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Abstract
The paper aims to give a new structure concept of Mixed structure of approximate Serre co-fibration
(MASCof.). Furthermore, mixed approximate Serre cofibration is covered by the same theorems that
apply to approximation Serre cofibration. We define this structure and we proved some theorems and
properties
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1. Introduction

In this paper there is a description of the mixed approximate Serre co-fibration and
approximate homotopy extension property. In [ 2 3 mention if g: E — B is a function has an
approximate lowering homotopy property (ALHP) with respect to X provided that given & is
open cover of X if and only if define a function f:B — Yand a homotopy g;:E —
Y satisfying f o g = g,, then there exists a homotopy f;: B = Y with fy = fand f, o q is &
closed g, forallt € I.
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Also 4 The map q is co-fibration if it has the approximate lowering homotopy property. In
addition to that [* 5 assume q:E — B be a continuous function of spaces, g has the
approximate lowering homotopy property (ALHP) with respect to a CW- complex space Y.
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Diagram 1: (L.H.P)
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If Y is the space of all CW- complex space or (all finitely triangulable spaces), then q: E — B is called an approximate Serre co-
fibration.

2. Mixed approximate Serre co-fibration

Let fi: Ey = Z, f,: E, — Z are two fiber space and a: E, —» E; where f; c a = f,, let E; = {E}, E,}, fi = {f1, f> } with Z be a CW-
complex the {E;, f;, Z, a}, has Mixed approximate lowering homotopy property (MALHP) ! with respect to a CW-space Y iff
given a map k:Z — Y and a homotopy g,: E; — Y satisfying k o f, = g, o a then there exist a homotopy k;:Z = Y with k, = k
and k; o f; = g, forall t € I. M-fiber space is called M approximate Serre co-fibration.
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Diagram 2: (M-L.H.P)
Proposition 2.1. Every Serre co-fibration is Mixed Serre cofibration.
Proof: Let {E;, f;, Z, a} be a M-fiber space such that E; = E, = E, a = identity and f = f; = f,. Let k: Z — Y and a homotopy

ge:E1 = Y where ko f, = g, o a, there exist a homotopy k.:Z — Y with ko =k and k.o f, = g, for all t € I then f; has
(MALHP) with respect to Y. Therefor f; has M approximate Serre co-fibration.

|1

Diagram 3: (M-S co-fibration)

kot

Proposition 2.2. The product of two mixed approximate Serre co-fibration are also mixed approximate Serre cofibration.

Proof: Let f;: E; » Z and f;: E; — Z be two mixed approximate Serre co-fibration, and let Y be a CW-complex space, to prove
fi X fi:E; X E; —» Z x Z mixed approximate Serre cofibration.

Suppose k*:Z x Z — Y bemapwhere k:Z > Yand k:Z - Y

Define g;:Ey X E; > Y ask* o (f, X f5) = g§ o (a ° @) such that g.: E; — Y and g,: E; - Y since f;, f; are M approximate Serre
cofibration.

There exists a homotopy k.:Z — Y with k, = k and k, o f; = g, and a homotopy k,: Z — Y with k, = k and k, o f; = g,. Now,
forki:Z x Z - Y define as ki o (f; X f;) = gi and kg = k*. Therefore, f; X f;: E; X E; > Z x Z is M-Serre co-fibration.

# X-’ 7
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Proposition 2.3. Let f;:E; » Z and f;: E; » Z be two mixed approximate Serre co-fibration then mixed pullback of mixed
approximate Serre co-fibration is also M approximate Serre co-fibration.

Proof: Let k: Z - Y and k: Z — Y. Define a homotopy g;: E; — Y suchthak o f, = g, ° a, since f; has M-Serre cofibration then
there exists a homotopy k;: Z —» Y with k, =k and k; o f; = g;.
Defin g,:E; » Y such that k o f, = g, o @ and g, = g, o [ then there exists a homotopy k,:Z — Y with k, = kand k, o f; =
gq.Therefore f;: E; — Z has mixed approximate Serre cofibration.
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3. Homotopy Extension Property
A subset A c Y is said to have the homotopy extension property (HEP) with respect to Y, iff any partial homotopy:

H:YX{0JUAXI—Z
Can be extended to a homotopy H:Y X I — Z

If A c Y has the (HEP) with respect to every Z, then A c Y is said to have the absolute homotopy extension property (AHEP).
Definition 3.1. ™ A subset A c Y has the approximate Fiber Homotopy Extension Property (AFHEP) iff for any Serre
fibration q: E —» B and map G:Y X {0} U A x I - E such that qG(y,t) = qG(y,0) wherey € Y,0 < t < 1 there is an extension
H:Y x I - E of G such that qG(y,t) = qG(y,0).

