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Abstract

Based on a review of the literature on fuzzy information measures, there are numerous well-known
parametric and non-parametric measures, along with their characteristics and uses. The fuzzy entropy
metric is often used to characterize and quantify fuzzy uncertainty and ambiguity. We provide a novel
parametric exponential entropy for this measure on a fuzzy set. Some properties are also provided after
demonstrating the correctness of the suggested entropy measure.
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Introduction

Applications of information theory [18 20. 2% 221 and, more recently, fuzzy set theory [ 12 13l
have been found in many different domains. In this paper, we assessment, such as fuzzy
entropy. Since fuzzy entropy can be approached in a variety of ways, we go over each one
independently. An overview of information theory and fuzzy logic is also given.

Probability Entropy

The fuzzy set theory was discovered in 1965 by L. A. Zadeh 14 15 261 who defined an entropy
for a fuzzy event as the uncertainty associated with that event. This entropy is called a
weighted Shannon entropy, in which the membership values are considered as weights. In his
work, Zadeh extended the Shannon entropy to be applied as a fuzzy entropy on a fuzzy subset
A for the finite set X = {x;, x5, ... ...., x,} with respect to the probability distribution P =

{P1,D2s s Pn} 2425,
H= —Y1us (x)p; logp;

Where p represents A's membership function and p; is the likelihood that x; will occur. This
scenario exhibits the three categories of uncertainty: ambiguity, randomness, and vagueness,
which translates to fuzziness and randomness.

Our Result

This encourages us to establish a fuzzy entropy function with a form that is more like to
Shannon's probabilistic entropy. In light of this, we increase our to provide a fuzzy counterpart
of Shannon's entropy, use the probability-Membership Density Function B & ° analogy. A
discrete random variable X = {x,x,.......x,}with a probability mass function P =
D1r D2y ve ven e pn 1S examined, where p; represents the probability (X = x;). Given X, the
probabilistic Shannon's entropy is as follows:

I& = =X, p; logp;

Where an entropy function that is "probabilistic” is indicated by the letter P in the superscript.
The prior probability pi represents previous knowledge.
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concerning the prevalence of x;. As a result, log (pi) 116, 17. 23] provides an uncertainty metric known as the information gain related
1A

to x;. Shannon's probabilistic entropy is calculated by adding together these information gains and weighing them according to

their respective probabilities.

Using the Shannon entropy & % 19 as a foundation, several generalized entropies have been proposed in the literature and have

applications in a variety of fields, including computing, information processing, statistics, economics, etc.

Agrawal and Shannon entropy given by
1 —9:
In-sn = —— X (1 — 6)e o))

After analyzing the standard Shannon information entropy, Pal and Pal [ I proposed an information entropy known as the
exponential entropy, which is given by

Ifp = i pie' P (2)
In accordance with (2), Kvalseth presented and examined the generalized exponential entropy of order-a, which is provided by

—-1yn 1-p;
a Zi=1pie Pi

Z?:l pi

©)

P _
Ipp =

Using a discrete probabilistic framework, first attempt to quantify the uncertain aspects of a fuzzy event. The definition of the
entropy of fuzzy set A with regard to (X, P) seems to have been made by Zadeh 2,

Iy = Yitqpa ()P (x;) log P(x;)

De Luca and Termini 27 1% defined fuzzy entropy for a fuzzy set A corresponding to (1) as

1 n
L= = ta () 1og a () + (1 = a () 1og(1 = a(x0))

Afterwards, Bhandari and Pal [ % ® conducted a survey on fuzzy set information measures and provided several novel fuzzy
entropy [% measurements. According to (2), they've
recommended taking the following action:

Ipp = —— X, loglugCe) + (1 — pa(a)”]
Pal and Pal defined exponential fuzzy entropy for a fuzzy set corresponding (3) as
Iop =K Ziy [raCee’ 460 + (1 iy (x)eratd)] @)

Some set operation can be defined as follows:

o A°= {01 - pa(x), na(xi)/ x € X3
e ANB = {x,minpu,(x;),up(x;)/x € X}
e AUB = {x,max pu,(x;), up(x;)/x € X}

Where, A = {(x, u4(x;)/x € X)}
B = {(x, up(x;)/x € X)}&A, B € F(X)

