following equations

[A1o — A A1y — A5A1, — A5 A3 1w = Arix

[A1o — A A1y — A5A1; — A5As3]v = A,

[Aro — M A1y — A5A1, — A5AsIwe = Agszxy

[Az0 — A{Azy — 2545, — A5423) 1Dk = A21Vik

[Az — /1’1(1421 - /1}2(1422 - /1§A23)]Qk =AYk
~5g~
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[Az0 — A Az1 — 25452 — A5423) 11 = Azai
[Aso — AfA31—A5 A3, — MAzslay = A1z,
[Aso — AfA31—A5Asy — A5A33]by = Azz2;
[Aso — AfA31—A5 Az, — A5Azz]ci = Asazi

4. Set up and solve the following system

1
T
xtwe xfve xIwg\ [AA% 5 (i Xy + 1)\

1
ik Yiae yime || A% =k§ (y;fyk+1))

T T T k 1

ZrpQy  Ziby  zicp/ \AA% T
= +1
> (zi zg, )

5. Update the approximate eigenvectors
Xis1 = A¥uy + AAKvy, + AEw,
Y+ = Ay + A5 qy + ATy
Zre1 = AMEay, + AXEDy, + AXkcy,

6. Normalise the approximated eigenvectors

X Xkt
k+1 =T 1
* [+l
Vet = Vie+1
k+1 =
T el
g = Zi+1
k+1 =
* 1 Zie |l

1.3 Bounds of eigenvalues: Gerschgorin theorem

From section 1.2, it has been observed that to apply Newton’s method for three-parameter eigenvalue problem we need some
initial approximate eigenvalue and eigenvectors. To find the initial eigenvalue Gerschgorin theorem is used. Gerschgorin theorem
is widely applicable to estimate the rough bounds of the eigenvalues of a matrix. According to Le Veque [ the statement of the
Gerschgorin theorem is as follows.

1.3.1 Theorem

Let A € C™™ and let D; be the closed disk in the complex plane centered at a;; with radius given by the row sum r; = 2j¢i|aij|;
D; = {z € C||z — a;;| < r;}. Then all the eigenvalues of A lie in the union of the disks D; fori = 1,2, ....,n.

If some set of k overlapping disks is disjoint from all the other disks, then exactly k eigenvalues lie in the union of these k disks.

1.4 Numerical example

We now present a numerical example to show the behaviour and application of the Newton’s method using Gerschgorin theorem.
First of all, a three-parameter eigenvalue problem is considered. Then Gerschgorin theorem is used to find the initial
approximation for Newton’s method. Finally, Newton’s method is used to solve the same problem.

Consider the three- parameter eigenvalue problem

(5 10) () =25 300 +2 Gy 20)()+5 Gy 30)G)
(3 171)@;):’11(2; gg)(§;)+’12 (22 16455)(332)“13(23 16371)@2) (14.1)
(12 20G) =27 e @)+ (os 219 )

