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Abstract

Sample surveys commonly have missing data, which calls for the use of statistical techniques to solve the
issue. Evaluation of the missing data can be done using the data collected from the population and
sample. This process is commonly referred to as the imputation technique. This publication introduces
Adaptive Cluster Sampling (ACS) estimation method in the presence of missing observations of study
variable in the sample. The Bias, M.S.E. and optimal M.S.E. of the proposed estimator are determined up
to first order using the concept of large sample approximations.

Keywords: Imputation, adaptive cluster sampling, factor-type (F-T) estimator, bias (B.), mean squared
error (M.S.E.)

1. Introduction

Adaptive cluster sampling is a sampling approach where all the units that satisfy a given
criterion are included in the sample coupled with a selected sample unit. Yadav et al. (2016)
[20] provides an explanation of adaptive cluster sampling (ACS). For example in epidemic time,
all those units were included in the sample, which are in relation with the Corona patient for
last 14 days. In the event that a Corona patient is discovered during testing, everyone who has
had contact with the patient during the previous 14 days is also examined.

Let 2 ={1,2,3,...,N} be a population and the ordered pair (V;,X;);i = 1,2,3,..., N be the

observations of i** individual. Assume the population mean ¥ = %Zivzle is the mean of the

variable under study or estimation and X = L N . X; is the population mean of auxiliary
N

variable and known in advance by past data or previous experience. Let a preliminary sample
of size n is drawn by SRSWOR from 0. Also, let A;;i = 1,2,3, ... ... ,n be the network of size
m; of unit i, that is selected in the preliminary sample. Let the means of ¥ and X in the it"

1 1 .
network are w,; = - Djea; Yjand wy; = - 2 jea; XjTeSpectively.

Adaptive cluster sampling may be considered as SRSWOR, if the average of A4; is considered

as sample unit. Then the unbiased estimate of population mean of study and auxiliary variable

. . _ 1 _ 1 . 1
is defined as @,, = ;Z’f:lwyi and @, = - T, wy; respectively. Also, sj, = — ?:1(wyz —

— \2 1 _ . . 1 N =\ 2
@y,)", sty = — i1 (wyi — @,)? are the unbiased estimator of 7, = EZi:l(wyi -7),

2 _ 1
SWX_

~— NiLs(wy — X)? respectively.

The unbiased estimate of population mean is ¥, = @, = % 1wy (1.1)
2. Review of Literature

The authors Pochai (2008) 8, Saheli (2003) ', Turk and Borkowski (2005) [*91 Singh and
Yadav (2019) 4, Yadav et al. (2016) 2%, Thompson (1990) 8! and others have all done
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work based on “Adaptive cluster sampling to estimate the population mean”. “Auxiliary variable-based estimators of population
mean under adaptive cluster sampling” have been proposed by Chao (2004) ©, Dryver and Chao (2007) [, Chutiman and
Kumphon (2008) I, Chutiman (2013) ™ and Chaudhury and Hanif (2015) . All of the techniques described in the literature rely
on data from the sample, but they are ineffective if certain observations of the primary study variable are unintentionally or for
other reasons absent. In this publication, a methodology for estimating missing data and population mean estimates was
established.

In this earlier discussion of the concept of missing observation, Rubin (1976) ¥ presented three examples of missing data patterns.
The first is the missing at random (MR), the second is the observed at random (OR) and the third is parametric distribution (PD).
The missing completely at random (MCR) distribution pattern, first described by Heitjan and Basu (1996) ! is examined in this
work. Thakur et al. (2011) ! used two-phase sampling to produce missing data. The theory of modern missing data analyses is
proposed by Baraldi and Enders (2010) ™. Further recommendations for “Missing data in stratified random sampling” were made
by Thakur, Yadav, and Pathak (2014) [,

3. Proposed Imputation Methods

Shukla and Thakur (2008) M used an F-T (factor-type) estimator as a tool of imputation and then derived an estimator for
population mean under SRSWOR. Shukla, et al. (2009) 14 - discussed factor-type estimator in two-phase sampling under
imputation of missing data for estimating population mean. Some other contributions of “Factor-type estimators to estimate the
population mean” are due to Thakur et al. (2016) (6], Thakur and Shukla (2022) % etc. he following are some suggested
imputation techniques for missing data under adaptive cluster sampling based on the inspiration of these papers:

