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Abstract 

This paper explores the applications of Fixed-point theory in metric spaces, focusing on the role of real 

numbers in matrix spaces and iterative methods. Using Banach's Contraction Principle, the study 

provides mathematical proofs to establish the existence and uniqueness of fixed points, while also 

analyzing the convergence and stability of iterative methods. In a complete metric space (𝑋, 𝑑), a 

contraction mapping 𝑓: 𝑋 → 𝑋 has a unique fixed point 𝑥∗ such that 𝑓 (𝑥∗) = 𝑥∗ and 𝑑 (𝑓 (𝑥), 𝑓 (𝑦)) ≤ 𝛼 

𝑑 (𝑥, 𝑦), where 0 ≤ 𝛼 < 1.  

The Intermediate Value Theorem ensures that for a continuous function 𝑓on [𝑎, 𝑏] with 𝑓(𝑎) ≤ 𝐿 ≤ 𝑓(𝑏), 

there is a point 𝑐 ∈ [𝑎, 𝑏] such that 𝑓(𝑐) = 𝐿. The Mean Value Theorem states that for a differentiable 

function 𝑓 on (𝑎,), there exists a point 𝑐 ∈ (𝑎, 𝑏) such that 𝑓′(𝑐)=𝑓(𝑏) – 𝑓(𝑎) / 𝑏−𝑎. The Cauchy-Schwarz 

inequality for vectors 𝑢and 𝑣 gives ∣⟨𝑢, 𝑣⟩∣ ≤ ∥𝑢∥ ∥𝑣∥. For the function (𝑥) = 
1

2 
 (𝑥+3), the fixed point is 

𝑥∗ = 3. In matrix space, the operator (𝐴) = 
1

 2
 𝐴 has a fixed point 𝐴 = 0. For 𝑥 = cos (𝑥), the successive 

approximations method converges to 𝑥∗ ≈ 0.7391, and the Newton-Raphson method achieves faster 

convergence to the same fixed point. 

This research highlights the practical applications of fixed-point theory, supported by real numbers, as a 

foundation for accurate mathematical models. It enhances outcome prediction in optimization, stability 

analysis, and system modeling, emphasizing the critical role of real numbers in both theoretical and 

applied mathematics. 

 

Keywords: Real numbers, fixed point theory, matrix spaces, numerical analysis, convergence 

 

Introduction 

Mathematical Foundation and Context 

Real numbers form a fundamental structure in mathematics, underpinning a wide range of 

theories and applications. In the context of Fixed-point theory and matrix spaces, real numbers 

serve as the essential numerical framework that facilitates the rigorous study of mathematical 

phenomena. To fully appreciate their role, it is important to understand the mathematical 

properties of real numbers, how they influence fixed point theory, and their application in 

matrix spaces [20]. 

 

Fixed Point Theory: Mathematical Perspective 

Fixed point theory is concerned with identifying points x ∈ X in a space X such that for a 

given function f: X → X, the equation f(x) = x holds. In metric spaces, particularly those 

defined over real numbers, fixed point theorems like Banach's Contraction Principle provide 

necessary conditions for the existence and uniqueness of fixed points. The mathematical 

significance of fixed points lies in their stability properties, which are leveraged in solving 

differential equations, optimization problems, and even in iterative algorithms used in 

numerical analysis [6]. 
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Matrix Spaces: Handling Multidimensional Data 

Let 𝑀n × m(𝑅) denote the vector space of n × m matrices with real entries. Each element of 𝑀n × m(𝑅) is a matrix 𝐴 = [𝑎ij] where 

𝑎ij ∈ 𝑅 for 𝑖 = 1,…, 𝑛 and 𝑗 = 1,…𝑚. Matrix spaces 𝑀n × m(𝑅) provide a framework for the representation and manipulation of 

multidimensional data. These spaces are fundamental in linear algebra, functional analysis, and applied mathematics. The 

operations within matrix spaces, including matrix multiplication AB (where 𝐴 ∈ 𝑀n × k (𝑅) and 𝐵 ∈ 𝑀 k × m(𝑅)), eigenvalue 

computation of square matrices 𝐴 ∈ 𝑀n × n(𝑅), and transformation analysis, are deeply connected to the properties of real numbers 

𝑅 [12]. 

We will discuss Banach fixed point theorem in metric spaces with complete normed spaces and related topics. 

 

Banach Fixed Point Theorem in Metric Spaces 

The Banach Fixed Point Theorem, also known as the Contraction Mapping Theorem, is a fundamental result in metric space 

theory and analysis, particularly in the context of complete normed spaces. It provides conditions under which a function, or 

mapping, has a unique fixed point. This theorem has wide-ranging applications in various fields, including numerical analysis, 

differential equations, and optimization [13]. 

 

Metric Space 

Let X be a non-empty set. A metric on X is a function d:X×X→R, which assigns a non-negative real number to each pair of points 

in X. This number represents the "distance" between the points, and the function d must satisfy the following properties for all x, 

y, z ∈ X: 

Non-negativity: d (x, y) ≥ 0. 

This property ensures that the distance between any two points is always non-negative. 

Identity of Indiscernible: d (x, y) = 0 if and only if x = y. 

This property states that the distance between two distinct points is positive, and the distance between a point and itself is zero [14]. 

Symmetry: d (x, y) = d (y, x). 

This ensures that the distance from x to y is the same as the distance from y to x. 

Triangle Inequality: d (x, y) ≤ d (x, z) + d (z, y) [8]. 

This property is essential in ensuring that the direct distance between two points is always less than or equal to the distance 

measured by taking a detour through a third point z. 

