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Abstract

The concept of multi-fuzzy vector space over multi-fuzzy field generalizes Nanda’s concept of fuzzy
vector space over fuzzy field. This paper explores the properties of multi-fuzzy vector space, denoted by
= (t, Hz, ., i) OF the vector space V over the multi-fuzzy field A = (1, A,, ..., 4;) of the field F,
assuming that the dimensions of p and A are equal. Additionally, we introduce a new class of multi-fuzzy
vector spaces using bridge functions. When the dimensions of the multi-fuzzy set p of V and the multi-
fuzzy field A differ, a bridge function h is employed to define the multi-fuzzy vector space. Furthermore,
this paper examines some algebraic structure of these spaces and investigates how the bridge function h
affects their properties.

Keywords: Multi-fuzzy set, multi-fuzzy field, multi-fuzzy vector spaces, multi-fuzzy vector spaces with
respect to a bridge function

1. Introduction

The concept of fuzzy sets was introduced by Zadeh in 1965. Rosenfeld extended fuzzy set
theory by defining fuzzy groupoids and fuzzy groups, which paved the way for further
advancements such as fuzzy rings and fuzzy fields. The foundational concepts of fuzzy vector
spaces were later formalized by Katsara and Liu, inspiring significant research and new
theoretical developments in this area. Nanda advanced the field by introducing fuzzy vector
spaces over fuzzy field, generalizing the notion of fuzzy vector spaces over conventional field.
In 2010, Sabu Sebastian and T.V. Ramakrishnan introduced the concept of multi-fuzzy sets
and investigated the properties of multi-fuzzy groups, broadening the scope of fuzzy
mathematics. Inspired by these developments, this paper explores the properties of multi-fuzzy
vector spaces | of V over the multi-fuzzy field A of the field F, assuming that the dimensions
of p and A are equal.

In addition, we introduce a new class of multi-fuzzy vector spaces using bridge functions, say
h. When the dimensions of the multi-fuzzy set u and the multi-fuzzy field A differ, the bridge
function h plays a crucial role in defining these spaces. The primary focus of this paper is to
study into the algebraic structure of these spaces and analyze the influence of the bridge
function on their properties, offering new insights into multi-fuzzy linear algebra.

2. Preliminaries
Definition 2.1. Let {{L;,V;,A;), 1 < i < k} be a family of complete distributive lattices. Then
the product L = ¥, L; form a lattice with supremum Vv and infimum A are defined by

(al, az, ey ak) \ (bl,’ bz, ey bk) = (a1 Vl bl,’ az V2 bz, ey ak Vk bk)
(al, az, ey ak) N (bl,’ b2, ""bk) = (a1 /\1 bl' a2 /\2 bz, ey ak Ak bk)

Remark: In all cases we consider each lattice to be a complete distributive lattice. The
supremum and infimum elements of the lattice L are denoted by 1, and 0, respectively.
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Definition2.2 [3]. Let L = le L; be a product complete distributive lattices Lett;:L; X L; = Ljfor j = 1,2, ...,k be t-norms.
The T-operator (or T-norm) T:L X L — L is defined by

T(x, y)=(t1(x1,, y1,)' (X2, ¥2)s wors tie (X, yk))
Where x = (x1,; Xy, ...,xk) and b = (yl',yz, ...,yk) €L
Lets;:Lj x Lj > Lj for j = 1,2, ..., k be t-co-norms

The S-operator S: L X L — L is defined by

S(X, 3’):(51(951,, yl,)' RY) (xZ' yZ)' ey Sk(xk' yk))
We denote T=(ty, t, ..., t;) and S=(sy, sz, ..., Sk )-

Definition 2.3[3]:Let X be a set, and let L = le L; be a product of lattices. Let k be a positive integer. A multi-fuzzy set A in X
is a set of ordered k+ 1-tuples

A = {(x, u1 (), u2(x), ..., m(x)): x € X3}, where y; € LjX, 1 <j < k. The function u = (uq, Uz, ..., the): X — L is called multi-fuzzy
membership function and k is called the dimension of A (or the dimension of p.). The set of all multi-fuzzy sets of X to L is
denoted by M¥FS(X, L).

