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Abstract
- GF@IX
This paper derives the expressions for primitive idempotents for semi simple ring ***  <x* -1> where,
n

p and q (of type 16k + 1) are distinct odd primes, n is an integer that is positive and od(q) modulo p is
#(p")

d . Among other results, we derive the minimum distance bounds and the generating polynomials for
the related irreducible cyclic codes.

Keywords: Irreducible cyclic codes, cyclotomic cosets, generating and minimal polynomials, minimum
distance bounds

Introduction
The group algebra FC, .- where F is a g-order field and Clen is cyclic group of order 16p"
P

with gcd(q,16p) = 1 is semi-simple and collection of primitive idempotents and g-cyclotomic
cosets modulo 16 p" has equal cardinality. The minimal cyclic codes of length m for m = 2, 4,

p", 2p" were found in [ 8. This is the case when the Od(q) modulo m is @(m). In [,
minimal codes for quadratic residue of length p"were computed. In &2 minimal cyclic codes
of length p"qg, were found, where the odd primes p and g are distinct. Primitive idempotents

in FC, ., where q the type of q is 8K +1 and Od(q) modulo 8p" is ¢(§") were obtained in

(4) and when q is primitive root modulo p" are obtained in [l Primitive idempotents in a
semisimple ring were obtained in Fl. Generators idempotents in Semi Simple Ring FC,..
P
where, g is of the type 16k +1 and Od(q) modulo :|_6pn is 4pm) were obtained in [ In this
2
paper, we generalize the result of [ ° by taking order of g modulo pn as ¢(p") , q=1(mod16),
d

m =16 p"and obtained the irreducible cyclic codes of length 16 p" over Gr(q) . Here, section

2 contains the g-cyclotomic cosets modulo 16p" while section 3 has the corresponding
primitive idempotents. We acquired the dimensions and generating polynomials in section 4
and the bounds for minimum distance of the codes in section 5. The different parameters for
these codes are covered with an example at the end.

Preliminaries: Throughout this study, in some extension field of F we consider & to be
16p"th root of unity. Fora®,s € €., my(x) is the minimal polynomial and the minimal ideal

Ms in Ry, is generated by (x°" -1) .The primitive idempotent Ps(x) in R, " cor
m, (x)
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16p"-1
Ps(x) in R16 , corresponding to the cyclotomic coset Cs, given by Ps Za ' and
l6p t=0 seQ)
C,=D %,
sel)

2. Cyclotomic Cosets

Lemma 2.1. If @ is multiplicative Od(q) modulo p", then Od(q) modulo p"fi is % foralli, 0<i<n-1.

¢(|0)

Leema 2.2. If = is the Od(g) modulo p", then for 0 <i<n—1, 0d(g) modulo 2! p forallj, 1< j<4.

¢(p”')
d

Lemma 2.3. If Od(q) modulo 16p™ is , then so is of g modulo p"'; foralli, 1<i<n-1.

#(p"")
d

Lemma 2.4. For all ,0<i<n-1 and 0<k <

—¢(Z_)—1, T = q“(mod16p™") for T =2, 4,v, x,W,7,7 where

A=1+2p", u=1+4p", v=1+6p", y=1+8p", w=1+10p", r =1+12p", 7 =1+14p".

Lemma 2.5. For any odd prime p of the form 4K + 1, there is some primitive root g, 1< g <16p with order 2, 2, 4 and modulo

oe)
4,8, 16 respectively and the same for p of the form4k + 3 is 2, 2, 2. Further, g ¢{1,9,9°,...,q ¢ }.

¢5( P)

Lemma 2.6. A fixed integer g exists that satisfies gcd(g,2pg) =1, 1< g <16p, where, k €{0,1,..., —1} such that

d-1 M,]_ .
the systemU{gk,gkq,gkq 40 q }is a RRS (Reduced Residue System) modulo p"’ and the system

d-1 #(p) _ .
U U{tgk,tg"q,....,tgkq d l} where A ={L, A, u,v,y, 7, 7} form a RRS modulo 16p™ .

k=0 teA

¢( p)

Proof. Since od(q) modulo p is and the set {q 0 < ==~ —1} is incongruent modulo p, so there is some g which is co-

#(p)
d

prime with 2pg, 1 <g< 16p, @ =q‘(modp) for where ke{0,1,....