When a set X is equipped with a metric d, the pair (X, d) is called a metric space. This structure allows for the rigorous discussion 

of concepts like convergence, continuity, and compactness. 

In fixed point theory, real numbers play a crucial role, particularly in the context of metric spaces. 

 

Convergence and Limit of a Sequence  

In a metric space (X, d), a sequence {𝑥𝑛} is said to be convergent if there exists an element x ∈ X such that: lim
𝑛→∞

 d (𝑥𝑛, x) = 0 

Here, x is called the limit of the sequence {𝑥𝑛}, and we write this as lim
𝑛→∞

𝑥𝑛 = x. Intuitively, this means that as n increases, the 

elements of the sequence {𝑥𝑛} get arbitrarily close to x [20]. 

 

Complete Metric Space 

A metric space (X, d) is said to be complete if every Cauchy sequence in X converges to a point within X. 

A Cauchy sequence is a sequence {𝑥𝑛} in a metric space (X, d) such that for every ϵ > 0, there exists a positive integer N such that 

for all p, q > N, the distance d(𝑥𝑝, 𝑥𝑞) < ϵ. This means that the elements of the sequence become arbitrarily close to each other as 

the sequence progresses [17]. 

The importance of completeness lies in the fact that it ensures the existence of limits within the space, which is a crucial property 

for various mathematical constructions and proofs. 

 

Fixed Point 

A fixed point of a mapping f: X → X is a point x ∈ X such that f(x) = x. In other words, applying the function 𝑓 to 𝑥 returns 𝑥 

itself. 

The Banach Fixed Point Theorem states that if (X, d) is a complete metric space and f: X → X is a contraction mapping (i.e., there 

exists a constant c ∈ [0,1) such that d (f(x), f(y)) ≤ c⋅ d (x, y) for all x, y ∈ X), then 𝑓 has a unique fixed point in 𝑋. Moreover, the 

fixed point can be found as the limit of the sequence defined by 𝑥𝑛 + 1 = 𝑥𝑛, starting from an arbitrary point 𝑥0 ∈ X [1]. 

 

Integrating Fixed Point Theory with Matrix Spaces 

This research aims to bridge the mathematical theory of fixed points with the practical framework provided by matrix spaces, 

focusing on the role that real numbers play in this integration. Specifically, we investigate how real numbers contribute to defining 

and understanding fixed points within matrix spaces, examining key concepts such as: 

 

Contraction Mappings in Matrix Spaces: The role of real numbers in defining contraction mappings, which are critical in 

establishing fixed points [2, 5]. 

Let (X, d) be a metric space, where 𝑋 is a set of matrices and d: X × X → R is a metric. A mapping  

T:X→X is a contraction mapping if there exists a constant c ∈ [0,1) such that: 

 

d (T(A), T(B)) ≤ c⋅ d (A, B) ∀A, B ∈ X 
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where c is a constant such that 0 ≤ c < 1.  

Here, the role of real numbers 𝑐 in defining the contraction is crucial in ensuring the existence and uniqueness of fixed points A∗ 

in 𝑋 such that T(A∗) = A∗ [18]. 

By focusing on these mathematical aspects, the research seeks to provide a comprehensive analysis of how real numbers facilitate 

the study and application of fixed-point theory within the context of matrix spaces. This integration not only enhances our 

understanding of these concepts but also offers practical tools for solving complex mathematical problems in various disciplines. 

 

Statement of Problem 

The intersection of fixed-point theory and matrix spaces, particularly through the framework of real numbers, introduces 

significant complexities. Investigating the existence and uniqueness of fixed points within matrix spaces demands an in-depth 

exploration of real numbers and their role in the behavior of iterative methods. This study tackles the issue of delineating the 

impact of real numbers on fixed-point theory within matrix spaces, examining how these characteristics can be applied in real-

world scenarios. The core challenge lies in comprehending the influence of real numbers on fixed-point existence and uniqueness, 

with a focus on their application in iterative processes and mathematical modeling, thus addressing the intricate nature of fixed 

points in matrix spaces. 

 

Objectives 

The primary objectives of this research are: 

 To analyze the role of real numbers in fixed point theory and matrix spaces. 

 To establish conditions for the existence and uniqueness of fixed points in various matrix spaces. 

 To explore the Applications of real numbers in fixed point theory. 

 To apply the findings in mathematical modeling and numerical analysis. 

 

Methodology 

The methodology for this research combined theoretical analysis with practical applications to investigate fixed point theory 

within metric spaces. Theoretical foundations were established by defining the basic properties of metric spaces and exploring 

contraction mappings to determine conditions for the existence of unique fixed points. Key theoretical results were incorporated, 

such as the Archimedean property, which ensures that for any positive number and any real number, there is a natural number 

such that the product of these numbers exceeds the real number; the Bolzano-Weierstrass theorem, which guarantees that every 

bounded sequence in the real numbers has a convergent subsequence; the Intermediate Value Theorem, which asserts that for a 

continuous function on a closed interval, there is a point where the function attains any value between its values at the endpoints 

of the interval; the Mean Value Theorem, which provides insights into the behavior and rate of change of functions; and the 

Cauchy-Schwarz Inequality, used to evaluate the stability and convergence of iterative processes. 

Practical examples were then utilized to illustrate these theoretical concepts. For example, the fixed point for a specific function 

was computed, resulting in a particular value, and the fixed point of an operator in the matrix space was found to be zero. The 

research also applied iterative methods, such as successive approximations and the Newton-Raphson method, to solve equations. 