Wyi lf ieR
a) (WyFTCI)i = {(f%:) [n¢1(k) _ T] lf iERC (31)
_Wyl- if ieR
b (wyrrez), = (:f:) [ne, (k) — 7] if i€R° 32
_Wyl- if ieR
c) (WyFTC3)i = %[n¢3(k) —7] if i€R° (3.3)
(A+c)X+fBWyn

where ¢)1(k) — ]§¢2(k) — (A+c)\7vxn+vaT/xr] ; <;b3(k) — (A+c))?+vaTlxr]

(A+fB)X+CWyp (A+fB)Wxn+CWyr (A+fB)X+CWyy
A=k -1(k—-2);B=(k—1)(k—-4);C=(k—2)(k-3)(k—4);
f= % and 0 < k <  is a constant.

According to sections 3.1, 3.2 and 3.3 the point estimators for ¥ are:

Terc1 = Wyr¢1(k)- Trres = Wyr¢2(k)l Teres = Wyr¢3(k)

4. Properties of Proposed Imputation Methods in Adaptive Cluster Sampling

Lete =271, 5 =% 1 and n = =22 -1, for the specified W, W,, and W, respectively. Then,

Y X X

E@)=E(@©)=E(7)=0
E (%) = M, Cjy , E (6%) = My Cix, E (%) = MyCix;
E (6) = My1pyyxCuwyCux, E (€7) = MypyyxCuyCux . E (67) = M,Cjx and

E(e!6) = E(eln/) = E(6'n/) =0 wherei+j>2; i,j=01234............

Remark 4.
- B c A+C A+fB
Define, 8, =—L2—;: @, = 05 = and 9, = 22
A+fB+C A+fB+C A+fB+C A+fB+C
where,

Cuw 1 1
G=(0,— 0,)=-(0; — 0,4); V:PwYX$IM1—;:M2—;and

- l) as = —0 (negligible) and €2, = Sy Cz, = Sivx and p = Swrx
r n N wy y2 ' CwX X2 P SwxSwy

=
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Theorem 4.1
[1.1]: The estimator Trr¢; With & ¢ and 7 up to first order of approximation, could be written as:

Trrcr =Y[1 + & + 0(n + en — 6,n7)]
Proof: Terey = Wy, 1 (k)

(A+0)X + fBX(1+n)
(A+fB)X + CX(1+n)

=70+ o]
Use of large sample approximation with section 4.0

=¥ (1+e) A +0;m)(A+0,n)t

=Y@A+e)@+6m) A — 0,m+ 62> — ........)
=V[1+ e+ 0@ + en — 8,02)]

[1.2]: Bias of Tpy¢q Up to first order approximation is:

B (Trre1) = -0 M, Y[6,Chx — puyxCuwy Cwx]

Proof: B (Trre1) = E (Terer - ¥)

=E[fY{1+ e+0(n+ en— 0,n*)} 7]

=-0M, Y [6,Cix — PwyxCwy Cux]

[1.3]: Mean squared error of Tpyq4 Up to first order is:

M (Tpre1) = Y2 My Cly + Mp0%Chy + 2M20 pyyxCuvy Cux]
Proof: M (Trr¢q) = E (Tprer — 9)2

=E[Y{1+ e+ 0+ en— 0,n*)}—Y]?

=Y2 [M,CEy + My02C2y + 2M,0 pyyyxCoy Covx]

[1.4]: The minimum m.s.e. of (Tgrcq) When &= -V and expression is:
M(Trre)min= (My — M2phyx) Siy

Proof: Minimum m.s.e. occurs when

:—9 M(Tprc1) =0

=20C2x + 2 puyxCuyCux =0at d=-V

= M(Trre1)min. = (My — Maplyx) Sey

Theorem 4.2
[1.1]: The estimator Terc, with €, 8 and 1 up to first order of approximation, could be written as:

TFTCZ = Y[(l + 8) + 9 {6 - n + 66 - ET’ + (92 - 94)67] - 6292 + 77294_}]
Proof: Trrc, = Wyr o (k)

(A+C)(1+ )X +fBX (1+ 6)
(A+fB)(1+ )X +CX(1+ 5)

=7(1+e)[

=YY@ +e)A+ 0,6+ 0;n)(1+ 6,6 +0,n)!