S #e)

} is a RRS modulo p. Now, for O0<k<-——

ﬂgp) —1}. Then the system

d-1
| Ho*. g*a.9%d’,.....g%q ~1, g=q“(modp), implies
k=0

_ n-j s
g = q“(mod p™ '), for 0<k < ¢(F; ) —1. Hence the system U{g ,9%a,9%q¢%,....,g%q ¢ } is a RRS modulo
k=0
| a1 40, |
p"?, 0< j<n-—1. Due to similar reasoning the set U U{tgk,tgkq,....,tgkq 4 }isaRRS modulo 16p" .

k=0 teA

Theorem 2.1. Forq=1(mod16) there are 16(nd +1) g-cyclotomic cosets modulo 16p" given by Q. ={rp"},
)
Qi ={sg*p’,sg*p'q, fg“p'q?,...,.sg"p'q ¢ l} for 0<i<n-1,0<k<d-1:0<r<15:5=1,2 4,8, 16, 1,
2A, p, 24, v, 2v, ¥, v, T, xr and g is given by Lemma 2.5.
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Proof. Q,={0} is trivial. Since, q=(mod16). Therefore, p"q = p™(mod16p™)and hence Qpn ={p"}. Similarly,
Q. ={8p"} Q, ={6p"} Q  ={7p"} Q. ={9p"} Q,, ={11p"}, @, ={13p"}, @, , ={15p"}.
Also, q=1(mod8)
q= " n n imi n n n
=2p'q=2p’(mod16p’) = o,  ={2p"} simitary, @ . ={4p"}, o, ={6p"}, . ={8p"}.
Q. ={0p"}. Q, ={12p"}, @, ={14p"}.
s o™

ByLemma22 ¢ ¢ =1(mod16p"’) = p'q ¢ =p'(modl6p")

o G
= Q,={p' pd...p'q ¢ 3}

OSKSM
d

Also, §' = g*(mod p"7) for

-1 ngpk and lepm are pairwise disjoint whenever j =1 or K=m.

$(p" ) :
. . . s k
For fixed k and i, 0<j<n-1, g“p'q ¢ =g’p'(mod p"'). Thus, the cyclotomic cosets containing J p' s

(p"")
d

Q. ={9"p',9“pP'a,....9 pqm:‘ '} since od(g) modulo 2"
4(p) _
q ¢ =1(mod16p™)
NN
= sp'q ¢ =sp'(modl6p")

4p”_i, 8p”'i and 16 p"_i is also ¢

’ SO,

. ) P _
Since, g‘ Z0 (mod p” J) S0 ngjpk and ng'pm are respectively pairwise disjoint whenever K # | or j=m. For fixed k

n-j
$(p™") k Ai

and i, sg“p'q ¢ =sg'p'(modp™?). Thus, the cyclotomic  coset  containing S P are
(") N

Q.. ={s9"p',sg"p'a,sg“p'd’,....sg" p'q ¢ '3 respectively. Here, ‘Qrpn =land Q1= ¢(I(Dj )

15 d-1 n-1
Hence, erpn + ngkpi .

r=0 k=0 i=0
d-1 n-1 n-1 -

Q1= A" ) =4(P") +4(p") +...+ #(p)

k=0 i=0 i

_ pn_ pn—l_l_ pn—l_ pn—z_l_m_l: pn_l

15 d-1 n-1
Hence, Y|, .|+ {Z‘Q } 16+16(p" —1) =16p".
r=0 k=0 i=0 S

3. Primitive ldempotents
3.1 Primitive Idempotents corresponding to Qrp” where 0 <r <15

Lemma 3.1.1. For g =1(mod16), Qrp“ = Q(lG—r)p” where 0 < r <15,

Theorem 3.1.1. For g =1(mod16) the explicit expression for the primitive idempotents F’r 0<r<15in R16 "
by

P _ 1 3 (lG—t)rpZ”C ¢ (lG—t)agkpn”é
a(X)_l6pn ZO! ot Za ag“p'
r=0

k=0 i=0 [_aeA

are given

Proof. By definition,
1 15 . = d-1n-1 _
P(x)= s [gkmncrpn +2 Z{ksgkpicsgkpi }} (2)
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(i) Expression for PO(X) -
Ki=> a™ . Takes=0,toget K= o°=1, V0< k<16p"-1

sy se),
1 15 d-1n-1 _
Therefore, P (X) = C .+ C...
0( ) 16pn |:r0 p ;;{z sg p i|j|