De Luca and Termini's @ fuzzy entropy measure quantifies the degree of equivalence between the fuzzy values
(), a(cp), g (x3), o e , 1a(x,), that is, the H(A) has a maximum value of nlog 2 when all fuzzy values are equal, that is,

when each p,(x;) = % The greater the equality among, the bigger the value of H(A). Consequently, we have H(F) = nlog?2,
where the most fuzzy distribution is

1 1
'E"" 'E

F =

N |-

It was given some formulas of entropy, based on which, we propose the following fuzzy entropy measures

1) Ep' =Sk plagloga; + (1 - ) log(1 — )]

1
2) EF2 = 2 (Zln':l(pimin{aii 1 - ai})q)alq 2 1
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3) B’ = gy (B lae™ + (1~ ae — 1])

4) Egt=1-3L,p;|1-2a]

5 _ 1
5) Er © (1-q)log2

mipiloglal + (1—a)]:g>0,qg+1
6) Ex°=493" pal(1—a)?,0<q<1

Bhandari & Pal introduced two entropy measures on fuzzy set as

Epp (4) = Z[#A(xl)el HAGD 4 (1 — py(x)eratd — 1)]

(\/_

Later on exponential entropy for fuzzy set is also proposed by Verma and Sharma 7 as

Eys(4) = Z[#A(xl)e(m(xo) + (1= py(a)elt=ratl®) - 1]

e

New Proposed Exponential Entropy Measure
Using the preceding notions as a guide, we provide exponential fuzzy entropy measures as

E(A) = {[ 1]“ [ f]ﬂ [ 1]7 }Z?:l [#A(xl.)e(”-/l(xi))a + (1= (x))elmralel® — 1] -y, [MA(xi)e(#A(xi))B + ((1 - #A(xi))e[l—ﬂA(Xi)]ﬁ) -
n{lez| —|ez| —|ez| +1
1] = 27 1 Gee a4 (1= puaGe)eli#a0”) 1], @, 8,y > 0 )

Claim: The measurement specify E(A) on fuzzy set A is a valid entropy measure.
E: Sharpness

To Prove E(A) = 0 for uy(x;) =0o0r1
First we suppose that E(A) = 0
n

- - z [.uA(xi)e(”A(xi))a + (1= palxy))elt-waGel® _ 1]

i [#A(x )e(u"(x‘)) + ((1 — ua(x))el™~ #A(xl)]ﬁ) - 1] Z [.UA(x )e(”“(x‘)) + ((1 — pa(x))elt=ratl ) - 1] =0

i=1 i=1

= [uA(xi)e(“A("i))a + (1= pa(x))elt-maGl® _ 1]
B
= [”A(xi)e(“(xi)) + (1= pa(x))eli-adl” — 1] + [uaCxe? + (1 = palx))elt-ral” — 1]
= .UA(xi)e(“A(xi))a + eltmraldl® — ) () elt-ratdl® — 1 =
uA(xi)e(HA(xi))f” + elmmaG)lf (e )elmaG)lf 4 (x)e(uatd) 4 olimmaGl _
pha (o) et ratdl” — o
= ,UA(xi) [e(”A("i))a — 3[1_#A(xi)]a:|+

ell=1atdl® _ 1 =y, (x;) [e(#A(xi))B + e(Batd)’ _ gli—paGedlP _ e[l_ﬂA(xi)]y] +

el1=raCDIF 4 p[1-paGed) _ 9

= pua(x) [e(ﬂA(xi))a — e(ﬂA(xi))B - e(ﬂA(xi))y]+1
= pa(x;) [e[l_”A(xi)]“ — eli-raGDl _ e[l—#A(Xi)]V] +

el1=raCdIP | o[1-paG)l _ gl1-pa(xe)]®

= ua(xy) [e(#A(xi))a _ e(ﬂA(xi))B _ e(NA(xi))y] +1
= e1=1aldI(y, (x) — 1) — e[1—#A(xi)]ﬁ(ﬂA(xi)—1)—e[1—#A(xi)]y(MA(xi) -1
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N [e(,uA(xi))a _ e(#A(xi))ﬁ _ e(uA(xl-))y] + 1= (ua(r) — Dig(x)[et#all — l1-ralGl® _ pl1-raCx]®) (6)

This is true if uy(x;) =0o0r 1
Conversely, we assume that
If 1y (x;) = 0 or 1, from equation (5)