*4 (156 109) ()
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e B 1 1 1
Table 1: Estimate of (41, 4z, 45) and x, y, z for (43,23, 43) = (=0.01,-015,0.2), % = (_ 1) % = (_.05) % = (_g.05)
Initial eigenvalue L . Eigenvalue .
(2, 2%, 2%) Initial eigenvector Iteration (Ak+1, 2441 k+1) eigenvector [|a%+t — 2%||
1 0.9897
%o = (—0.05) 1= (—0.2419)
_ 1 _ 1
(-0.01,-0.15,0.2) Vo = (_0.05) 1 (0.0444, —0.1563, y, = (_0_0350) 0.0622
1 0.2295) _/0.9907
n= (—0.05) A= (—0.2211)
/09897 /09538
(00444, ~01563,) e (—0-21419) 2= (—0-31158)
0.2295 y, = (_0.0350) 2 (0.0036,—0.1505, y, = (_0.0552) 0.0453
= ( 9907 ) 0.2483) - ( 9575 )
17 \-0.2211 2703073
0.9538 0.9638
0.0036, x —0.3158) X3 = (—0.3212)
(—0.1505, 0.2483) va=(_, 3552) (0.0000, —0.1500, vs=(_,q 3476) 0.0040
= 9575 ) 0.2500) = ( .9639 )
2= \_3073 P \-3212
Table 2: Estimate of (A5, 3, 25) and x,y, z for (A, 23, A9) = (1.5,0.34, 1.45), x, = (01_613),3/0 - (_01'05),20 - ((1):%)
P — .
mt(l:ke;gker;’/s ue Initial eigenvector Iteration ( A’I‘Egjr’z‘lﬁljzﬂ) eigenvector || 2R+l Ak”
11 0.9787
%= (0.03) 1= (00744)
15,0.34,1.45 = (7005 1 (=1.9323,0.6257, = (70:0250 3.5315
(1.5,0.34,1.45) 3’0‘( 1 ) 0.6695) 1‘(0.9759) '
0.02 0.0283
202(1.25) 1=( 1 )
—(0.9787 /1
1= (0.0744) 02670, 00453 Y2 = (—0.4435)
~1.9323,0.6257, _ (—0.0250 —0.2870,—0.0453, _ (—0.0733
( 0.6695 ) 1= ( 0.9759 ) 2 0.3280) Y2 = ( 0.9621 ) 1.8094
- (0.0283) - (—0.0515)
U1 27\ 09652
[ 1 ~ (06770
Y2 = (—0.4435) £0.2560,00076 3 = (—0.2045)
—0.2870, —0.0453, _ (—0.0733 —0.2560,0.0076, “1
( 0.3280 ) v2 = 0.9621 ) 3 0.2455) 3 (0.6253) 0.1028
- (—0.0515) = (—0.3564>
2 0.9652 3 0.6814
~ (06770 /1
*3 = (—0.2045) (02484, 00032 *a = (—0.3329)
1 —0.2484,—0.0032, _ (—0.5623
(=0.2560,0.0076, 0.2455) Vs (0_6253) 4 0.2523) V= ( , ) 0.0149
e (—0.3564) L (—0.4603)
3 0.6814 4 0.9191
[ 1 [ 1
Ya = (—0.3329) 02500001 s = (—0.3333)
_ (—0.5623 -0.25,-0.0001, _ (—0.4744
(—0.2484, —0.0032, 0.2523) V= ( > ) 5 0.9501) ys = 05523 ) 0.0041
L (—0.4603) o (—0.4709)
* 7109191 5 0.9419
[ 1 [ 1
s = (—0.3333) Y6 = (—0.3333)
(—0.25,—0.0001, 0.2501) ys = (_0‘.);;72‘;4) 6 (—0.25,0.00, 0.25) Ve = (‘0‘.);;73137) 1.4142e-004
= (—0.4709) - (—0.4714)
> 0.9419 6 0.9428
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. Ecti 0 90 90y — (_9 _ _(—0.01 _ 1 _(1.02
Table 3: Estimate of (14, 1,,43) and x, y, z for (1%, 13,43) = (—2,—-0.5,1.8), x4 = ( 1.02 ),yo = (_0.03),20 = (0.001)
Initial eigenvalue N , Eigenvalue . K+ ak
( A 2k /1,;) Initial eigenvector Iteration ( Aert gkt l’;“) eigenvector ||A A ||
/=001 —/—0.2808
(~2,-0.5,1.8) o ( 1'{)2 ) (-1.5754,—0.3031 ' ( 8'33(7)411 )
o Yo = (—0.03) ! 12845) = (_6.3230) 0.6963
_ (102 IS
»= (0.001) A= (—0.1714)
= I e
0.9904 —1.6638,—0.2759, 0.9891
(=1.5754,—0.3031, 1.2845) y, = (_0_3230) 2 12918) y, = (_03304) 0.0928
1 1
2= (_o1714) 7= (_g3341)
—0.1714 —0.3341
o (—0.4659) e (—0.4714)
o o
(—1.6638,—0.2759,1.2918) y, = (—6.3304) 3 (—1.6384,—0.2729, y; = (_(') 3332) 0.0311
. 1 ) 1.2741) s 7 )
27 \-0.3341 37 \-0.3334
e (—0.4714) - (—0.4714)
37109432 + 7109428
(—1.6384,-0.2729,1.2741) = ( 0.9995 ) 4 (=1.6365,-0.2727, =(_gaana) 0.0023
HIO% TRETET, L Ys = ~03332 1.2728) Ya = ~03333 :
%= (—0.3334) %= (—0.3333)
s (—0.4714) e (—0.4714)
4 0.9428 5 0.9428
(—1.6365,—0.2727,1.2728) vy = (_0 31333) 5 (-1.6364,—0.2727, e = (_0 31333) 1.4142-004
3 1.2727) H
e i
—/—047 —(—0.47
T ( 0.91}28 ) (—1.6364,—0.2727 T ( 0 9f28 )
(—1.6364,—0.2727,1.2727) e = (_0.3333) 6 Ly Ve = (_0.3333) 0
2= (_o3333) 2= (_o3333)
5~ \-0.3333 6~ \-0.3333
et 070 10y — (4 _ _(0.01\ . _ (0.002y _ _( 08
Table 4: Estimate of (14, 1,,43) and x, y, z for (11, 13,43) = (—0.4,-0.1,1), x, = ( 1 ),yo = ( 125 ),zo = (_0_001)
Initial eigenvalue(2%, 2%, 2%) Initial eigenvector | Iteration Eigenvalue (%%, 251, 2%+1) eigenvector ||ak+t — 2%
0.01 ~0.0318
w=("") %= (Tg.9758 )
04 —041 1 _ 0.0102 1 (1.2541,—0.7544, _ _0(')?172181 1.9524
(=0.4,-0.1,1) yo_(1.25) 0.1953) yl_( 1 ) :
_( 08 _ (09998
%= (—0.001) = (0.0493)
~0.0318 -
1= 0.9758 ) 2= (0.8052)
(1.2541,—0.7544,0.1953) - (_0'1411) 2 (01187, ~0.3527, - (_0'2532) 1.4803
2% TR B, =001 0.5766) Y2 =\ 0.8097 :
_ (0.9998 _ (0.8373
1= (0.0493) 2= (0.0174)
-1 —0.4985
X2 = (0.8052) x5 = 0.9915 )
(—0.1187,—0.3527, 0.5766) = (02532 3 (=0.1867,-0.3361, - (_6'4381) 0.0720
1809080, B, 2= 0.8097 0.5933) Vs = 0.9030 :
2= (0:01742 = (—02397)
—0.498 —0.4717
%= (To9015 ) %= (0435 )
0.9915 0.9435
(—0.1867,—0.3361,0.5933) = (e 4 (01854, ~0.3398, ya = (4695 0.0057
07 US04 B ¢ 0.9030 0.5974) 4 0.9383 :
== (_8'2327) 7= (—8.3307)
——04714 [ —0.4714
e ( 0937233) (—0.1856, —0.3402 e ( 069372193)
(—0.1854, —0.3398, 0.5974) ye = ( 05{}26 ) 5 e Ve = ( o.éfze ) 6.7082e-004
%= (—0.3333) %= (—0.3333)
—[—04714 —(—0.4714
e ( Vit ) 0.1856, —0.3402 T ( s )
(—0.1856,—0.3402, 0.5979) Yo = (‘00;;72163) 6 o 0.5079) Ve = (‘0%%184) 0
2= (_o3333) 2= (_o3333)
5~ \-0.3333 6~ \-0.3333