. _ p" _ —ks _ p'k _ 15p"k
Since, Qpn = _lepn ' Kk = E a =« =a
SEQpn
pn _ pn _ pn _ pn _ 7p2n pn _ pn _ 6p2n pn _ pn _ 5p2n
K =—KP =1, K2 =—KP =—a""" K =K@ =-a°", K =—K/"  =-a*",
pn _ pn _ 4p2n pn _ pn _ 3p2n pn _ pn _ 2p2n pn _ pn _ pZn
K4pn = K12pn =—a" KSp" = Kpr" =—-a" K6pn = K14pn =—a ,K7pn = Klspn =-a
n n 7gkpn+i pn pn ngpn+i
Kp .:—Kp.:—a K :—K ==
ghp' g“p' T Tagkp! 2ug*p’ ’
pn _ pn _ 4gkpn+i pn _ pn _ pn _ 7Z’gkpn+i pn _ eﬂgkpnﬂ
K4gkpi - K42,gkp' - o 1 ngkpl - Kl6gkp| - 17 Kﬂgkp' - (24 7K2/"Lgkpi - (24
pn _ 7rgkp”+i K pn L _a7'ugkpn+i K pn L _a7vgkpn+| K pn L _a6vgkp"+i K pn L _a7wgkpn+|
S P g ' vg“p' ' 2vg“p' ' yg“p' '
pn _ _a7ﬂ_gkpn+i

7g*p'
Using these in (2) the expression for F’pn (X) can be obtained.

Similarly, all the expressions for Prpn (X), 2 <r <15 can be obtained.

3.2 Primitive Idempotents corresponding to thkpi , Where,

t={1,2,4,816, 4, 1,,v, , ¥, 7, A,22,24,2v, 41}

Notation: For 0< j<n—1and 0 <k <d —1, define AJ(.k) = p! Z o Bjﬁk) =p! Z o Cjﬁk) =p! Z o

s€Q | s€Q s€ Q)
16g%p 89" p 49°p
(k) — i s (K) _ i s (k) — i s (k) — i s (k) — i s
D¥=p' > o EF=p Y o F¥=p' 3 o G=p' Y o HPY=p > o
se Q4gkpj se ngkpj se ngpj se ngkpj se Q#gkpj
K .
10 =p" > o
Sergkpj

Since, (A) =(p! 3 @) =) X @) =) ¥ a)=()( ¥ o) md (P)=P.

(k) —n ) i - i L= )
Therefore, (ARY = p QZ: a.  Also, Qp, is  g-cyclotomic  class,  so qu. Qp, .Hence,
SEQ ki
K i s K A(k) GF A B(k) GF C(k) GF D(k) GF
(Ai ))q = p Z o = A} )! SO J € (q) ' Slmllarlyv j € (q)! i € (q)1 j € (q) )
seQ) Kpl

El eGF(q), F¥ e GF(q), G e GF(q), HI" e GF(q), 11 e GF(q).

Lemma 3.2.1. For g =1(mod16) the following hold
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(i) If

p =1(mod 4) with n is odd.

is even, then Q,r == for p=1(mod4) or p=3(mod4) with n is even and QV == for

(ii) If .

p =1(mod4) with n is even.

is odd, then Qﬂgd,z =—Q for p=1(mod4) or p=3(mod4) with n is odd and ngd,z =-Q, for

Lemma 3.2.2. 16&!2pj =Q =0 .=

164p! 16p! _Qlﬁpj :

< - n-1. i = —
Lemma 3.2.3. ZAJ(k) _J=p 5 J=n .1
k=0 0,; otherwise

Lemma3.24.For 0<i<n,0<j<n-land 0<hk<d-1,

. dfi+j>n

#(p")
z aslghpis — d

S0, A<h+k>, ifl+j<n-1

fors; =1,2,4,8,16, 4, u,v, x, ¥, 7,1, 24,4, 21, 2v.