ﬁEA =O

Hence, we can say that
E(A) =0foru,(x;))=0o0r1
Next, as illustrated in below Figure, we have graphically depicted the measure (5) with the aid of data. We have fixed,n = 1,5 =

2 and y = 3 and various value of « for this purpose. Next, we calculated various values of E(A) for various, as indicated in
below Table:

p A i) 0=0.0 | 0=0.1 | 0=0.2 | 0=0.3 | 0=0.4 | ¢=0.5 | 0=0.6 | 0=0.7 | 0=0.8 | 0=0.9 | 0=1.0
E(A) for p A=2 ]0.0000{0.1054]0.2239|0.3648|0.5767|0.6931|0.5767{0.3648|0.2239|0.1054|0.0000
E(A) for p A=4 |0.0000/0.1053(0.2239|0.3610|0.5397|0.6931|0.5767|0.3640|0.2238|0.1055|0.0000
E(A) for pn A=12 |0.0000|0.1054|0.2238|0.3519|0.5197|0.6931|0.5167|0.3540(0.2235|0.1051|0.0000

0.7
0.6
0.5
0.4
03
02
0.1
0

01 o Series 3

03
0.4 0,5

06 o7

Series 1
0.8 0.9 .

M Series 1 MSeries2 W Series 3

(E3): Maximality
To prove E(A) is Maximum at u,(x;) = 0.5
Now

9E(A) 1

St = e e =m0 e (@0 - (@) [0 -y (xpa(e) (a0 o [}
¢ =1

B [0 - HA(JCL‘)V(e)(l_”*‘(x"))y_1 - 0]
- [e(#A(xi))B + HA(xi)ﬁ(e)(#A(xi))B_l - (e)(l_#A(xi))B_l:I
~ [0 - 1aGeB )14 — o]

_ [e(l‘—A(xi))y + (x)yy () #aGd) ™ _ (o) (1-matx) ]

JE(A)

Case-l: Let 0 < p,(x;) < 0.5, then we have PmaCe)

> 0Va, 8 > 0, This gives that E (A) is increasing function.

Case-11: Let 0.5 < py(x;) < 1, then we have aiE((i)) < 0Va, B > 0, This gives that E(A) is decreasing function.
AXG
Case-I11: Let py(x;) = 0.5, then we have DED 0Va,8 >0
opalxy)

It is evident from above graph that E(A) is a concave function, with a global maximum at pu,(x;) = 0.5. Therefore, E(A)is the
greatest if the most fuzzy set is A
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(E3): Resolution
To demonstrate that E(A*) < E(A)here A* is a sharpened form of A. We know from earlier axioms that E(A) is a decreasing
function for 0.5 < u,(x;) < 1and an increasing function for 0 < u,(x;) < 0.5, Using the idea above.

ta(x) < pa(x) = E(A") < E(4) (M
ta(x;) < pae(x;) = E(A) < E(4Y) ®)
From (7) and (8)

= E(A*) < E(A) in both cases.

(E4): Symmetry
Assuming that A€ is A’s complement, we may use the membership function to take u,(x;) = 1 — p,(x;),Then obviously

= E(A°) <E(4)

This demonstrates the validity of £ (A4) be as an entropy measure on a fuzzy set.

Few characteristics of entropy measures
Assume that FS(X) represents the family of all fuzzy sets of universe X, where FS represents fuzzy sets and {,&, x € FS(X) is
given by

e ¢
e ¢

X

[(x, ug(x)) /x € X]
[(x, u;(x)) /x € X]
[(x, ux(x)) /x € X]

Then some set operations can be defined as follows:

a) (U&= [(x max (ug(x),ug(x))) /x € X]

b) (né&= [(x, min (,ug(x),,uf(x))) /x € X]

0 QU&Ux=|(xmax{max (s () u (@), 1,0} /x € X
d) €& nx=[(xmin{min (1 (), ne()), 1 @)}) /x € K]
©) 2= |(rne@ =1~ (0)/x € X]

The following are some significant characteristics of the exponential entropy measure:

Claim
For Fuzzy set {, ¢, x € FS(X) prove that

E(Guoux)=E(uEun)

E(Gn&)nx)=E(NnEnx)

