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Abstract 

A problem of Love type of surface wave propagation is considered in a laterally and vertically 

inhomogeneous transversely isotropic elastic media consisting of a layer lying over a semi-infinite half-

space. The frequency equation is derived when the boundary of the upper surface of the layer is loaded 

by some rigid structure such that here the displacement is zero and the stresses do not vanish. The 

restriction imposed for the existence of the real roots of the frequency equation on phase velocity is 

obtained. 

 

Keywords: Laterally and vertically inhomogeneous rigid structure, Phase velocity, Frequency equation, 

Isotropic 

 

Introduction 

Love wave propagation plays a vital role to know the internal structure of the earth and 

somehow its possible application in the prediction of earthquakes. Anderson (1962) [1], Haskell 

(1962) [3] studied the wave propagation in multilayered elastic media. Gogna (1979) [2] has 

studied the propagation of a surface wave in a media having a homogeneous anisotropic layer 

lying over a homogeneous isotropic half-space and under a uniform liquid layer. Various 

authors S. Manna et al. (2015) [4], S. Kundu et al. (2016) [5] and S. Bhat and S. Manna (2024) [6] 

have studied on wave propagation choosing the models of different media. 

Idea here, is to examine the propagation of Love wave in a medium occupying a half-space 

under a layer of laterally and vertically inhomogeneous transversely isotropic elastic media. 

The upper surface of the layer is taken rigid boundary. The plane z = 0 separates the medium 

layer from the half-space  0z  . The geometry of the problem is shown in Fig. 1. 
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 Fig 1

Basic equations and solutions 

The strain energy volume density function W for transversely isotropic elastic medium is given by Love (1944) 

 

   2 2 22 2xx yy zz yy xx zzW A e e Ce F e e e      

 

   2 2 22 2 xx yy yz zx xyA N e e L e e Ne     ,                 (2.1) 

 

where A, C, F, N and L are elastic parameters, ,xx yze e  etc. are the components of strain at a given point. The components of 

stress ij  are given by 

 

 , , , ,ij

ij

W
i j x y z

e



 


                    (2.2) 

 

We consider a two-dimensional motion in xz-plane and assume that all quantities are independent of the y-coordinate, i.e., 

0
y





. In this case the equation of motion 

 
2

, 2

i
ij j

u

t
 





,                        (2.3) 

 

describing SH-type of motion for which 1 3 20,u u u v    reduces to 

 
2

2

v v v
N L

x x z z t


       
    

       
                   (2.4) 

 

where N and L are directional rigidities and   is the density of the medium. 

To get a time harmonic solution of (2.4), we assume that 

 

   , , , i tv x z t V x z e                       (2.5) 

 

where   is the angular frequency. 

Further, if we put 

 

   
1

2 , ,V L x z D x z


                       (2.6) 

 

The equation (2.4) then takes the form 
22 2 2

2 2 2 2

1 1 3 1 1 1

4 2 2

D L D N L D L L L N
D

x N z N x L x x L x L x LN x x

            
                     

 

 
2 2

2

2 2

1 1 1
0

4 2

L L
D D

N L x L z N




   
     

    
                (2.7) 

 

We denote 

1

2

11

N




 
  
 

 and 

1

2

1

1




 
  
 

 as SH-wave velocities in horizontal and in vertical directions respectively. Further L, 

N and   are assumed such functions of x and z that 11  and 1  are constants. Thus, we assume that 

     0,N x z N p x r z , 

     0,L x z L p x r z , 
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     0,x z p x r z                       (2.8) 

where 0 0,N L  and 0  are constants, equation (2.7) becomes 

 

2 2
2 2 20 0 0

2 2

0 0 0

0
D L D L

b D
x N z N N


 

  
      

   
               (2.9) 

 

where, r and p satisfy the following differential equations 

 
2

21 1

4 2

r r
b

r r

  
   

 
                      (2.10) 

 
2

21 1

4 2

p p

p p


  
   

 
                      (2.11) 

 

in which b and   are real constants. 

Further for waves propagating in positive x-direction, we take the solution of equation (2.9) in the form 

 

   , ikxD x z Z z e                       (2.12) 

 

where  Z z  must satisfy 

 

2 2
2 2 20 0

2 2

0 0 110

0
d z N L

k b z
dz L N






 
     

 
                 (2.13) 

 

in which 
1

2
0

110

0

N




 
  
 

, and k is the wave number. 

The solution of equation (2.12) can be written as 

 
1 1S z S zZ Ae Be                         (2.14) 

 

where A and B are constants and 1S  is given by 

 
1 1

22 2
2 2 20 0

1 2

0 0 110

N L
S k b

L N






   
      
   

, if 

1

2
2 2 20

110 0

L
k b

N






 
   
 

, 

 
1 1

22 2
2 2 20 0

2

0 110 0

N L
i k b

L N






   
      
   

, if 

1

2
2 2 20

110 0

L
k b

N






 
   
 

          (2.15) 

 

Thus, the displacement component  , ,v x z t  is given by 

 

 
   

 1 1

1

2
0

1
, ,

ik x ctS z S zv x z t Ae Be e

L p x r z

   
  

              (2.16) 

 

where, ck  . 