¢(p")

Theorem 3.2.1. If g=1(mod16) and is even, then there are nd number of primitive idempotents corresponding to

d
16gipt i1 Rpr” are given by
1 nfj) 15 ¢( pn j) d-1 n-1 d-1 1 d-1n—j-1 (h+k)
Png p! (x) 16 d {thp"} Z Z Z{Cag p} _JZ Cag p' }]
p t=0 h=0i=n-jacA p h=0 t=0 aeA

where for g =1(mod16),0<k <d—-l1and 0< j<n-1,

i AY=0, Vhandk

_EAP) ity s even

(ii) |f — iseven, then ZA(]k) = -1
_M- if k is odd

AP ity is even

. (p“)(12+ V=) itk is odd

Further if %IS odd, then Z (k)

i _
Proof. To evaluate ngkpj (X) replace s by 160 p’ in (2). For this compute, Krlnegkp] for M=TP", where 0<r <15 ands
:152141812’121‘141‘1/'[12#1V12V1Z1W1T17Z-
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Since, Qlepj = QlG ; by lemmas 3.1 and 3.2

16g*p! —sm sm 16¢%p! ¢(pn7j)
K., = Z a’ = z Q" Therefore, r, s, Krpn =0

sengkpj Seglegkpj d
As according to lemma 3.2.4
n-j
PO it jen
Klﬁgkpj d
m
N““, if i+j<n-1
Using these in (2) we get the expression for Pngkpj (x).
Lemma3.26.ForO<i<n,0<j<n-land 0<hk<d-1,
_ n—j
Jﬂg—l;ﬁi+j2n
Z aslghpjs = 1 for S]_ :1111ﬂ1le!l//17’ﬂ'.
SR —B{; ifi+j<n-1

i
Lemma3.27.For 0<i<n,0<j<n-land 0<h,k<d-1,

n-J hekpitl Lo ..
¢(Z ) gt Lifi+j>n
-
2 =y
s | 2 oo
g°p i+j )
Pj

if i+j<n-1

Lemma3.28. For 0<i<n,0<j<n-land 0<hk<d-1,

n-j hek i) . . )
¢(F:j )ag Poif i+ j>n
i) 1F<“*k> if i+j<n-1

n

Theorem 3.2.2. If g=1(mod16) and

1 [¢(pn J){Z (-1'C,,}

is even, then there are nd number of primitive idempotents corresponding to

(x) =

B 16"

¢(pn J) d-1 n-1 d-1n-1-j
Z Z Z{( b’ Cag“p'} Z z {A(hm ZC hpi + B|(+h1+k) Z Cag”p'}]
h=0i=n-j acA h=0 i=0 achA ach,

Ai2{2,4,8,16,21,41,2/1,2‘/}, AZ 2{1,1,,[1,1/,)(,%?,7[},Wherefor 0<k<d-land0<j<n-1

i B =0.
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(p")(L+4/p)
2

w' if k is odd
2

. ifk iseven
(ii) If % is even, then B} =

(pnl)(lz‘ V=P). itk is odd

(pnl)(12+ H) . ifk iseven

Further if % is odd, then Z B =

n

Theorem 3.2.3. If is even, then there are 4nd number of primitive idempotents in R16 ., are given by

49 p]( ) 161 g [¢(p );Z_O(_l)taMgkp””C }+¢(pn 1)21 nz—l Z{( 1)a 4aghtkpn* 1 ag pi}

h=0i=n-jacA
1 &"E (h+k) c BN E _chyE
_j Z Z bg"p! + i+] Z bg" i+] Z bg" p
P’ o o beB, beB, beB,
1 n— J) 15-0 . 4tg"p””_ ¢(pn J)d -1 n-1 saghk nJ
— g
P 0= o A (Wt e 3 HED TS S e,y
p h=0i=n—-jacA
1 d-1n-1-
_Z z (h+k)zcbg p' + B'(BJJrk)ZC hpi +Cl(rj+k)zcbg p' _C'(r;rk)zcbg p'
p' i3 1 beB, beB, beB, beB,

B, ={4,8,16,41}, B,={2,24,2u,2v} B,={L i, 7,7}, B, ={A,v,w,7}

d

where for g =1(mod8) and is even then

(i)For 0<k<d-land 0<j<n-1,

\/_2 pzn—z _ p2n—l " 2\/_2 pZn—l

d , ifk iseven
(i 1f = iseven, then 3°C{1) = 4
o222 cond o [ 20
J-2p p4 202" itk s odd