=YV[(1+e)+0{§—n+e6— en+ (6, —0,)6n — 526, +1n?0,}]
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[1.2]: Bias of Tgpcz Up to first order approximation is:
B(Trrcz) = -8YM5[6,Clx — PuyxCuy Cux]

Proof: B (Tprez) = E (Tprez — Y)

= E[Y{l + e+0{5—n+ed— en+ (6, — 0,)6n— §%6, +77294}} - 7]

=-0 M, Y[QZCVZVX = Pwyx Cowy Cux]

[1.3]: Mean squared error of Tpr, up to first order is:

M (Tprea)=Y? [MyChy + OM;3 {0C5x + 2 puyyxCuy Cux ]

Proof: M (Tercz) = E (Terez — ¥)?

=E[f{1+ e+0{6§—n+ed— en+ (6, — 6,)6n — 526, +n?6,}} — 7]2

= Y2 [MChy + OM3{0C3x + 2 puyxCy Cux )]

[1.4]: The minimum m.s.e. of (Trrc,) at = -V and expression is:

M(Trre2)min = (My — M3plyx) Siy
Proof: Minimum m.s.e., when

dd_g M(Tprcz) =0

=28C2y + 2 pyyxCuyCux =0at =-V

SM(Trrez)min. = (M7 — Mspgvyx) szvy

Theorem 4.3

[1.1]: The estimator Tprc5 with €, & and n up to first order of approximation, could be written as:

TFTC3 = 7 [1 + & + 9(5 + 85 - 5292)]
Proof: Trrcz = Wy, 3 (k)

(A+C)X + fBX(1+6)
(A+fB)X + CX (148)

=7+ o]
=Y(A+ e @+6,n)A+6,n)t

=V[1+e+0(6 + &5 — 626,)]

[1.2]: Bias of Trre3 Up to first order approximation is:
B (Trres) = -@ MY [0,Chx — puyxCuy Cux]

Proof: B (Trres) = E (Trres — Y)

=E[Y{1+ e+0(n+ en— 6,72} —7Y]

=-OM, Y [0,Chx — PwyxCuyCux]

[1.3]: Mean squared error of Tpyc5 up to first order is:
M (Tpres) = My Y2 [Cly + 0%Cix + 2 6 puyxCuy Cux]
Proof: M (Trre3)= E (Teres — Y)?

=E[Y{1+ e+60(n+ en— 0,n*)}-¥]?

~g~
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=My Y2 [Cly + 02Chx + 20 puyxCuyCux]

[1.4]: The minimum m.s.e. of (Trrc3)When &= -V and expression is:

M(Trres)min= (1 — phyx)M; S5y at = -V (4.12)
Proof: Minimum m.s.e. occurs when % M(Tprc3) =0

M(Trres)min. = (1 = payx)Mi Sty atg=-v

5. Values of k with optimality condition

The optimality condition & = —V provides the equation

AV+ V+1DfB+ (V-1)C=0 (5.1)

This is a cubic equation in terms of k, and for which M.S.E. is optimal, we obtain a maximum of three k values, such as k,, k, and
k. The best criterion for determining k's value is:

Step 1: For i, j=1, 2, 3, compute |B(TFTC)kj|

Step 2: For given values of i, choose k; as

|B(TFTC)kj| = minj_ 53 [|B(TFTC)kj|]
In the end, this provides bias control at the ideal m.s.e.

6. Comparison
[1]: The minimum M.S.E. of yppeq IS

M(Terc)min. = (My — Mapiyx) Siy
and the minimum M.S.E. of ygr,, iS
M(Terc2)min = (My — M3P&zyx) S\wa

Now, let D; = [M(Trrc1)min. — M(Trrc2)min )

(6.1)
= stv%/y (M3 — M)
S0, Vprey 1S better than yer., if D; >0
i.e. p282, (M3 — My) >0
~pisiy (1 -2)>0
=>5r < g
Hence D, > 0, therefore ypr., is better than yprc,.
[2]: Let, D, = [M(Terc1)min. — M(Tpres)min] > 0 62)
= (My — Myplyx) Siy —(1 = plyx)M; S5y >0 |
= M;p2S2, >0
Since D, > 0, therefore yzr.5 is always better than ypr.;.
[38]: D3 = [M(Trrcz)min. — M (Teres)min] > 0 (6.3)

=M, - MsPEvYX) S\%/Y -(1- P&/YX)M1S\/%Y

= M,p*Siy
G
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Since D5 > 0, therefore ypr.5 is always better than yer,.