3. Multi fuzzy vector space over multi fuzzy field under T-norm
Definition 3.1. LetL = ]'[j;l L; be a product complete distributive lattices, and let T:(tl_, t,, ...,tk) be a T-norm on L. Let

F(+,.)be a field. A multi fuzzy setA = {(p, 4, (p),22(p), ..., A (p)):p € F}, where A;eL;",1 < j < k,with membership
function A =(4,, 4, ..., ;) is called a multi fuzzy field of F under T-norm T if it satisfies, for all p, q €F:

Q) A + ) = T(AP), @)=t (A (1), 11(9), t2(A2(0), 22 (@), -, i (A (D), 2 (@) )

b) A(—p) = A(p), forallp in F.

&) Ap-) = T(AP), A@) =(£2 (2 ), 11()), £2(2 (1), 22(@)), -t (P, 4 (@))):
d) A(p~1) = A(p), for all non zero element peF.
e)A(0p) =1, = (1L1' 1., ) 1Lk) = 1(1p),

Where 0 is the zero element and 1 is the unity in F.1, is the supremum of L; for each 1 < j < k so that 1, is supremum of L.
The set all multi fuzzy field of F under T-norm T=(ty, t,, ..., t;) is denoted by MFF¥(F, L, T)

We say that 2 =(A;, A3, ..., A ) is a multi-fuzzy field of F and write Ae MFF*(F, L, T).

If T is the minimum t-norm, then MFF*(F, L, T) is denoted by MFF*(F, L)

Definition 3.2: Let L = §=1 L; be a product of lattices, and let T:(tl_, ty, ...,tk) be a T-norm on L. Let V be a vector space over
the field F, and let 2 = (44, 4y, ..., 4, )eMFF¥ (F, L, T).A multi-fuzzy set A={(x, u; (x), (%), .., e (x)): x € V}, where p;eL; " for
1 <j < k,with membership function u =(uy, gy, ..., i), is called a multi-fuzzy vector space over the multi-fuzzy field A of F
under T-norm T if it satisfies the following conditions for all x, y eV and peF:

) (x+y) =T(p00,00)) = (t( 10, ), to( 12, 1)), o te( ), 1 37))
b) u(—x) = u(x), forall x eV

0). 1. %) = T(A®), k@) =(t (M P), 1.(0)), (2 P), 1)), -, (AP, 1 ()

d)u(0y) =1, = (1L1, 1, ) 1Lk),where 0y is the zero vector in V and 1, is the largest element in L

The set all multi-fuzzy vector space of V over the multi-fuzzy field A of F under the T-norm T is denoted by MFV*(V,4,L,T).If
the T-norm is the minimum, then MFV*(V, A, L, T) is denoted by MFV¥(V, A, L).

We say that u =(uq, Uy, ..., dx) is @ multi-fuzzy vector space of V over the multi-fuzzy
Field A of F and denote it as ueMFV*(V,4,L,T).
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Remark 3.1:If we consider u =(uq, Uy, ..., 4x) as a multi-fuzzy vector space over the ordinary field F instead of the multi-fuzzy
field 2 =(44, 4, ..., A;,) of F, where A(p) = 1, = (1,,,1;,, ..., 1., ), then condition (c) reduces to:

1(p.x) = T(A(p), n(x)) =T( 1., u(x))
= u(x).

All other conditions remain the same.
The set of all multi-fuzzy vector space of V over the ordinary field F under T-norm T=(t,, t,, ..., t;) is denoted by MFV*(V, L, T).

Theorem 3.1. Let V be a vector space over the field F, and let u be a multi-fuzzy subset of V with

u(0y) =1, = (1,,,1,,, ..., 1, ). Then:

L peMFV(V,ALT)if and only ifu(x+qy) =T(T(A(@)u()), T(A(g)u()))for all xyeV and
forallq,p,eF...(A).