\/_2 pzn—z _ p2n—1 " 2\/2p2n—1
4

_ 2n—2_ 2n—l_ _ 2n-1
J-2p P —2y-2p" if Kk is odd

: ifk iseven

d
Further if — is odd, then » C*) =
> 2

¢(p")

Theorem 3.2.4. If q is even, then there are 2nd number of primitive idempotents in R16 . are given by
1 ¢( n- J) t 2tk "*l— ¢( )dl n-1 21 h+k Li+] —
Pyt (X) = {Z( D'a®™ " C}+ PIDID (G AR,
16p h=0i=n-jacA
1 &' 1 h+k~ h+k~ h+k~ h+k~ h+k~ h+k~
Eho - D|+1Ch' C|+]C hpi BI+]C hpi A C ghp A Clegp EI+jC hpi
= i=
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+D“+kc: h,+E“*"C . D“*"C ; —Eh”‘C o  +D"C h,+E,“;ch h,+c:,“:,chgp

i+ i+ g"p' i+]j g"p' i+ i+]
h+k~ h+k ~ h+k ~ h+k~
CH—] C g"p' CI+J Cg g"p' BI+J C g"p! BH—] C;1;@*1‘)'}:|
l n- J k n+]— n- J -1t h+k |+]
P 0= (0 ’{2( VAR SRS 3) 3) ¥ (EPE
h=0i=n—jacA

d-1n-
h+k ~ h+k ~ h+k ~ h+k~ h+k h+k ~
Z Z {-EC,.; +CIC +BLTC, s + AYCous + ATFC s —DLTC

p h=0 i=0

h+k~ h+k~ h+k~ h+k~ h+k~ h+k~ h+k~
EH—] C hp' DI+J C hp' EH—J C hp - DI+] C hp' E|+] C h ' DH—J C hp' C|+] Cz,lghp'
h+k~ h+k~ h+k e~
CI+J C g"p CIJrJ CZ vg"p' B”J C‘Mg p' }]
1 ¢( pn J) k n+J— n- J -1 n-l h+k
P (0= 1ol {Z }+¢(p )hzozzA{ 2 IE Y
i=n—j ae

I+j I+]

d-1n-
h+k ~ h+k~ h+k ~ h+k ~ h+k~ h+k ~
p hZ;;{E Cpoy TCLICopny +BITC, o + AT Cy + AT Clapns + DL C
_Eh+jkC . Dh+kC h, Eh+kC h, Dh+kC h _Eh+kC h, Dh+kC h _Ch+kC .
i+ a"p i+] i+j g"p i+] g"p' i+] i+] g"p' i+] ~229"p

+Ch+kC h _Ch+kC = B,h:JkCMg ’ }]

i+] i+] “2vg"p
1 ¢(pnil) k n+J— n- J -t nd h+k |+]—
A e YT SRR 1 3 3 CLRCI
t=0 h=0i=n-jacA
d-1n-j-1
i 2 D AELC, +ClIC g, 4BIIC, AL, + Al DI,
h=0 i=0
Eh+kC h Dh+kC Eh+kc h . Dh+kC h Eh+kc Dh+kc h Ch+kC -
i+j g"p' i+] i+] g"p 1+] g"p! 1+] 1+] g"p! +] 7229"p
+c,“jjkc " —C,“;ch o B,“:,kc:Mg "
where for g =1(mod16), 0<k <d —1and 0< j<n-1,
i D=0, E{? =0, Vjandk
(i) If g is even, then
2
_ p2n—1 _ p2(n—1)
O i 2n-1. ¢ ;
o 5 ; ifk iseven dZE(k): —p™; ifkiseven
2.0 = ey proe an " p™t ifk is odd
> ; ifk is odd ’
(iii) If E is odd, then
2
2n-1 2(n-1)
P *P . jfkiseven —p™t—p®*: ifkiseven
sou-] 2 it T -
h1 a1 ey o prtop®™t ifkis odd
> ; ifk isodd

n
(p
¢ is even, then there are 2nd number of primitive idempotents in R16 . are given by