7. Empirical Study
An artificial population in Table 7.1(a) and Table 7.1(b) generated the values of main variable and auxiliary variable with size N =
400. The summary regarding population is given below:

uy = 1.2275;  py =.56500;  S2,=12.6791; S2, =3.79790
Pwyx = 0.80710; Cyux = 3.44920; C,,y = 2.9008; K, prX = 0.67877

Given a random sample of size n = 20; f = 0.05 by SRSWOR calculated values of the constant k, the three degree equation in
terms of k yields three k values by solving the optimum condition 6 = -V

k, =7.3283849; k, =1.7091097; k3 =2.3370733

Using 30,000 repeated samples selected by SRSWOR from population N = 400, Bias (B.) and M.S.E. (M.) of the proposed
estimators are calculated. Tables 7.2, 7.3 and 7.4 provide the results of the calculations. The following steps are part of the
simulation process:

By using SRSWOR, select a random sample of size n = 20 from the population of N = 400.

Dropout 2,4,6,8 units randomly from each sample corresponding to Y.

Using the suggested and existing methods, compute and impute the dropped units of y.

To obtain numerous sample-based estimations, repeat the previous steps 30,000 times.

The Bias of ¥, is obtained by

ISR A o

1
30,000

B (§) = 55000 Zict [(33)-Y]

6. The M.S.E. of ¥, is obtained by

M (@) = TECIE) - Y1

30,000

o|Oo|o|o

w
w

O|O|O|0O|0|Oo|Oo|w(tfw(Oo|O|o

N
©

O|0O|O|0|O|0|O|FR |k |IN|O|o|Oo|o|Oo|o|o|o|o|o

OOOOOOOOU‘IOU‘IOOOOOBOOO

O|o|Oo|o|Oo|o|o|o|N|O|w|o|o|o|o|o|~(Oo|o|o

O|O|O|O|O|0O|0O|O|w|o|o|o|o|o|o|h|l0|NM(O|O

o|o|o|o|o|o|o|o|w|o|u|u|s|R|o|w|o|R|v|o

O|O|O|O|O|O0|0|O0O|Oo|r|Oo|o|o|o|N|O|o|o|o|o

OOOOOOOOOOOOOOU‘IBOOOO

OO0 |0O|0|0|0|0O|(Oo|Oo|o|o|o|o|0o|0|o|o|o|o
OOOOOOO\I&%OOOOOOI—‘OOO
O|o|O|0o|O|o|O|0|O|~ |~k |Oo|Oo|O|NMV|I|O|O|O
O|O|O|0|0|0|0|0O|(O|O|x|(N|Oo|o|Oo|Oo|o|u1|o|Oo
O|O|O|0O|0O|0O|0|0O|(o|Oo|~jOojUjO|O|0O|0O|O|O|O
O|O|O|0|O|o|o|0|Oo|0o|u|N|(N|Fk|O|o|o|o|o|o
O|O|O|O|Oo|O|0|O0O|Oo|o|r|(N|o|o|o|o|o|o|o|o
O|O|O|O|Oo|O|0|Oo|Oo|o|o|o|jo|o|N|O|o|o|o|o
O|O|O|0O|0O|0|0|0O|Oo|o|o|o|Oo|o|Fr|O|o|o|o|o
OOEOOOOOOOOOOOOOOOOO
O|O|O|0O|0|0|0|0O|Oo|o|o|o|o|o|o|o|o|o|o|o
OOEOOOOOOOOOOOOOOOOO