Successive approximations demonstrated convergence to a specific value, while the Newton-Raphson method achieved faster 

convergence to the same fixed point. The convergence and stability of these iterative methods were analyzed through both 

theoretical results and practical evidence, providing a comprehensive understanding of fixed point theory and its real-world 

applications. 

 

Results  

In this section, we present the main findings of our research, structured around the objectives. 

 

Role of Real Numbers in Fixed Point Theory 

Real numbers play a critical role in defining the metric spaces where fixed points are analyzed. We provide a detailed examination 

of the conditions under which real numbers ensure the existence and uniqueness of fixed points, particularly focusing on 

contraction mappings in matrix spaces [20, 9]. 

 

Completeness Axiom (Completeness Property) 

Every non-empty subset S ⊆ R that is bounded above has a supremum sup s ∈ R [17]. 

Banach Fixed Point Theorem: In a complete metric space (X, d), if 𝑓: X → X is a contraction, then 𝑓 has a unique fixed point 𝑥∗ 

∈ 𝑋, where 𝑥∗ = (𝑥∗). 

 

Mathematical Formulation: There exists a unique 𝑥∗ ∈ 𝑋 such that f(𝑥∗) =𝑥 ∗ and  

 

d(f(x), f(y)) ≤ α d (x, y) with 0 ≤ 𝛼 < 1. 

 

Archimedean Property 

For x, y ∈ R with x > 0, there exists 𝑛 ∈ 𝑁 such that 𝑛𝑥 > 𝑦 [20]. 

Example 1: Fixed Point and Real Numbers in a Bounded Setting 

 

Problem: Verify that a function 𝑓 (𝑥) =  𝑥2 has fixed points within finite bounds when considering 𝑥 greater than a certain 

positive value. 

 

https://www.mathsjournal.com/


 

~85~ 

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com 
 

Given: Function: 𝑓 (𝑥) =  𝑥2, 𝑥 > 0 We need to ensure that for a natural number 𝑛, if 𝑛 ⋅ 𝑥 > 1, then the values are finite and 

computable 

 

Solution: Fixed Point Definition: A fixed point of a function (𝑥) is a value 𝑥∗ such that 𝑓 (𝑥∗) = 𝑥∗. 

 

For 𝑓 (𝑥) =  𝑥2, we find fixed points by solving:  𝑥2 = x 

 

Solving the Fixed-Point Equation: Rearrange the equation:  𝑥2 – x = 0 

 

Factorize: 𝑥 (𝑥 − 1) = 0, So the solutions are: 𝑥 = 0 or 𝑥 = 1 

The fixed points are 𝑥 = 0 and 𝑥 = 1. However, we are given 𝑥 > 0, so the relevant fixed point is  

𝑥 = 1. 

Bounded Values Condition: We need to ensure that 𝑛 ⋅ 𝑥 > 1 for natural numbers 𝑛. 

For 𝑥 = 1: 

𝑛 ⋅ 1 > 1 ⟹ 𝑛 > 1 So, if 𝑛 is any natural number greater than 1, the condition 𝑛 ⋅ 𝑥 > 1 is satisfied for 𝑥 = 1. 

Verification of Finite Bounds: To ensure that no "infinitely large" values distort the calculations, we verify that 𝑥 is bounded. In 

this case: 

 
𝑥 = 1 is finite and within the bounds set by 𝑛 ⋅ 𝑥 > 1 for 𝑛 >1. 

 

Therefore, the fixed point 𝑥 = 1 is finite and computable. 

The function 𝑓 (𝑥) =  𝑥2 has a fixed point 𝑥 = 1 when 𝑥 > 0. The condition 𝑛 ⋅ 𝑥 > 1 for natural numbers 𝑛 >1 ensures that 𝑥 does 

not become infinitely large. Thus, the fixed point is within finite bounds and is valid within the given constraints. 

 

Bolzano-Weierstrass Theorem 

Every bounded sequence {𝑥𝑛} ⊆ 𝑅 has a convergent subsequence {𝑥𝑛𝑘
}with 

 

𝑥𝑛𝑘
→𝐿 ∈ 𝑅 [9]. 

 

This theorem implies that if {𝑥𝑛} is a sequence generated by an iterative method in a complete metric space, there is a convergent 

subsequence {𝑥𝑛𝑘
} that converges to a fixed point 𝑥∗. Mathematically, this means  

For a sequence {𝑥𝑛} in a complete metric space, there exists 𝑥∗ such that  

lim
𝑛→∞

 𝑑 (𝑥𝑛𝑘
, 𝑥∗) = 0. where d is the metric on the space. 

 

Example 2: Consider the iterative method 𝑥𝑛 + 1 = 
𝑥𝑛 + 1 

2
 with 𝑥0 = 0. The sequence {𝑥𝑛} generated by this method is bounded and 

converges to the fixed point 𝑥∗ = 1, demonstrating the Bolzano-Weierstrass Theorem's relevance in confirming the convergence to 

𝑥∗. 

 

Intermediate Value Theorem  

If 𝑓: [𝑎, 𝑏] → 𝑅 is continuous and 𝐿∈ [(𝑎), (𝑏)], then there exists 𝑐 ∈ [𝑎, 𝑏] such that 𝑓(𝑐) = 𝐿 [4]. 

For a continuous function 𝑓, if (𝑎)and 𝑓(𝑏) are on opposite sides of 𝐿, then there exists 𝑐 ∈ [𝑎, 𝑏] such that 𝑓(𝑐) = 𝐿. Specifically, 

Specifically, if 𝑓 (𝑎) < 0 and 𝑓 (𝑏) > 0, then there exists 𝑐 ∈ [𝑎, 𝑏] such that 𝑓 (𝑐) = 0. 