d

Theorem 3.2.5. If
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_ 1 ¢(pn_j);15 t tvp = ¢(pn ]) SAS ghtk '“
P (=15 T g 1201(—1) R DA !
— 0i=n-j acA
d-1n-—
h+k~ h+k ~ h+k~ h+k~ h+k~ h+k~
p hz(; ZO{ 15C s = DRy Copn =Gy Copn T B Cogy + AL C o —HILTC
DlTJkC h FlJr:erkC Elh:JkC hp Ilh:JkC h ' + Hlfl:erC hp Glrl:rjkc F:erkc h I}]
1 n-j ne] — n-j d-1 n-1 mk .H
Py (0= (2P ){Z(—l)ta““’ AHPIS S S e )
16 d t=0 h=0i=n-jacA
d-1n-j-1
h+k h+k~ h+k~ h+k~ h+k~ h+k ~
thZ;lZO:{_IHJC _E|+1C +CI+]C BH] Cgh'+A Clegp II+JC
h+k~ h+k~ h+k h+k~ h+k~ h+k e~ h+k~
~DIC, 0y ~CIC,y +FIC oy +ENC, o ~GIIC +DIYC, L +HIIC
hik~ hik~ hik~
||+1C g"p' I:I+J C g"p' GI+jC h '}]
1 n—j nﬂ_ n-j d-1 n-1 MH]
O R L Y @ P STy 3) 3 S EAPELE I
16p t=0 h=0i=n-jacA
n-j 1 h+k h-+k h+k~ h+k h+k~ h+k~
Z Z {=G/Cu; +DIC oy —CliCopny +BIICopny + AT Coopny +FLC o,
h+k h+k~ h+k h+k h+k h+k~ h+k~
El+j ngh i CI+] C4;Lh i |+1C g"p |+jC g"p I+JC hp'_EI+jC hp CI+JC g"p
Gy~ T,y + HIIC
1 ¢(pn J) t t"*l— ¢(pn J) d-1 nd h+k |+J
Pap =1 (00 B0 'C 3+ S S s g )
t=0 h=0i=n-jacA
n-j 1 h+k ~ h+k ~ h+k ~ h+k~ h+k~ h+k~
Z Z F|+J C E'+J Cz hpi C|+J C4 hp B'+J Cs hp CI+J ClG hp _G'+J C p
h+k h+k~ h+k h+k h+k h+k~ h+k~
DI+JC;Lh i CI+JC '_ I+JC hpi I+JC hpi I+JC g"p! EI+JC g"p! F|+J C 29"p'
GlT—jkC hp' IlT'jkC h ' + HlTjkC h I}]
1 n] Vn”_ nj d-1 n- h+k|+j—
P g0 = [¢(p RN ERLGIIN 35 3) PRt
t=0 h=0i=n-jacA
h+k h+k~ h+k~ h+k~ h+k h+k~
p hZ; zol{l,ﬂc =Dl Cpy = CiiCopy T B Coy + AL C oo +HITC
i
_Eh-%—JkCZA . +Ch+kC h , +Gh+kC h , + Dh+kC h ,+ Fh+kC h , +Eh+kC h _ Ih+kC h i
i+ a"p i+] i+] i+] i+] i+] g"p' i+j g"p
hik ~ hik ~ hik ~
“HIC  ~GIHC_ ~FC_ Y]
1 n] n+j — nJ d-1 n- h+k |+J—
P (0= [¢(p FoN G SALERT) 3 3 YRR oI
t=0 h=0i=n-j acA
1 SR {H h+kC Eh+kC Ch+kC Bh+kC h+kC Ih+kC
FhoZ.: i+j it + i+] + i+j gh'+A 16g"p’ i+]
=0 i=
h+k ~ h+k~ h+k~ h+k~ h+k~ h+k e~ h+k~
_Dl+j ngghp' CH—J C4Aghp' |:I+j C 1g"p’ EI+jC g"p' GI+jC g"p! DI+jC "p _HI+JC g"p’
+125C, g TR Coypy —GRTC 0, 1
1 "l n+1— n-J = gh+ I+J—
P (0= o P20y € 3 1 PGS S,y
h=0i=n-jacA
idz]:n - Gh+kC Dh+kC _Ch+kC Bh+kC +Ah+kc Fh+kC
tho - i+]j i+] i+]j 4h' i+j “gg"p' 16g"p’ 1+]
=0 i=