o

Table 7.1(a): Population of study variable (Y)
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ojojoj0|0O|jO]|JO|O|O]O|O|JO|OJO|O|]O|O|JO]|O]O
ojojojo|0O|J0O]JO|2|0O]O]|O|JO|OJO|O]|]O]|O|JO|O]O
0j0j0|0O]JO]jO]|21]11] 3 0|0|J]O0O]J]0OJ]O]JO]O]O]jO]O]O
0|0|0|11|2|2|1]0 ]| O 0|0|O0O|JO|O|O]O0O|OjO0O]|O]|O
0|joj0of0|1|]0]|2|4|0] 0 |0O|OJO|12|/0]|0]|0O|15|/0] O
0jojo|0O|0O|jO0O]JO|O|O]O]|O|O|3]2|3|0]|0]J2]|0]O
0j0j0|0O]|]O]jO|0O]16]| O 0|0|]O0O]OJO|JO]O|O]jO]O]O
ojojojojojojoj27]o0 2 13/]0]0j0O|JO0O]0O|0O]jO0O]O0O]O
0|0 0|0]O|O|O] 2| 2 0 [3|3]|2(1|0]0|0j0]|0]|O
0|0J0|2]|2|1]|]0|2|3]|]2|2|0|0|j2|0]|O0O]|O|JO](O]O
0|3/18/0|2|2|0|4|0]O0O|O|JOJOJ1|0O|]O|O|JO]|O]O
0j0j2|2]|]0|3|1]1]0 0|0|]O0O]J]OJO|JO]O|O]jO]O]O
0jo0|3|0j0j0O0JO]0O]O 0|0|]O0O]J]OjJO|JO]O|O]jO]O]O
0jojojojojofo0j0]|O 0O|0|O0O|JO|O|O]O0O|OjO0O]|O]|O
ojojof0|0O|jO]|JO|O|O]O|O|JOJOJO|O]|]O|O|JO]|O]O
ojojof0|0O|j0O]|JO|O|O]O|O|JO|OJO|O]|]O|O|JO]|O]O
ojojojojojojojoj]o 0|0|]O0O]J]OjJO|JO]O|O]jO]O]O
ojojojojojojojoj]o 0 |]0|0]|]0OJ]O0O|0]0 22/ 0 ]|0]12
ojojoj0|0O|j0O]|JO|O|O]O|O|JOJO|27|0]|O|O|JO]|O]O
ojojo|o0oj0jOJjO|O|O]O]|O|JOJOJO|JO]|]O|O|JO]|O]O
Table 7.1(b): Population of auxiliary variable (X)
. Bias Min M ()
Estimator r=2 r=4 r=6 r=8 r=2 r=4 r=6 r=8
(Terci)x, 0.142428 -0.03776 -0.21925 -0.40034 0.032949 0.021061 0.07296 0.187201154
(Terci)x, 0.610169 0.367497 0.125334 -0.11653 0.405108 0.174662 0.064641 0.068279
(TFT61)k3 -1.56612 -1.51794 -1.47796 -1.43713 2.89209 2.636008 2.418857 2.2209
Table 7.2: (Bias and M.S.E. of Proposed Imputed Estimator Tgrcq)
. Bias Min M ()
Estimator r=2 r=4 r=6 r=8 r=2 r=4 r=6 r=8
(TFTCz)k1 7.389107 6.95252 6.430321 5.773983 58.7837 52.03236 44,9283 36.80497
(TFTCz)k2 7.394771 6.978003 6.486873 5.878859 58.86653 52.3883 45.6707 38.07254
(TFTCz)k3 7.374499 6.889691 6.296189 5.540064 58.57071 51.16066 43.19261 34.06973
Table 7.3: (Bias and M.S.E. of Proposed Imputed Estimator Tpgpcz)
. Bias Min M ()
Estimator r=2 r=4 r=6 r=8 r=2 r=4 r=6 r=8
(Tercsdk, 0.28103 0.258219 0.225305 0.189001 0.097953 0.085576 0.069752 0.064273
(Tercs)k, 0.731155 0.62623 0.515273 0.403244 0.557686 0.409248 0.285152 0.191899
(Terc3)dk, -1.33298 -1.06788 -0.80854 -0.56601 2.3185 1.584344 0.987845 0.589158

Table 7.4: (Bias and M.S.E. of Proposed Imputed Estimator Tpyc3)

8. Conclusion

In the present paper some new factor type imputation procedures are advocated in adaptive cluster sampling scheme and their
theoretical results are obtained under large sample approximations. A simulation study perform over 30,000 samples for
comparison purpose while considering missing observations as 2, 4, 6 and 8 respectively in the sample of size 20 and obtained the
bias and m.s.e. of proposed estimators. From the table 7.2, 7.3 and 7.4 the estimator (Trrc3),, has minimum bias and mean
squared error for all values of r. Hence we conclude that the estimator (Trr¢3)k, is best for imputation purpose. Again the
property of this estimator in the multiple choices of k, so that we can select the optimum value of k, for which we obtain minimum
m.s.e. with its bias.
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