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Abstract

In this research, we introduce the new graph Equal Bi-Quadratic graph. The Equal Bi-Quadratic graph of
a finite group G denoted as EBQ(G) is an undirected simple graph having pairs of different vertices u
and v adjacent iff u* = v*. This manuscript explores the representation of Equal Bi-Quadratic graph
strucure for finite cyclic and dihedral groups.
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Introduction

Numerous graphs have been introduced and examined in association with algebraic structures
such as square element graph [0 11 kth —power graph [, square power graph [, equal-
square graph ™ 2 cubic power graph ©® etc. Various characteristics like completeness,
traversability, girth, diameter, chromatic number and bipartiteness of line graph are examined
in (22,

Authors have examined and introduced graphical representation of Equal-Square graphs
having finite groups as their vertex sets in M. This research extends the concept of Equal-
Square graph to Equal Bi-Quadratic graph of a finite group. Equal Bi-Quadratic of a finite
group G, is an undirected simple graph with different vertices pairs x and y having edge iff
x* =yt

In Section 2, connectedness and structure of Equal Bi-Quadratic graph of cyclic groups are
examined where as in section 3, for dihedral group.

Equal Bi-Quadratic Graph of Finite Cyclic Group
Theorem 2.1 The Equal Bi-Quadratic graph of finite group G of order m is an empty graph iff
(m4) =1.

Proof. Let EBQ(G) be the Equal Bi-Quadratic graph of finite group G of order m.
For (m,4) =1, misof formm = 4n + 1 or 4n + 3.
Let us assume that different pair of adjacent vertices u and v in EBQ(G).

Case (iim=4n+1
AS (u’ 17) e E(EBQ(G)), ) u4 — 174 - (u4 3n+l — (v4)3n+1 N u12n+4 — U12n+4- -
yintlydntlydntly = pantlydntlyantly, o 4 = v. Thus, there is no pair of distinct vertices
adjacent in EBQ(G).

Case (ilm=4n+3

As (u' v) € E(EBQ(G)), so ut=vt-> (u4)n+1 — (v4)n+1 — yintd = pAntd 5 4ant3y —
v#"+3y - u = v, Thus, there is no pair of distinct vertices adjacent in EBQ(G).

Hence EBQ(G) is an empty graph for (m,4) = 1.

Theorem 2.2 Let EBQ(G) be the Equal Bi-Quadratic graph of a finite cyclic group of order
m, then EBQ(G) =
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¢,if(m,4) =1,
%Kz,if (m,4) = 2 and
T Ky, if (m,4) = 4.

Proof. Let EBQ(G) be the Equal Bi-Quadratic graph of a finite cyclic group G of order m where G = {e,x,x2,-,x™ 1}, Let us
assume different adjacent vertices pair u = x* and v = x/ in EBQ(G).

Case (i) (m,4) =1
Using Theorem 2.1, we have the required result.
In below figure structure of Equal Bi-Quadratic Graph of Zs = {e, x, x2, x3, x*} is shown.

e X x*
x3 x*

EBQ(Zs) = 5K,

Fig 1: Equal Bi-Quadratic Graph of Zsg

Case (ii) (m,4) = 2

We have (m,4) = 2, s0 m = 4n + 2. Then, u* = v* > (uH)"! = ()1 - Ittt = pandt o ant2y2 = pant2y2 2
v2 As (xH)?% = (x""2)?*forall 1 <i < % There are distinct % pairs of elements (x},x2 ") for1 <i < %
Thus, EBQ(G) = 2 K.

In below figure structure of Equal Bi-Quadratic Graph ofZ,, = {e, x, x2,x3,x*, x5, x°,x7, x&,x°} is shown.

in G for which u? = v?2.

x“.—.x9

EBQ(Z,) = 5K,

Fig 2: Equal Bi-Quadratic Graph of Z,

Case (iii) (m,4) = 4

We have (m,4) =4, s0 m = 4n. For i #j,and 0 < i,j <m—1, (x)* = (x/)* iff i = 0(mod “)and j = 0(mod Tor i =
1(mod %)andj = 1(mod %)or i = 2(mod %) and j =2 (mod %) or..ori= (% — 1)(mod %) and j = (%— 1) (mod %)
So, there are disjoint % sets of different elements from G, each set containing four elements satisfying one of the above congruent
condition. Thus, EBQ(G) = 5 K,

In below figure structure of Equal Bi-Quadratic Graph of Z, = {e, x, x2, x3} is shown.
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=

e

EBQ(Z4) = K4

Fig 3: Equal Bi-Quadratic Graph of Z,

In below figure structure of Equal Bi-Quadratic Graph ofZ,. = {e, x,x?,x3, x*, x5 x% x7,x8, x°, x19, x11, x12, x13 x14 x15} is
16

shown.
e x* X x°
e 12 et 13
x? x° x3 x7
xlO x14 x11 x15
EBQ(Z4) = 4K,

Fig 4: Equal Bi-Quadratic Graph of Z¢
Equal Bi-Quadratic Graph of Dihedral Group
Theorem 3.1 Let EBQ(D,,) be the Equal Bi-Quadratic graph of a dihedral group D,, of order 2m, then

(Km+1 U (TTL - 1)K1 lf (m, 4‘) = 1,

EBQ(D,) = | Km+2 U (%57) K if (m,4) = 2 and
Kinta U (mT_‘l) K, if (m,4) = 4.