2. peMFV*(V,L,T)ifand only if u (px + qy) = T( u(x), u(y)) forall x,y € V and for all q,p, €F

Definition 3.3(Multi-fuzzy vector space based on lattice operations)

Let V be a vector space over the field Fand let 2 =(2,,1,,..,4;) be a multi-fuzzy field of F.A multi-fuzzy set
A={(x, g (), o (), oo, ui (x)): x €V }, where pjeL;’, 1 < j < k,with membership function u =(py, uy, ..., ), is called a
multi-fuzzy vector space over the multi-fuzzy field A :(/11‘,12, ...,Ak) of F if it satisfies the following conditions for al for all
x,y €V and peF

a). u (x+y) = ul) AuO)= () A (), 12(0) Ag (D), ooes 11 () Ak 1 (1))

b) u(—x) = pu(x), forall x V.

) u(.x) = Ap) Ap) =((1@) A 1)), (22 ) Az 1200), . (Be(P) At 1))
d)p (0y) = (1,,,1,,,..,1;,) = 1,, the greatest member of L.

The set of all multi-fuzzy vector space of V over the multi-fuzzy field A =(Al_,/12, ...,Ak) of F, based on lattice operations of L =
[T%_, L; is denoted by MFV*(V, 4, L).

We say that u = (ul‘,uz,...,yk), is a multi-fuzzy vector space of V over the multi fuzzy field A of F and denote it as
UEMFVX(V,4,L).

Theorem 3.2. Let V be a vector space over field F, and let W be a subset of V. Let u:V - L = Hj?zl L; be defined by: u(x) =
1, = (14,15, -, 1;, ), if x € W and p(x) = 0, if x € W Then, ueMFV¥*(V, ,L) if and only if W is a subspace of V.

Theorem 3.3. Let V be a vector space over field F, and W be a subset of V. Let ueMFV*(V, A, L), Then W={x € V: u(x) = 1,} is
a subspace of V.

Proof. Let x,y € W and p€ F, Then u(px + y) = inf{ u(x), u(y)}=inf{1,,1,} = 1,.
Since u(px +y) < 1,, this implies u(px + y) = 1,. Therefore,px + y € W, showing that W={x € V: u(x) = 1.} is a subspace
of V.

Theorem 3.4.Let {,u,-eMFV"’-(V, AL):j€ ]} be an indexed family of multi-fuzzy vector space of V over the multi-fuzzy field A of
F.Then their intersection u = N, u; eMFV*(V,4,L)

Theorem 3.5.Let V be a vector space over the field F. Let u and t be in MFV*(V, 4, L).
Then the multi-fuzzy set u x t:V xV — L is defined by

(u X 1)(24,2,) = inf{u(z,),1(z,)} for all (z;,z,) € V xV, and is a multi-fuzzy vector space of V x V over the multi-fuzzy
field A of F. That is,

UXTEMFV¥(WV xV,AL).

4. Multi-fuzzy vector space p over multi-fuzzy field A4 with dim g #dim 1

Definition 4.1.Let M =[[2,M; and L=[I%,L; be products of Ilattices. Let A be the multi-fuzzy set
A={(x, g (), o (), o, i (x)): x € X }, where pjeL;* for 1 < j < k,with membership function u =(uy, s, ..., i) defined on a
set X with value domain L = ]'[ﬂ?:1 L;. Let h: L — M be a crisp function.

The multi-fuzzy set B of X is defined by:

={(x, u"(x)): x € X}, where the membership function u": X — [T, M; is defined by:
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u(x) = h(u(x)) for all x.

The function p" is called fuzzy transformation of multi fuzzy set u with respect to the crisp function h.
Clearly, ueM*FS(X,L) and u* € M™FS(X, M).
In the above definition, we can replace M = ]2, M; with any lattice. For example lattice of matrices

Example 4.1. Let A is the multi fuzzy set A={(x, u; (x), iz (x), ..., . (x)): x € V}, where p;el” for 1 < j < k,with membership
function u =(y1_,u2, ...,uk) defined on a set V with value domain L = I*,which forms a lattice, where I = [0,1].Let B=[bij] is a
k x m fuzzy matrix on |. Let h: L — M be the crisp function defined by:

h(ay, a,, a3, ..., a;) = [a, a, as ... ak][bi]-], where the expression denotes the fuzzy product of matrices.