Proof: We suppose that

Xy = {xi € X/ug(x) = pg(x) 2 (%)}

Xo = {xi € X/pg () < pe(x) < py ()}

Where p, (x), g (x), 1, be the fuzzy membership function of ¢, &, x respectively.
We know that

(i)

EQué) = Z [#zus(xi)e(”“f("i))a + (1 - Mcus(xi)) elt=heueCdl” _qf
X=X
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B
ZX " [#Zuf(xi)e(l%ué(xi)) + ((1 - M(Uf(xi)) e[l_l‘-{us(xi)]ﬁ) 3 1]
0=

= R XXy =X {,ug(xl-)e(#z(xz))a _ (1 _ #((xz)) e(l—ug(xi))a B

T

ﬂ((xi)e(”c(xi))ﬁ - (1 — ll((xi)) e(l—#((xi))ﬂ} +

Yxp=x {:“f(xi)e(”f(xl’))a + (1 - .Uf(xi)) 3(1_N§(xi))a - ,ug(xi)e(“é(xi))ﬁ _

B
ey )
And
a a B B
E((Nné&) = ﬁ Z {‘ug(xi)e(#{(xﬂ) + (1 _ #f(xi)) e(l—#{(xi)) _ #f(xi)e(‘u{(xi)) _ (1 _ Mg(xi)) e(l_uf(xi)) }
n{[eE] — [eE] }Xn=X
* Lxo=x {'u((xi)e(ﬂdxo)a + (1 - H{(xi)) e(l_u{(xi))a - H{(xi)e(”i(xi))ﬁ - (1 - ,ll((xi)) e(l—ﬂc(xl'))ﬁ} (10)

Now, From equation (9), we have

B(Guoux) = z:Xn=X [#(uf(xi)e(“(ug(x"))a + (1 - H{uf(xi)) elt=Heus ] _ 1] —

ofle el -

2o=x [W”f(xi)e(ﬂw(m)ﬁ * ((1 ~ gug () el {“5("")]‘?) - 1] +Zxp=x [#x(xi)e(”x("i))y + (1= 1y 0 el70) ]

Lity=x {{”z(xi)e(”‘(xi))a + (1 - #z(xi)) o(17nee0)” _ M{(xi)e(uz(xl'))ﬁ - (1 -

) n{[e%]“_[e%lr_

e%]y_l}

) e(l_M(Xi))B} g0 (1 ) )" — e egelbea) — (1

g (e e(l—ug(xi))ﬁ} S [ﬂx (el @) 4 (1= 1) o (17 Gd)” _ 1] "
Now

E(GUy) = mz:xn:x [MEUX(xi)e(usux(xi))B N (1 _ lifu;((xi)) elt-nen @)’ _ 1] _

Zx9=x [Hfux(xi)e(#fuxm))y + ((1 - #fux(xi)) 8[1—”5Ux(xi)]y> - 1]

= __ 1 Z {Mf(xi)e(ﬂf(xi))” + (1 _ Mg(xi)) e(l—u;(xi))” _ yf(xl-)e(“f(x"))y ~ (1 ~ H{(xi)) e(l—ﬂs(xi))y}

n {[e%f _ [ei]y}xn:x

* {”X(xi)e(ﬂX(Xi))B + (1 - #x(xi)) e(l_#X(Xi))B - l‘){(xi)e(”x(xi))y - (1 - yx(xi)) e(l‘ux(xi))y}
Xg=X
Therefore
E(Z V@ X)) ) n{[e%r - [6;115 — [e%]y _ 1}XZX {#{(xi)e(ﬂl(m)a + (1 - #{(Xi)) e(l_ﬂz(m)a - H{(Xi)e(ﬂz(xi))ﬁ — (#:(;)) e(l‘ﬂz(n))ﬁ — 1}
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+{#s(xi)e(“f("i))ﬁ + (1- 1)) (1mnet) _ Mf(xz)e(”f(xi))y — (1 1) e(1—u;(xi))y}+

) {ux(xl-)e(ﬂxw)ﬁ + (1 i) el g el ) — (1, (o) e(l_w))y}

Xo=X

e (xl_)) e(l—u;(xi))“ e (xi)e(ug(xi))ﬁ _ (1 e (xi)) e(l—ug(xi))ﬁ] ek [#X(Xi)e(u;((xi))y + (1 o, (xi)) e(l—ll)((xi)) 1] (12)

From equation (11) and (12), we get E((CU &) ux) = E(CU (U x))

(1) From the above result and from equation (10), we easily see that E(({ n &) nx) = E({ n (£ n x))
Hence the result

Conclusion

An exponential parametric entropy measure on fuzzy sets is presented in this paper. When the appropriate value of parameters is
substituted, the proposed entropy measure, which reduces to the current entropy measure, is significant and valid. These entropy
metrics' significant and intriguing characteristics have also been examined. So, In terms of applicability, we may say that the
defined entropy measure is more adaptable.