Proof. Let EBQ(D,,) be the Equal Bi-Quadratic graph of a dihedral group D,,, = {e,7,72,---,r™ 1, s,7s,1%s,---,7™ 15} of order
2m.
For reflection elements of D, (ris)* = eV 0 <i <m — 1 and for.

Case (i) (m,4) =1

In this case, (r\)* # (r/)* forall 1 <i,j <m—1and (r's)* = e forall 0 < i < m — 1. Thus, m — 1 rotation elements of D,,
forms the (m — 1)K; disjoint component of EBQ(D,,) and identity element & m reflection elements forms the K,,,,; component
of EBQ(D,). Thus, EBQ(D,)) = Kppsq U (m — DK, .

In below figure structure of Equal Bi-Quadratic Graph ofDs = {e,r,72,73,7%,s,7s,1%s,13s,r*s} is shown.
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Case (ii) (m,4) =2
In this case, (r\)* = (r
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e
. r
ris . r2
®-
rts
o
s
EBQ(D:) = K, U 4K,

m

m-2

) xeforal 1<i,j<

Fig 5: Equal Bi-Quadratic Graph of Dg

?—1 and (ris)*=eforall0<i<m-1& (r%)“:e. Thus, m —

2

m
rotation elements of D,, forms the ( )Kz disjoint component of EBQ(D,,) and identity element, rz & m reflection elements

2

forms the K,,,,, component of EBQ(D,,). Thus, EBQ(D,,) = K4, U (m_z) K.

2

In below figure structure of Equal Bi-Quadratic Graph ofDg = {e, 7,72, 73,1%,7r°,5,75,725,135,1*s, 755} is shown.

Case (iii) (m,4) = 4

EBQ(DG) = K3 U 2K2

Fig 6: Equal Bi-Quadratic Graph of Dg

Fori#j,and 0 <i,j<m—1, (r)* = (r))* iff i = 0(mod Z)and j = 0(mod T)or i = 1(mod Z)and j = 1(mod T)or i
2(mod %) and j =2 (mod %) or ...
0(mod 7, we have (r))* = (r/)* = e and (r's)* = eforall 0 < i <m — 1.
Thus, EBQ(D,,) = Ki,,4 U (mT“‘) K,.
In below figure structure of Equal Bi-Quadratic Graph ofDg = {e,r, 72,73, 7%, 75,75 17, s,7s,7%s,73s,7%s,1%5,7%5,17 5}

shown.

ori= (%— 1)(mod %) and j = (%— 1) (mod %) Also for i =0 (mod %) and j
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EBQ(Dg) =Ky, UKy

Fig 7: Equal Bi-Quadratic Graph of Dg

References

1.

2.

3.

10.
11.

12.

Rehman SU, Farid G, Tariq T, Bonyah E. Equal-square graphs associated with finite groups. Journal of Mathematics.
2022;2022:9244325.

Rana P, Aggarwal S, Sehgal A, Bhatia P. Structural properties and Laplacian spectrum of equal-square graph of finite groups.
Palestine Journal of Mathematics. 2024;13(SI-111):154-161.

Prathap RR, Chelvam TT. Complement graph of the square graph of finite abelian groups. Houston Journal of Mathematics.
2020;46(4):845-857.

Siwach A, Rana P, Sehgal A, Bhatia V. The square power graph of Z, and Z>™ x Z>" group. AIP Conference Proceedings.
2023;2782(1):020099.

Rana P, Sehgal A, Bhatia P, Kumar V. The square power graph of a finite abelian group. Palestine Journal of Mathematics.
2024;13(1):151-162.

Prathap RR, Chelvam TT. The cubic power graph of finite abelian groups. AKCE International Journal of Graphs and
Combinatorics. 2021;18(1):16-24.

Rana P, Sehgal A, Bhatia P, Kumar P. Topological indices and structural properties of cubic power graph of dihedral group.
Contemporary Mathematics. 2024;5(1):761-779.

Romdhini MU, Rana P, Sehgal A, Bhatia P. Structural properties and characteristic polynomials of cubic power graph of
dihedral group. Mathematics and Statistics. 2025;13(2):97-104.

Rana P, Siwach A, Sehgal A, Bhatia P. The degree of a vertex in the k-th power graph of a finite abelian group. AIP
Conference Proceedings. 2023;2782(1):020078.

Gupta RS, Sen MK. The square element graph over a ring. Southeast Asian Bulletin of Mathematics. 2017;41(5):663-682.
Biswas B, Gupta RS, Sen MK, Kar S. Some properties of square element graphs over semigroups. AKCE International
Journal of Graphs and Combinatorics. 2020;17(1):118-130.

Boro L, Singh MM, Goswami J. On the line graphs associated to the unit graphs of rings. Palestine Journal of Mathematics.
2022;11(4):139-145.

~122~


https://www.mathsjournal.com/