~g2~
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Table 5: Estimate of (14,15, 43) and x, y, z for (19, 13,13) = (—0.23,-0.32,0.6), x, = (0'01),)/0 = (0'03),20 = (0'2)

1.1 1.3 0.8
Initial eigenvalue(2%, 2%, 2%) | Initial eigenvector |Iteration| Eigenvalue (25*1, 25%1, 24*1) eigenvector [|ak+t — a¥||
o = (0.01) = (—0.3394)
1.1 0.6530
(=0.23,-0.32,0.6) _ (0.03) 1 (—0.2456,—-0.3131, _ (—0.3498) 0.0182
22,0240, Yo = 13 0.6064) = 0.6776 '
ZO__(dS) Zl_'(0;é92)
= 0.3394 (- 04694)
A (—0.2335,-0.3170 = Ooiote
(—0.2456,-03131,0.6064) | y, = (" g 2 o605 2= ( 06298 )| 00128
2=, o ) = 05057)
09292
x __(—04694) ( 0.4974 )
27109390 0.994
(~0.2335,-0.3170, 0.6051) _ (—0.4646) 3 (—0.2367,-0.3159, ( 04971) 0.0034
2999, mUS L0, B & ‘( 00952(?5?7) 0.6053) 89943 '
Zy = ) Z3 =
1
e (—0.4974) o (—0 4997)
3 0.9947 02368, —0.3158 4 9994
(~0.2367,-0.3159,0.6053 | y; = (_0(.)";?1731) 4 (=0. 06053) ¥, = (_(f";%ig) 1.4142¢-004
Z0.5 20.5
3=\ 1 ) % = ( 1 )
—0.4 0.
X4::((§%£§Z) 0.2368,—0.3158 = 22)
(—0.2368,—0.3158,0.6053) | y, = (‘0 9994 ) 5 (=0. 06053 e = (_(1" ) 0
_ (=05 -0.5
%4 = ( 1 ) %s ( 1 )

From the above five tables the eigenvalues obtained by Newton’s method for three-parameter eigenvalue problems, taking five
different starting eigenvalues and eigenvectors are

(0.0000,—0.1500,.2500), (—0.25, 0.00, 0.25), (—1.6364, —0.2727,1.2727)

(—0.1856,—0.3402,0.5979), (—0.2368, —0.3158, 0.6053)

5 Conclusion

From the above five Tables it is observed that the successive differences between the eigenvalues are gradually decreased and it
indicates that the method converges to exact solution. It is also observed that different eigenvalues are obtained by taking different
starting values. From the above tables it is observed that convergence is slower at the beginning but increases when the
approximations get closer to the exact eigenvalue. So when the initial approximation is close to the desired eigenvalues then the
number of iteration is less. Therefore choosing a good initial approximation is very important for Newton’s method. So in the
present Chapter Gerschgorin theorem is applied on reduced system of three one-parameter eigenvalue problems (1.1.2), (1.1.2)
and (1.1.3) separately to find the bounds of the eigenvalues. The main advantage of this method is that it gives both eigenvalues
and eigenvectors at the same time.
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