References

Bhandari D, Pal NR. Some new information measures for fuzzy sets. Information Sciences. 1993;67(3):209-228.

Shannon CE. A mathematical theory of communication. The Bell System Technical Journal. 1948;27:379-423.

Criado F, Gachechiladze T. Entropy of fuzzy events. Fuzzy Sets and Systems. 1997;88:99-106.

Hooda DS. On generalized measures of fuzzy entropy. Mathematical Slovaca. 2004;54(3):315-325.

De Luca A, Termini S. A definition of a non-probabilistic entropy in setting of fuzzy sets. Information and Control.

1972;20:301-312.

Silva DCW. Intelligent Control with Fuzzy Logic Applications. CRC Press, 1995.

Ramer A. Divergence measure. Journal of Uncertainty Analysis and Applications. 1998;2(1):1-14.

Dubois D, Prade H. Fuzzy Sets and Systems: Theory and Applications. New York: Academic Press, 1980.

Herencia J, Lamata M. Entropy measure associated with fuzzy basic probability assignment. In: IEEE International

Conference on Fuzzy Systems. 1997;2:863-868.

10. Jang JSR, Sun CT, Mizutani E. Neuro-Fuzzy and Soft Computing. Prentice Hall, 1997.

11. Kapur JN. Measures of Fuzzy Information. New Delhi: Mathematical Sciences Trust Society, 1997.

12. Kaufmann A. Fuzzy Subsets: Fundamental Theoretical Elements. 3™ Ed. New York: Academic Press, 1980.

13. Ramer A. Fuzziness versus probability. International Journal of General Systems. 1990;17:241-248.

14. Rudas I, Kaynak M. Entropy-based operations on fuzzy sets. IEEE Transactions on Fuzzy Systems. 1998;6(1):33-39.

15. Sander W. On measures of fuzziness. Fuzzy Sets and Systems. 1989;29:49-55.

16. Tomar VP, Ohlan A. New parametric generalized exponential fuzzy.

17. Verma R, Sharma B.D. On generalized exponential fuzzy entropy. World Academy of Science, Engineering and Technology.
2011;60:1402-1405.

18. Verma RK. A New Approach in Mathematical Theory of Communication: A New Entropy with its Applications. Lambert
Academic Publishing, 2023, p. 1-136.

19. Verma RK. Information radius via Verma information measure in intuitionistic fuzzy environment. International Journal of
Mathematics Research. 2023;15(1):1-8.

20. Verma RK. Obvious disparities on optimal guesswork wiretapper moments under mismatch related to non-Shannon cipher
system. Asian Journal of Probability and Statistics. 2023;24(4):17-22. DOI: 10.9734/AJPAS/2023/v24i4531.

21. Verma RK. On optimization policy for Verma entropy by dynamic programming. Asian Journal of Probability and Statistics.
2023;21(4):14-21. DOI: 10.9734/AJPAS/2023/v21i4469.

22. Verma RK. Optimal code word length via modified Verma information measures for discrete noiseless channel in
intuitionistic fuzzy environment. International Journal of Fuzzy Mathematics and Systems. 2023;13(1):11-20.

23. Verma RK. Some fuzzy noiseless coding theorems connected with non-Shannon information measures and their bounds.
International Journal of Fuzzy Mathematics and Systems. 2023;13(1):1-9.

24. Wang LX. A Course in Fuzzy Systems and Control. Prentice Hall, 1997.

25. Zadeh LA. Fuzzy sets. Information and Control. 1965;8:338-353.

26. Zadeh LA. Probability measures of fuzzy events. J. Math. Ann. 1968;23:421-427.

akrwbdE

© N

~168~


https://www.mathsjournal.com/