~138~


https://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com

h+k~ h+k~ h+k~ h+k~ h+k~ h+k~ h+k~
—E!C, . +CIIC, .~ C . —DIC, . +HIC . —ENC, . -GIIC .
h+k ~ h+k~ h+k
+F,+JC h,+||+JCh,— I+JCh,}]
1 4P < e ¢(p” NS G g
I 1\t P '
P (=16 15 Z( )'a®'C 3+ PPN N S
h=0i=n-jacA
&' h+k h+k h+k h+k ~ h+k~ h+k ~
+ + + + + +
ZZ{I,HCh,+E,+JC2h,+C,+JC o B Copny + ALTCs +GLIC
p h=0 i=0
h+k ~ h+k ~ h+k ~ h+k~ h+k~ h+k~ h+k~
+D[fC,, . —ClIC, o + HIC  —ENKC, . +IfC . —DIC, . —FI*C .
h+k~ h+k h+k ~
GI+JC hpi I+JC I|+]C pi}]

where for g =1(mod16), 0<k<d-1and 0< j<n-1,

M F“=0,G=0H=019=0 Vjadk

(i) If % is even, then

__n2n-l 2(n-1)
P~ +P . ifk is even —(p*"™); ifk iseven
2 w _ )7
2R = (1) 28T iy iekis odd
n- _a2n-1 2(n-L n- ; i iSO
P . P . ifkis odd ()

SHE - —(p")(@+ p); ifk iseven T - (p"H(1-p); ifk iseven
" (p™Y(L+ p);  ifk is odd " (Y- p);  ifk is odd

4. Dimension and Generating Polynomials:

The minimal polynomial for «° is represented by the polynomial m,(S) = H (Xx—a®), and For the cyclic code MS of
seQ)g

16p"

length 16 p" that corresponds to the cyclotomic coset QS, the generating polynomialis T The cardinality of the class
m,(X

QS is the same as the dimension of M . Thus the dimension of each of the code M where 0<t <15 is 1 and

tﬂi
(o™
M, M, M, is @(P7) .

4pi? gpl?

Theorem  4.1. (i) The generating  polynomial ~ for the  code M, |\/| M, n,|\/|3 n,|\/|4 . |\/|
M. M, M .MM M M M, M, M, are

6 nj 8 nj 9 nj llpnl 12pl‘|l 13pni 14pnl 15p

L+ X+ X 4.+ X)),

O —D)(x* + Y0 + B (X + B)(L+ X 4 X2 4.+ X" DY
(x+ B + B =D + D)L+ X + X2 4.+ X"
(X4 )0 + )X = YO =D (L4 X+ X2 4. +X50D),
(¢ =D(x+ B¢ +DOE+D(L+ X +xF +.. 4 X5,

(¢ =D (x+ B)(X° = YK+ BYL+ X+ X7 4.4 X)),
(¢ DX =D B+ FYL+ X+ X 4.+ x50),
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(¢ =D(x" = )¢ = BYx+ BYA+ X+ X ..+ X))

O +D(X* + DO +L)(X =D)L+ X+ X2 ..+ Xy,

(¢ =D+ B + B = BYLH X0+ X2 4.4 X5),

(¢ =D =0 + B)(x— )L+ X+ X7 4. +X0).

(¢ =D = YK + L)X = YL+ X+ 5P 4.+ XD,

(¢ +D(E +(X =D (x— B)A+ X+ X 4.+ X)),

(¢ =" + B¢ = )X = BYL+ X 4 X% 4. +5%),

(¢ =) = B)X* ~D(x— F)L+ X"+ X7 ..+ %),

(¢ =D)(x" = BV + )X = B YA+ X+ XF ...+ X%,

n
respectively, where a’ = ,B is 16" root of unity.

(ii) The generating polynomial for the codes MSgkpi , |\/|leg

» and Mtgkpi , where t € A—{8,16} are
(P (X =D (T D) D)L X X x0Ty
P =D (P DT D) D)L X+ X2 XTI ang

O (T D) +1)(x*"
respectively.