 

Example 3: Let 𝑓 (𝑥) =  𝑥2 – 2 on the interval [1, 2]. Since 𝑓 (1) = − 1 and 𝑓 (2) = 2, and 0 ∈ [−1, 2], by the Intermediate Value 

Theorem, there exists 𝑐 ∈ [1, 2] such that 𝑓 (𝑐) = 0. Here, 𝑐 = √2 is a fixed point where 𝑓 (𝑐) = 0. 

 

Mean Value Theorem 

If 𝑓: [𝑎, 𝑏] → 𝑅 is continuous on [𝑎, 𝑏]and differentiable on (𝑎, 𝑏), then there exists  

 

𝑐 ∈ (𝑎, 𝑏) such that𝑓′(𝑐) = (𝑓′(𝑐) = 
f (b) – f(a) 

b − a 
 [15]. 

 

Rate of Change Analysis provides the rate of change of 𝑓 to optimize and analyze fixed point functions. 

 

Example 4 

Consider the function 𝑓 (𝑥) = sin (x) and we are analyzing it over the interval [0, 𝜋]. We want to find the fixed point and then use 

the rate of change to analyze the function around this fixed point. 

 

Step 1: Find a Fixed Point 

A fixed point 𝑥∗ satisfies the equation 𝑓 (𝑥∗) = 𝑥∗. 

Set up the equation: sin (𝑥∗) = x∗ 

This equation cannot be solved algebraically, so we use numerical methods to approximate the fixed point. 

Using numerical methods (such as Newton's method), we find that the fixed point in the interval  

[0, 𝜋] is approximately 𝑥∗ ≈ 0.88. 
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Step 2: Rate of Change Analysis 

Let's use the fixed point 𝑥∗ ≈ 0.88 and analyze the rate of change around this point. 

Compute the derivative 𝑓′ (𝑥): 𝑓′ (𝑥) = cos (𝑥) 

Choose a point 𝑥 in the interval around the fixed point. For simplicity, let’s use 𝑥 = 0.9 (which is close to 𝑥∗). 

 

Apply the mathematical formulation 

 

𝑓′ (𝑐) = 
f (x∗) – f (x) 

x∗ − x 
 

 

Calculate 𝑓 (𝑥) and 𝑓 (𝑥∗): 

 

𝑓 (𝑥∗) = sin (0.88) ≈ 0.77 

 

𝑓 (𝑥) = sin (0.9) ≈ 0.78 

 

Compute the rate of change 

 

𝑓′ (𝑐) = 
0.77 − 0.78 

 0.88 − 0.9 
 

 

𝑓′ (𝑐) = 
− 0.01 

− 0.02 
 = 0.5 

 

Therefore, 𝑓′ (𝑐) = 0.5. 

 

The rate of change 𝑓′ (𝑐) = 0.5 at the fixed point 𝑥∗ ≈ 0.88 indicates how rapidly the function  

𝑓 (𝑥) = sin (𝑥) is changing around this fixed point. This information can be useful in optimization problems, particularly in 

understanding the behavior of 𝑓near the fixed point and refining 𝑥∗ for optimal solutions. For example, if the rate of change is 

small, the function is changing slowly around the fixed point, which might suggest that 𝑥∗ is a stable or nearly optimal point. 

 

Cauchy-Schwarz Inequality 

 For vectors 𝑢, in an inner product space, ∣⟨𝑢, 𝑣⟩∣ ≤ ∥𝑢∥ ∥𝑣∥ [4].  

In an inner product space, ∣⟨𝑢, 𝑣 ⟩∣ ≤ ∥𝑢∥⋅∥𝑣∥ ensures stability in iterative algorithms [21]. 

 

Example 5 

Consider the iterative method for finding the fixed point of 𝑓 (𝑥) = 
1

2
 (𝑥 + 

2

𝑥
), where 𝑥 is the variable and the fixed point 𝑥∗ is √2. 

Using the Cauchy-Schwarz inequality, we can analyze the stability and convergence of this method by bounding the inner product 

⟨ 𝑥𝑛, 𝑥n + 1⟩with the norms of 𝑥𝑛 and 𝑥n + 1, ensuring that the iterates remain close to the fixed point √2. 

 

Fixed Point Definition 

Fixed point theory is concerned with identifying points x ∈ X in a space X such that for a given function f: X → X, the equation 

f(x) = x holds [3]. 

 

Example 6 

Consider the function f: R → R defined by: f(x) = 
1 

2 
 (x + 3). 

We want to find a fixed point 𝑥∗such that f (𝑥∗) = x. 

 

Step 1: Set Up the Fixed-Point Equation 

The Fixed-point equation for this function is: f(x) = x. 

Substituting the definition of f(x): 
1

2
 (x + 3) = x. 

 

Step 2: Solve for the Fixed Point 

To solve for x, first eliminate the fraction by multiplying both sides by 2: x + 3 = 2x. 

Now, rearrange the equation to isolate x: 3 = 2x − x, 3 = x. 

Thus, the fixed point is 𝑥∗ =3. 

 

Step 3: Verify the Fixed Point 𝑥∗ = 3. 

To verify that is indeed a fixed point, substitute x=3 back into the function: f (3) = 
1

2 
 (3 + 3) = 

1

2
 x 6 = 3 

Since f (3) = 3, the point 𝑥∗ = 3 satisfies the fixed-point equation f(x) = x. 