The range of h is a subset of the set of all 1 x m matrices over I = [0, 1].
u(x) = h(uC))=h(py (), iz (), ., e () = g () 2 () .o pie O [ by -

Clearly, u" is a multi-fuzzy subset of V to a subset of the set of all 1 x m matrices over I = [0,1].

Example 4.2. Let A is the multi fuzzy set A={(x, py (), o (%), ..., i (x)): x € X }, where p;el*, 1 < j < k, with membership
function u =(,ul_,yz, ...,uk) defined on a set X with value domain L = I*,which forms a lattice, where ] = [0,1].Let B = [bi]-] be a
1 x m fuzzy matrix on I. Let h: L = M be the crisp function given by:

h(a,,ay,as,...,a,) =  [a; a, as ...ak]t[bi]-], where the expression denotes the fuzzy product of matrices,
and.[a; a, as ... a; ]t represents the transpose of the matrix [a; a, as ... a;].

The range of h is a subset of the set of all k x m matrices over I = [0, 1].
() = h(u(x))=h(p (O, (%), ., 1 (%)) = [ () 1 (%) oo e (][ b5

Clearly,u™ is a multi-fuzzy subset of X to a subset of the set of all k x m matrices over I = [0,1], which is a new type of multi-
fuzzy subset.

Theorem 4.1. Let u, v € M*FS(X, L) and h: L — M be a monotonic function. Then:
a) Ifhincreasing and u € t,then u" < ",

b) If his decreasing and u € t,then " € p"

¢) If his increasing, then (u nT)* € ph nh

d) If his increasing, then " U th € (LU )"

e) Ingeneral,(unN )" # ptnthand ptuth = @Wuo

Proof: a) Let u,7 € M¥FS(X, L) and u € 7,50 u(x) < t(x), forall x € X
If his increasing, then

pr(x) = h(u(x) < h(z(x)) = t(x), forall x € X

Thus, u* € "

c) Lethisdecreasingand u < 7,then u(x) < t(x), forall x € X and
p(x) = h(u(x) = h(z(x)) = t"(x), forall x € X.

Thus, T c uh
c) Let his increasing. we have,u Nt Sy, 7

By using the first result we have, (u N )" € phand (uno)* € "

Therefore, (uno)t < phnh
d) Let his increasing. We have,u,7 € puUt

By using the first result we have, u* c pu t)*and " c (uu )"
Therefore, u* uth € (uuU )"

Next, we introduce another type of multi-fuzzy vector space using a bridge function. Let A = (14, 15, ..., A) be a multi-fuzzy field

of F,and let u = (u1, o, -, Ux)
be a multi-fuzzy set in V of dimension k # m.In this case, a direct definition of the multi-fuzzy vector space over A is not

feasible. To address this, a bridge functionh: M =[[2, M; — L = l'lﬂ?:1 L;is introduced.

~235~


https://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com

Definition 4.2.(Multi-fuzzy vector space u over multi fuzzy field A with dim u # dim 1)

Let M =[]iZ; M; and, L = Hj?:l L; be products of complete distributive lattices. Let V be a vector space over the field F, and 2
:(/11‘,/12, ...,Am) € MFF™(F,M,U). Let A be the multi fuzzy set defined by A:{(x, e (), 1y (), ...,,uk(x)): x €
%4 } where u]-eL]-V, 1 <j < k, with membership function p =(/,¢1,,/,¢2, ...,uk).lfk #mand let h: M — L is a crisp function,then u
is called a multi-fuzzy vector space over the multi fuzzy field A of F under T-norm T (defined on L) with respect to the function h,
if for all x, y €V and peF the following conditions hold:

o plx+y)=T(uM),u®))
o u(—x) = ux), Forall x eV

o up.x)=T(2"®),ux))
o 4p0y) =1, =11, ... 1),

Where 0y, is the zero vector in V and 1, is the supremum element in L
5.2%0p) =2"(1p) =1,

The set all multi-fuzzy vector space of V over the multi-fuzzy field A of F under under T-norm T with respect to the function
his denoted by MFV®&™(V, (A, h € LM), T).