D) (L P X g xSy

. . i 0 n 2n 3n 4n 5I’1 6n 7n 8n gn
Proof. 0] The minimal polynomial for a0 a2 " ot et et et

a™ o, a a™ ,a @™ are (X=1), (%= ), (x= B7), (x= B°),(x~ B), (x~ B°),
(X_186)1(X_ﬁ7)1(X+1)!(X+ﬁ)!(X+182)!(X+IB3)!(X+IB4)!(X+IBS)’(X+ﬂ6)1(x+ﬂ7) , respectively.

x"" +1 _ _
—=5—— . Therefore, the generating polynomial for

8p' 8gp'
(ii) The product of minimal polynomial satisfied by & P and & o is . 1
X +

* -
|\/|8pi M8gpi is

P DT =) 1) (T ) (P +1)((1+(x169"‘ +x2 x16<p"‘“"“-1)).

5. Minimum Distance Bounds of the Codes Mtp” ,where 0<t<15

Given a cyclic code I of length m generated by g(x) with a minimum distance of d, we may

_ 2 k-1
deduce that the code | of length mk formed by g(x)(1+ X"+ X" 4+ X )m) is a repetition
code of | repeated k times with a minimum distance of dk.

Theorem 5.1. For g =1(mod16) the minimum distance for each codes |\/|tpn ~where t e A’ areof 16p" .

16p"-1

Proof. As the generating polynomial of the cyclic code Mo is (1+ X-I-X2 +...+X )which is a polynomial of length

16 p" . therefore, this have the minimum distance 16 p” .

Now generated by the polynomial of the code M . is (X8 —1)(X4 + ,84)(X2 + ﬂz)(X + ,B)

(l+ X+ x4+ + XlB(pn_l)). If we choose a cyclic code have length 16 generated by the polynomial
(X8 —1)()(4 + ﬁ4)(X2 + ﬁz)(x + ﬁ) then 16 is the minimum distance of this code. As the cyclic code of length 10 p” having
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8 4 4 2 2 n_;
generating polynomial (X =1D)(X" + ") (X" + B%) (x+ g) L+ X° + X% +...+ X" Y is repetition of the cyclic code of

length 16 having generating polynomial (X8—1)(X4 +ﬂ4)(X2 +ﬂ2)(x+ﬂ) repeated pntimes, therefore 16 p” is the
minimum distance.

Similarly, we can obtain the minimum distance of each irreducible cyclic codes |\/|tpn where t e A'—{0,1} is 16 p".

6. Example
Irreducible Cyclic Codes of length 48.

Take p=3,n=1,q=97to find g, let residue system 33 :{0,1, 2}, 32 :{0,1}and Se :{0,1,213,4,5} is modulo 3, modulo
2 and modulo 6 respectively. Since gecd (2, 3) = 1, so there exist an integer V = 2¢ 33 such that 2v-p = 1. Clearly a = 2 is

primitive root modulo 3 in 33 .
So g =(2av +tp+4ap)(mod48) = g =(8+15+24)(mod48) = g =47(mod 48).

Hence, g = 47 is primitive root modulo 48. Therefore, the cyclotomic cosets modulo 48 are Qs :{S}, where s is an integer

0 <'s <47 . The expression for primitive idempotents is

P00 = 2= [ A(-48)*(odCH  where a=010.47

t —
The minimal polynomials for «',0<t<47are (x—r), where & =r(mod97). The generating polynomials g,

corresponding to each of the cyclotomic cosets are
47
O3, = Z{4ap 0% Hmod 97) , where 0<a <15
t=0
47 47
g, = > {4® “"UxH(mod 97) , where ¢ ={3t +1,3t + 2,0 < a <15} —{8,16,32, 40}
t=0
47 .
gy =D {4 “"IX'Hmod 97) , where d = 8, 16, 32, 40.

t=0

Dimension and minimum distance bounds for the codes Mt , where 0 <t <47,

Codes Dimension Minimum Distance Bounds
M 33 Wherea=0,1 15 48
Md where d = 8, 16, 32, 40 1 32<d <48
M where c = {3t +1,3t + 2,0 <a <15} —d 1 16<c<48

Conclusion: The cyclotomic cosets and the primitive idempotents in Semi Simple Ring FC where, q is of the type 16K +1

16p" ’
and Od(g) modulo 16pn are obtained. Also the minimal polynomials, generating polynomials and the minimum distance bounds

for the codes are obtained.
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