 

Interpretation  

In this example, the function 
1 

2
 (x + 3) = x has a fixed point at 𝑥∗ =3, which is the solution to the equation f(x) = x. The fixed point 

𝑥∗ = 3 is a point in the space R where the function f maps the point to itself, meaning that f (𝑥∗) = x 
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Metric Spaces and Fixed Points 

A metric space (X, d) consists of a set X and a distance function d: X × X → R satisfying: 

 

Non-negativity: d (x, y) ≥ 0 for all x, y ∈ X, and d (x, y) = 0 if and only if x = y. 

 

Symmetry: d (x, y) = d (y, x) for all x, y ∈ X. 

 

Triangle Inequality: d (x, z) ≤ d (x, y) + d (y, z) for all x, y, z ∈ X. 

 

A fixed point 𝑥∗ of a function T: X → X satisfies: T (𝑥∗) =𝑥∗ [3], [1]. 

This means that applying the function 𝑇 to 𝑥∗ leaves it unchanged. 

 

Example 7 

Consider 𝑋 = 𝑅, the set of real numbers, with the standard metric (distance function) 𝑑 (𝑥, 𝑦) = ∣𝑥 −𝑦∣. Let 𝑇: 𝑅 → 𝑅 be the 

function defined as: 𝑇 (𝑥) = 
𝑥

2
  

We want to find the fixed point of this function. A fixed point 𝑥∗ satisfies: 𝑇 (𝑥∗) = 𝑥∗ 

Substitute the function 𝑇 (𝑥): 
x∗ 

2
 = x∗, 2 𝑥∗ − x ∗ = 0, 𝑥∗ (2 –  1) = 0, i.e. 𝑥∗ = 0 Thus, 𝑥∗ = 0 is the fixed point of the function (𝑥) 

= 
𝑥

2
  

Verification in Metric Space 

In the metric space (𝑅, 𝑑), with 𝑑 (𝑥, 𝑦) = ∣𝑥 −𝑦∣, let's verify if 𝑇 satisfies the conditions for a contraction mapping (a common 

context for fixed point theorems). 

 

A mapping 𝑇: 𝑋 →𝑋 is called a contraction if there exists a constant 𝑐 ∈ [0, 1)) such that: 

𝑑 (𝑇 (𝑥), 𝑇 (𝑦)) ≤ 𝑐 ⋅ 𝑑 (𝑥, 𝑦) 

 

For 𝑇 (𝑥) = 
𝑥

2
, let’s compute the distance:  

 

𝑑 (𝑇 (𝑥), 𝑇 (𝑦)) = ∣ 
𝑥

2
 – 

𝑦

2
 ∣ = 

1

2
 ∣𝑥 − 𝑦∣  

 

Thus, 𝑇 is a contraction with constant 𝑐 = 
1

2
, and by the Banach Fixed Point Theorem, the function 𝑇 (𝑥) = 

𝑥

2
 has a unique fixed 

point, which we already found as 𝑥∗ = 0. 

This example demonstrates the use of real numbers in fixed point theory within a metric space. The function 𝑇 (𝑥) = 
𝑥

2
 has a 

unique fixed point at 𝑥∗ = 0, and the contraction property ensures its existence and uniqueness. 

 

Contraction Mappings 

A mapping T: X → X is called a contraction mapping if there exists a constant α ∈ [0,1) such that: 

d (T(x), T(y)) ≤ α d (x, y) for all x, y ∈ X. The constant α and the metric d are defined using real numbers, which determine the 

extent to which T contracts distances [5, 12]. 

Let’s consider a mathematical example of a Contraction Mapping in a real number context using fixed point theory: 

 

Example 8 

Let 𝑋 = 𝑅 (the set of real numbers) and let the metric 𝑑 (𝑥, 𝑦) be the usual absolute difference: 

 
𝑑 (𝑥, 𝑦) = ∣𝑥 − 𝑦∣ 
 

Now, define a function  

 
𝑇: 𝑅 → 𝑅 as: 

 

𝑇 (𝑥) = 
1

2
 𝑥 + 1 

 

We want to show that 𝑇 is a contraction mapping, and then use the Banach Fixed Point Theorem to find the fixed point of 𝑇. 

Step 1: Show that 𝑇 is a contraction mapping. 

We need to find a constant 𝛼 ∈ [0, 1) such that for all 𝑥, 𝑦 ∈ 𝑅, the following inequality holds: 

 
𝑑 (𝑇 (𝑥), 𝑇 (𝑦)) = ∣𝑇 (𝑥) – 𝑇 (𝑦)∣ ≤ 𝛼 ∣𝑥 − 𝑦∣ 
 

Substitute the definition of 𝑇 (𝑥) and 𝑇 (𝑦) into the inequality: 

 

∣𝑇 (𝑥) – 𝑇 (𝑦)∣ = ∣ (
1

2
 𝑥 + 1) −(

1

2
 𝑥 + 1) = ∣ 

1

2
 (𝑥 − 𝑦) ∣ = 

1

2
 ∣x−y∣ 
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Thus, the function 𝑇 satisfies the inequality with 𝛼 = 
1

2
, which is clearly in the interval  

[0, 1). Therefore, 𝑇 is a contraction mapping with contraction constant 𝛼 = 
1

2
. 

 

Step 2: Apply the Banach Fixed Point Theorem. 

The Banach Fixed Point Theorem assurances that if 𝑇 is a contraction mapping on a complete metric space 𝑋, then 𝑇 has a unique 

fixed point. A fixed point 𝑥∗ satisfies the equation: 

 
𝑇 (𝑥∗) = 𝑥∗ 

 

Substitute the definition of 𝑇 (𝑥): 
1

2
 x∗ + 1 = x∗ 

 

Solve for 𝑥∗: 1 = 𝑥∗ − 
1

2
 x∗ = 

1

2
 x∗, x∗ = 2 

 

The function 𝑇 (𝑥) = 
1

2
 𝑥 + 1 is a contraction mapping on 𝑅 with contraction constant 𝛼 = 

1

2
, and it has a unique fixed point at 𝑥∗ = 

2. 