Here, k denotes the dimension of multi-fuzzy set in V and m is the dimension of multi-fuzzy field A of F, and T denotes the T-
normon L.

We say that u =(#1,:#2: ...,uk) is a multi-fuzzy vector space of V over the multi fuzzy field A of F with respect to the function h

and denote it as ueMFV®&™(V, (A, h € LM),T)

The function h is called the bridge function of the space
Theorem 4.2.Let V be a vector space over the field F, and let i is a multi-fuzzy subset of V with

u(0y) =1,.If u € MFV®*™(V, (1, h € LM), T), then
u(px+qy) = T(T( AM(pu(x)), T(lh(q)),u(y))) forall x,y e V and for all g, p, eF...(A)

Conversely, if the crisp function h: M — L is such that A*(0z) = A"(1z) =1, = (1L1, 1, ...,1Lk) and satisfies the condition (A),
then ueMFV&™(V, (2, h € LM), T),where T=(ty, t,, ..., t;.) is idempotent and L = [T/, L;

Proof. Let ueMFV®&™(V, (A, h € LM),T)
Now, u (px + qy) =T (u (px), u (qy)) = T(T( (D)), u(x)), T(/lh(q),,u(y))> forall x,y e V and for all q,p, €F.

Conversely, suppose that multi fuzzy subset u of V satisfies the condition (A).
Letp =17 = 1,9 = 1z = 1 in the condition (A), then we get:

ux+y) = T(T(A“(l).u(x)), T( Ah(l)),u(y))) ..(B).

Consider
(" (0),0) =(81 (10 1)) 82 (11 1), s (11,0 10)))

=(uy (3, (%), woe,s e (X))
= u(x)

Similarly, we can prove that T( 2*(1), u(»)) = u(»)

By substituting the results into (B), we have:
1 (x+y) = T(u),u®)).

Also, from (B) we have 1 (px) = pt (px + 07.x) = T(T(A* (), u(x)), T( 2*(0,), u(x)) )
Consider T( A(0), u(x)) = T( 1., u(x))

:(t1 (1L1: ﬂi(x)) y Lo (1L2: llz(x)) yer b (1Lk: .Uk(x)))

:(‘ul(x),‘uz(X), ;.u'k(x))
=u(x)

Therefore, u (px) =T (T(/Ih(p),u(x)),u(x))
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= T(A" (), T( 1), u(x)) )
=T( A*(p), u(x)), since T is idempotent.

Finally,

1 (—x) = T( (1), u(x))
= T(2"(1), u(x)), since A*(—1) = h(A(-1)) = h(A(1)) = A"(1)

= T(1Ltﬂ(x))
= u(x) for all x

Hence, ueMFV&™(V, (A, h € LM),T)

Theorem 4.3.Let V be a vector space over the field F. Let u,teMFV®™(V, (A, h € IM),T), and T is idempotent. Then the
intersection u N T eMFV &™) (V, (A, h € IM),T)

Proof
Let V be a vector space over the field F and let x, y € V and peF.

Then, (uNno)(x +y) = T(,u(x +y),t(x + y))

> T(T(1(0, 1)), T(2(), 7))

= T(T(y(x), (%)), T( (), r(y))), by the commutativity and associativity of the operator T, which simplifies to
=T(uN D), @n D))

Therefore, (uN7)(x + y) = T((,u NT)(x), (N T)(y))
Now, (1 N )P T(k(px), 7(px))

> T(T( A (), 1 (), T(A (), 7(x)))
= T(T( A (), A" (p)), T(u(x), (x) )), by the commutativity and associativity of the operator T, which simplifies to
=T(2"(p), wN D) (x))