And the only non-zero stress component yz , is 

yz yzLe  , 
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v
L

z





, 

 

      
   

   
   1 1 1 1

1
02

0 1 1

2
0

1

2

ik x ctS z S z S z S zL p x r z
L p x r z S Ae Be Ae Be e

L p x r z

 

 
    

 
    

      (2.17) 

 

So, the displacement and stresses in the layer are given by (2.16) and (2.17); and in the half-space the displacement defined by 1v  

and stress components defined by  
1yz  may be written in the form 

 

 
   

 2

1 11

2
01

1
, ,

ik x ctS zV x z t Ae e

L p x z



  

                (2.18) 

 

where for surface waves, 2S  is given by 

 
1

22
2 2 201 01

2 2

01 01 2

N L
S k a

L N






   
      
   

                  (2.19) 

 

which is positive and real quantity, 

and 
1

2
01

2

01

N




 
  
 

. 

 

      
   

   

 2

1
0121 2

1 01 111
2

01

1

2

ik x ctS z

yz

L p x zv
L L p x z S Ae e

z
L p x z




 
               

       (2.20) 

 

where in the half-space the directional rigidities and density are assumed to vary as 

 

   01N N p x z , 

 

   01L L p x z , 

 

   01p x z                         (2.21) 

 

where  z  satisfy the differential equation similar to (2.10) given by 

 
2

21 1

4 2
a

  
   

 
                      (2.22) 

 

3. Boundary conditions and the frequency equations 

Rigid boundary on the plane Z = -H 

Since there is no slip at interface Z = 0 between elastic layer and the half-space and no displacement at the rigid boundary Z = -H. 

So the boundary conditions may be written as 

(i) v = 0 at Z = -H, 

(ii) 1v v  at Z = 0, 

(iii)  
1yz yz   at Z = 0                (3.1) 
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Using the relations (2.16) to (2.20), the above boundary conditions lead to the following homogeneous system of linear equations 

in A, B and 1A  

1 1 0S H S HAe Be   , 

 

 
 

 01
1

0

0
0

0

L
A B A

L r

 
   

 
 

 

 
 

 
 1 1

0 01 1

2 0 2 0

r r
S A S B

r r

    
     

   
 

 

 
 

 
 

01
2 1

0

0 01
0

0 2 0

L
S A

L r

 
   

 
                   (3.2) 

 

For non-zero solutions of (3.2), we have 

 

 det 0ija                          (3.3) 

 

where ija  is an 3 3  matrix whose elements are 

1 1

11 12 13, , 0S H S Ha e a e a   , 

 
 

1

2
01

21 22 23

0

0
, 1

0

L
a a a

L r

 
    

 
, 

 
 

 
 31 1 32 1

0 01 1
,

2 0 2 0

r r
a S a S

r r

  
     

 
, 

 
 

 
 

01
33 2

0

0 01

0 2 0

L
a S

L r

 
  

 
. 

 

On expansion equation (3.3) becomes 

 

 
 
 

 
 

 
 

1
1

01
2

0

tanh
0 0 01 1

2 0 0 2 0

S
S H

r L
S

r L r


  

  
 

               (3.4) 

 

For the real roots of this equation 1S  should be purely imaginary, so taking 1S iS   and 2S  should be real and positive (3.4) 

become 

 

 
 
 

 
 

 
 

01
2

0

tan
0 0 01 1

2 0 0 2 0

S
SH

r L
S

r L r


  

  
 

               (3.5) 

 

where 
1 1

22 2
2 2 20 0

2

0 110 0

N L
S k b

L N






   
      
   

, 

1 1
22 2

2 2 201 01
2 2

01 01 2

N L
S k a

L N






   
      
   

, 
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1

2
0

110

0

N




 
  
 

, 

 
1

2
01

2

01

N




 
  
 

                        (3.6) 

 

Equation (3.5) is the frequency equation. 

The conditions that 2S  be positive real, and 1S  purely negative and imaginary impose a restriction given by 

 
1 1

2 2 2 22 2
0 01

110 22 2 2 2

0 01

1 1
L b L a

c
k N k k N k

 
 

   
        

   
              (3.7) 

 

on the phase velocity. 

 

4. Conclusion 

Discussed the condition for the existence of real roots of the frequency equation. 

The condition imposes a restriction on phase velocity as 

 
1 1

2 2 2 22 2
0 01

110 22 2 2 2

0 01

1 1
L b L a

c
k N k k N k

 
 

   
        

   
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