 

Banach Fixed Point Theorem 

The Banach Fixed Point Theorem states that if (X, d) is a complete metric space and T: X → X is a contraction mapping, then T 

has a unique fixed point in X [1, 13]. 

 

Proof of Existence and Uniqueness Using Real Numbers  

Existence 

Cauchy Sequence: Let (𝑋, 𝑑) be a complete metric space and T be a contraction mapping with constant α. Consider an arbitrary 

initial point 𝑥0∈ X and define the sequence {𝑥𝑛}by:  

 

𝑥𝑛 + 1= T (𝑥𝑛) 

 

Convergence: For 𝑚 > 𝑛, we have:  

 

𝑑(𝑥𝑚 + 1, 𝑥𝑛) = 𝑑 (𝑇(𝑥𝑚), 𝑇(𝑥𝑛)) ≤ 𝛼𝑚𝑑 (𝑥0, 𝑥𝑛). 

 

Since 𝛼 < 1, 𝛼𝑚→ 0 as 𝑚 → ∞. Therefore, {𝑥𝑛}is a Cauchy sequence because: 

𝑑(𝑥𝑚 + 1, 𝑥𝑛) ≤  𝛼𝑚𝑑 (𝑥0, 𝑥𝑛).  

 

Fixed Point Verification: To show 𝑥∗ is a fixed point, observe: 

 

𝑥𝑛 + 1= T (𝑥𝑛) Taking the limit as 𝑛 → ∞: 𝑥∗ = lim
𝑛→∞

𝑥𝑛 + 1 = lim
𝑛→∞

T (𝑥𝑛) 

 

Since T is continuous, we have: 𝑥∗ = (𝑥∗). Hence, 𝑥∗ is a fixed point.  

 

Uniqueness 

Proof of Uniqueness: Suppose 𝑥∗ and 𝑦∗ are both fixed points. such that T (𝑥∗) = 𝑥∗ and T(𝑦∗) = 𝑦∗ 

Then 

 

𝑑 (𝑥∗, 𝑦∗) = (T(𝑥∗), T(𝑦∗)) ≤ 𝛼⋅ 𝑑 (𝑥∗, 𝑦∗). 

 

Since 𝛼<1, It follows that: (𝑥∗, 𝑦∗) = 𝛼⋅𝑑 (𝑥∗, 𝑦∗). 

This implies: (𝑥∗, 𝑦∗) = 0, ⟹ 𝑥∗ = 𝑦∗. Hence, the fixed point is unique. 

 

Example 9 

Example: Matrix Space and Contraction Mapping 

 

Consider the matrix space 𝑀2 × 2 (𝑅) with the Frobenius norm ∥ 𝐴 ∥ 𝐹 = √trace (𝐴𝑇  A) . 
 

Define the mapping 𝑇: 𝑀2 × 2 (𝑅) → 𝑀2 × 2 (𝑅) by: 

 

𝑇 (𝐴) = 
1

2
 A. 

 

Verify Contraction Mapping 

Contraction Property: For matrices 𝐴, 𝐵 ∈ 𝑀2 × 2 (𝑅), 
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∥ 𝑇 (𝐴) −𝑇(𝐵)∥ 𝐹 = ∥ 
1

2
 𝐴 − 

1

2
 𝐵∥𝐹 = 

1

2
 ∥𝐴 – 𝐵 ∥𝐹. 

 

Thus, T is a contraction mapping with constant 𝛼 = 
1

2
. 

 

Apply Banach Fixed Point Theorem 

Complete Metric Space: 𝑀2 × 2 (𝑅) with the Frobenius norm is a complete metric space. 

Existence: By the Banach Fixed Point Theorem, T has a unique fixed point. 

 

Find the Fixed Point 

Solve for Fixed Point: Set 𝑇 (𝐴) = 𝐴: 

 
1

2
 A = 𝐴 ⟹ 𝐴 = 0. Hence, A=0 is the unique fixed point of T in 𝑀2 × 2 (𝑅) [25]. 

 

Hence, Real numbers are essential in defining the metric space and contraction mappings used in fixed point theory. The Banach 

Fixed Point Theorem demonstrates that, with real-valued metrics and contraction constants, matrix spaces guarantee the existence 

and uniqueness of fixed points. 

 

Mathematical Significance of Fixed Points 

The mathematical significance of fixed points lies in their stability properties, which are leveraged in solving differential 

equations, optimization problems, and even in iterative algorithms used in numerical analysis [7, 14]. 

 

Proof (Stability in Dynamical Systems) 

Stability Concept: Consider a differential equation 𝑑𝑥 / 𝑑𝑡 = (𝑥)with equilibrium points 𝑥∗such that 𝑔(𝑥∗) = 0. These points 

correspond to fixed points of the function f (𝑥) = 𝑥 + (𝑥). 

Linear Stability Analysis: Linearize the system around the fixed point 𝑥∗: 

 
𝑑𝑥 / 𝑑𝑡 ≈ 𝑔′(𝑥∗)⋅ (𝑥−𝑥∗). 

 

The stability of 𝑥∗ is determined by the sign of 𝑔′(𝑥∗). If 𝑔′(𝑥∗) < 0, the fixed point is stable; if  

𝑔′(𝑥∗) > 0, it is unstable. 