Also we have (u N 7)(0,) = T(u(0,),7(0)) =T(1,,1,)=1,

Therefore, u N7 eMFV®&™(V, (A, h € IM), T)

Theorem 4.4

Let V be a vector space over the field F. Let {,uje MFV®m(V, (A, h € LM),T):j € ]} be an indexed family of multi-fuzzy vector
spaces of V over the multi-fuzzy field A of F and the T-norm is the minimum operator in L. Then their intersection:

1= Njey 1j eMFVE™(V, (4, h € LM),T)

Proof
Let V be a vector space over the field F. letx,y e V and peF.Let A ¢, denotes the infimum taken over all j € ]

(Njey 1) x + )= Njeg{ wj(x + ¥):j €]}
> Aje,T{ (0, 1;(»)}
= T{Ajes 1;(x), Njesit; )}
= T{(ﬂyj (x), ﬂu; (y)}
jel jes
(Njes 1) @)= Njes{ 1 (0y)}
> Njes{ 1)}

> Nje, T{A" ), ()}
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=T{X@), (Ajey 1;(0))}

=1t | [wr |

jel
There fore pu = Nje; pj eMFV&™(V, (4, h € L), T)

Theorem 4.5

. . 1,if xeWwW
Let V be a vector space over field F and W be a subset of Vand let u: V - L = H}‘zl L; be defined by u(x) = { vifx

0,if x& W

Let crisp function h be such that A*(p) = 1 for all p and let T be idempotent. Then, ueMFV®™ (V, (A, h € LM),T) if and only if
W is a subspace of V.

Proof
Let W be a subset of V and x,y € W, P€ F, and ueMFV ™ (V, (1, h € LM), T)

Then, u(x) =1, u(y) =1, so that
u@px +y) = T (TP, 1)), 1) )=T (T(A*(), 1,),1,) =T(A* (), 1,) = h(A}))

Thus, px +y € W if A*(p) = 1 for all p.

Therefore, W is a subspace of V if A*(p) = 1 for all p.
Conversely suppose that W is a subspace of V. Consider the multi-fuzzy set

_(1,ifxew
px) = {OL_ ifxe W

Forx,y € W and Pe F,wehavepx +y e W

Then, u(px +y) =1, =T(1,,1,) = T(T(A"(p), 1, ),1,)=T(2"(p), u(x)), u(»))
Thus, ueMFV®&™(V, (A, h € LM),T)

Conclusion

This paper analysed the structure and characteristics of a multi-fuzzy vector space u = (#1» Uz ee) /,lk) of V over the multi-fuzzy
field 2 = (1;,,, ..., 4 ) of F, when the dimensions of p and A are equal. After that we discussed a new type of multi-fuzzy vector
space p over the multi-fuzzy field A using a bridge function when the dimensions of the multi-fuzzy sets p and A differ. Further
research is required to investigate the role of different bridge functions in multi-fuzzy vector spaces. This study provides a
foundation for future exploration in multi-fuzzy linear algebra and its potential applications.

References

Abdukhalikov KS. The dual of fuzzy subspace. Fuzzy Sets Syst. 1996;82:375-381.

Katsaras AK, Liu DB. Fuzzy vector spaces and fuzzy topological vector spaces. J Math Anal Appl. 1977;58:135-146.
Ramakrishnan TV, Sebastian S. A study on multi-fuzzy sets. Int J Appl Math. 2010;23(4):713-721.

Rasuli R. Fuzzy vector spaces under norms. Ann Math Comput Sci. 2022;9:7-24.

Sebastian S, Ramakrishnan TV. Multi-fuzzy sets: an extension of fuzzy sets. Fuzzy Inf Eng. 2010;4:389-397.

Nanda S. Fuzzy linear spaces over valued fields. Fuzzy Sets Syst. 1991;42(3):351-354.

Sebastian S, Ramakrishnan TV. Multi-fuzzy sets. Int Math Forum. 2010;5(50):2471-2476.

NoghkhwpE

~238~


https://www.mathsjournal.com/