 

Proof (Optimization Problems) 

Optimization and Fixed Points: Consider the gradient descent method, where the fixed point  

𝑥∗ of the gradient function ∇𝑓(𝑥) = 0 represents a local minimum. 

Iterative Algorithm: Define the update rule𝑥𝑛 + 1= 𝑥𝑛– 𝛾 ∇ (𝑥𝑛)The fixed point 𝑥∗ satisfies: 

𝑥∗ = 𝑥∗ −𝛾 ∇(𝑥∗), implying ∇𝑓(𝑥∗) = 0, i.e., 𝑥∗ is a critical point, often corresponding to a minimum. 

Proof (Numerical Analysis and Iterative Methods): 

Convergence to Fixed Points: Numerical methods like the Newton-Raphson method aim to find solutions to f(x)=0. The sequence  

𝑥𝑛 + 1= 𝑥𝑛 – 
f (𝑥𝑛) 

f′ (𝑥𝑛) 
 converges to the fixed point of the function  

(𝑥)=𝑥 – 
f (𝑥) 

f′ (x) 
, under appropriate conditions on 𝑓.  

Fixed point theory, via Banach's Contraction Principle, proves the existence and uniqueness of solutions in metric spaces. It is 

essential in ensuring stability, finding optimal solutions, and achieving convergence in various mathematical fields. 

 

Example 10 

Let's solve the example application using numerical analysis with the Newton-Raphson method and the successive 

approximations method for finding the fixed point of the equation  

 
𝑥 = cos (𝑥). 

 

Step 1: Analyze Convergence 

First, we analyze the convergence behavior by checking the derivative of cos(x). 

The function f (x) = cos (x) has the derivative: f ′ (x) = − sin(x) 

For convergence in fixed point iterations, we require: ∣𝑓′(𝑥)∣ = ∣sin (𝑥)∣ < 1 

Since ∣sin(x)∣ ≤ 1 for all x, the condition is met. However, we must ensure ∣sin(x)∣ is significantly less than 1 for rapid 

convergence. 

 

Step 2: Successive Approximations Method 

We use the iteration:𝑥𝑛 + 1 = cos (𝑥𝑛) 

Let's choose an initial guess 𝑥0 =1.0 and iterate: 

𝑥1 = cos (1.0) ≈ 0.5403 

𝑥2 = cos (0.5403) ≈ 0.8576 

𝑥3= cos (0.8576) ≈ 0.6543 
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𝑥4=cos (0.6543) ≈ 0.7937 

𝑥5= cos (0.7937) ≈ 0.7074 

𝑥6= cos (0.7074) ≈ 0.7645 

𝑥7= cos (0.7645) ≈ 0.7221 

𝑥8= cos (0.7221) ≈ 0.7504 

𝑥9 = cos (0.7504) ≈ 0.7314 

𝑥10 = cos (0.7314) ≈ 0.7442 

Notice that the values are converging. The fixed point is approximately 𝑥∗ ≈ 0.7391 [7]. 

 

Step 3: Newton-Raphson Method 

Now, let's use the Newton-Raphson method. For the equation  

 

x = cos (x), rewrite it as: g(x) = x – cos (x) = 0 

 

The derivative g ′(x) is: g ′(x) = 1 + sin (x) 

 

The Newton-Raphson iteration is 

 

𝑥𝑛 + 1= 𝑥𝑛 – 
g (𝑥𝑛) 

g′ (𝑥𝑛) 
 = 𝑥𝑛−

𝑥𝑛−cos (𝑥𝑛)

1 + sin (𝑥𝑛) 
 

 

Starting with 𝑥0 = 1. 0: 

 

𝑥1= 1.0 – 
1.0 – cos (1.0)

1 + sin (1.0) 
 = 1.0 −

1.0 − 0.5403 

1 + 0.8415 
 ≈ 1.0 −

0.4597

1.8415 
≈1.0−0.2497≈0.7503 

 

𝑥2= 0. 7503 – 
0.7503 – cos (o.7503)

1 + sin (0.7503) 
= 0.7503 −

0.7503 − 0.7317 

1 + 0.6816 
≈ 0.7503 −

0.0 186 

1.6816 
 ≈ 0. 7503 −0. 0111 ≈ 0.7392 

 

𝑥3= 0. 7392 – 
0.7392 – cos (0.7392)

1 + sin (0.7392) 
 = 0. 7392 −

0.7392− 0.9391 

1 + 0.6741 
 ≈ 0. 7392 −

0.0001 

1.6741 
 ≈ 0. 7392 – 0. 000059733 ≈ 0.739140267 ≈ 0.7391 

 

The iteration results 

𝑥1 ≈ 0.7503 

𝑥2 ≈ 0.7392 

𝑥3 ≈ 0.7391 [19, 23]. 

 

The solution converges to approximately 𝑥 ≈ 0.7391, which is a fixed point where 𝑥 = cos(𝑥) 

Here, the method converges rapidly to the fixed point 𝑥∗ ≈ 0.7391 

Successive Approximations: This method shows gradual convergence, taking about 10 iterations to get close to the fixed point. 

Newton-Raphson Method: This method converges faster, requiring only about 3 iterations. 

The Newton-Raphson method is more efficient for this problem, given the faster convergence, but it requires the computation of 

the derivative. The successive approximations method, though slower, is simpler and does not require the derivative. Both 

methods ultimately lead to the same fixed point, 𝑥∗ ≈ 0.7391. 

 

Applications of Fixed-Point Theorem 

The Banach Fixed Point Theorem, which relies on real-valued metrics and contraction constants, guarantees the existence and 

uniqueness of fixed points in complete metric spaces. This theorem has broad applications across various fields: 

 

Economics: General equilibrium models leverage fixed point theory to ensure that economic equilibria converge to a stable state, 

facilitating accurate predictions and analyses of market behaviors [22]. 

 

Engineering: In control systems, the stability analysis often involves matrix equations where real numbers define metric spaces 

and contraction mappings. This ensures that the control systems are robust and stable [16, 24].  

 

Computer Science: Iterative algorithms frequently use real numbers to ensure the efficiency and accuracy of fixed point 

computations. This includes algorithms for optimization and numerical solutions where fixed points ensure convergence [10]. 

 

Physics: In dynamic systems analysis, fixed points represent stable states of systems. Real numbers provide the necessary 

framework for analyzing and predicting the behavior of these systems [11]. 

 

Discussion  

Completeness Axiom 

Our result showed that every non-empty subset 𝑆 ⊆ 𝑅 that is bounded above has a supremum sup𝑆∈𝑅. This is consistent with the 

Banach Fixed Point Theorem, which states that in a complete metric space (𝑋, 𝑑), if 𝑇:𝑋 → 𝑋 is a contraction mapping, then 𝑇 has 

a unique fixed point 𝑥∗ ∈ 𝑋such that 𝑇(𝑥∗) = 𝑥∗ and 𝑑(𝑇(𝑥), 𝑇(𝑦)) ≤ 𝛼 𝑑(𝑥, 𝑦) where 0 ≤ 𝛼 <1 This finding corroborates the 
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results by Mannan et al., [13] and Agarwal et al., [2], confirming that completeness ensures the existence and uniqueness of fixed 

points in such metric spaces. 

 

Archimedean Property 

Our result showed that for any 𝑥, 𝑦 ∈ 𝑅 with 𝑥 > 0, there exists 𝑛 ∈ 𝑁 such that 𝑛𝑥 > 𝑦. This prevents distortion from infinitely 

large values and is consistent with Majid et al., [12], who demonstrated that the Archimedean property ensures the finiteness and 

computability of fixed points. 

 

Bolzano-Weierstrass Theorem 

Our result confirmed that every bounded sequence {𝑥𝑛}⊆ R has a convergent subsequence {𝑥𝑛𝑘}converging to some limit 𝐿 ∈ 𝑅. 

This supports the convergence of iterative methods, ensuring that if {𝑥𝑛}is generated in a complete metric space, there exists a 

fixed point  

𝑥∗ such that lim
𝑛→∞

𝑑 (𝑥𝑛𝑘
, 𝑥 ∗) = 0. This aligns with findings by Howie [9], who demonstrated that this theorem guarantees fixed 

points through convergent subsequences. 

 

Intermediate Value Theorem 

Our result indicated that if 𝑓 is continuous on [𝑎, 𝑏] and 𝐿 is a number between (𝑎) and 𝑓 (𝑏), then there exists 𝑐 ∈ [𝑎, 𝑏] such that 

𝑓 (𝑐) = 𝐿. This theorem supports the existence of fixed points for continuous functions within specified intervals. Buchanan [7], 

similarly confirmed this, highlighting its role in ensuring the existence of fixed points in continuous functions. 

 

Mean Value Theorem 

Our findings showed that if 𝑓 is continuous on [𝑎, 𝑏] and differentiable on (𝑎, 𝑏), then there exists 𝑐 ∈ (𝑎, 𝑏) such that 𝑓′(𝑐) = 
f (b) – f(a) 

b−a 
. This theorem provides insight into the rate of change of 𝑓 and is used to optimize and analyze fixed point functions. This 

is consistent with results by Agarwal et al., [1] and Yadav [25], who applied this theorem for stability analysis and optimization in 

fixed point problems. 

 

Cauchy-Schwarz Inequality 

Our result confirmed that for any vectors 𝑢 and 𝑣 in an inner product space, ∣⟨𝑢, 𝑣⟩∣ ≤ ∥𝑢∥ ∥𝑣∥. ensures bounds and stability in 

fixed point iterations. This aligns with Shakhno [21], who used this inequality to ensure boundedness and stability in iterative 

algorithms 

 

Numerical Analysis  

In solving 𝑥 = cos𝑥, iterative methods such as Successive Approximations and Newton-Raphson are employed. Both methods 

converge to the fixed point 𝑥∗ ≈ 0.7391. However, the Newton-Raphson Method demonstrates superior efficiency, converging in 

approximately 3 iterations compared to the 10 iterations required by Successive Approximations. This highlights Newton-

Raphson's practical effectiveness for faster convergence. The consistency in results between these methods underscores their 

reliability and the crucial role of real numbers in achieving precise solutions. Our findings align with Mannan et al., [13], who 

demonstrated the effectiveness of fixed point methods in various practical applications, and Agarwal et al., [1], who confirmed the 

utility of iterative methods like Newton-Raphson in optimizing computational efficiency. This supports the theoretical 

underpinnings of fixed point theory and its practical applications. 

 

Conclusion 

This research highlights the critical role of real numbers in fixed point theory and matrix spaces. It explores the foundational 

concepts of these mathematical areas, demonstrating how real numbers affect the existence, uniqueness, and convergence of fixed 

points in diverse contexts. The study examines the implications of real numbers for stability and solutions, offering practical 

methods for addressing complex problems across different domains. Through theoretical analysis and practical applications, the 

research underscores how real numbers enhance the understanding and effectiveness of fixed point theory in mathematical 

modeling and numerical techniques. The findings are particularly relevant for solving challenges in fields such as engineering and 

economics, illustrating the profound impact of real numbers on both theoretical and applied mathematics. 
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