Definition 3.2. A subset A,,A4, c Y has the mixed approximate fiber homotopy extension property (MAFHEP) iff for any M-
Serre fibration g;: E; > Bwherei = 1,2, and map G;:Y X {0} UA; XI - E;, G,:Y X {0} U A, X I - E, such that

P1G1(y1,t) = p1G1 (71, 0), P2Go (¥, t) = PG (y,,0), where y;,y, €Y,0<t <1, there is an extention H;:Y xI — Ej,
Hy:Y X I - E, of Gy, G, such that q; Hy (¥4, t) = q.H,(1,0), q2H(y2,t) = q2Hz(¥2, 0).

Theorem 3.3. If g;: E; — B is Mixed approximate Serre co-fibration of a compact Hausdorff E; into a Hausdorff space B, then g;
must be an imbedding.

Proof: First let us prove that g; must be injective. This will be proved by contradiction.

Assume that g; were not one-one. Then, there exist two distinct points u; and v; in E; with p(u;) = p(v;). Since E; is normal, and
{u;}, {v;} are closed subsets of E;, there exists a continuous function

AiEy -

And

Az: E2 d I

WhEI'EI = [0,1], With Al(ul) = 0, 2.1(171) = 1, and lz(“.z) = O, 2.2(172) = 1.

Define a homotopy f;: E; = I and g;: E, = I by f;(e;) = tA,(e;)and g.(e;) = tA,(e,), e; € Ey, e, € E,, t € I and define h: B —»
Ibyh(b)=0forallb eB

Es = » Fq
g
qo J’fr
l:l’|_
B .|
h

Then, we have hq, = f, and hq, = g,.
But q.: E; = B and q,: E, — B are a M-Serre co-fibration, hence there exists a homotopy h;: B — I such that hy = h, and h,q; =

fe

h:q, = g, forall t € I. Now
HCRESACHED ACACH))
L () = £i(v) = hy(q: (1))
And

A2 (uz) = g1 (uz) = hy(42 (1))
1(;) = g, (v) = hy (q,(v))

Since g, (u;) = q,(v,), therefore A, (u;) = 1,(vy) and q,(u,) = q,(v,) therefore A, (u,) = 1,(v,) But
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M) =0#1=24(v)

And

Aa(uz) =0 # 1= 21;(v,)

Therefore q; must be injective. Since E; is compact Hausdorff and B is Hausdorff, hence g; must be an imbedding.

Hence q,: E; = B and q,: E, — B are a mixed approximate Serre co-fibration, when E; c B has the HEP with respect to all CW-
complex spaces.

Theorem 3.4. Let A; be a closed subspace of topological space Y;. Where i = 1,2. Then (Y;, 4;) is a Mixed approximate Serre
cofibered pair if and only if there exists:

1) A neighborhood U; of A;which is deformable in Y; to A4; rel4; (there exists a homotopy H;: U; X I — Y; such that H;(y;,0) =
v1, Hi(aq,t) = a;and H,: U, X [ - Y, such that

Hz(yz, O) = yz,Hz(az, t) = azand Hl(yl’ 0) € Al’HZ(yZ’ 0) € AZ fOI‘ a” yl € Ul A yz € Uz, a1 € Al N az € Az, t e I

2) A continuous function ¢;: Y; — I such that A; = ¢71(0), ¢,(y,) = 1 and A, = ¢31(0), p,(y,) = 1forally, €Y, — Uy, y, €
- U2.

Proof: Suppose that (Y;, 4;) is a M-Serre cofibered pair. Then there exists a retraction

Yy X1 - (Y, x0)U(4; xXI)

Where i = 1,2, and U;, H; and ¢; may be chosen as follows:

Uy ={primi(vi, 1) € A;}

H; = prir;|U; X 1

@i(yi) =supt €1t —pryry(yi, )]

pry; and pr, denoting projections on Y; and I, respectively.

Conversely, suppose that U;, H; and ¢; are given and satisfy the conditions of the theorem. Since 4; is closed it suffices to prove
the existence of a retraction.

Yy XTI - (Y, x0)U(4; xI)

The required retraction may be constructed as follows:
a) If 1‘Pi()’i) =1, letr;(y;, £) = (;, 0).
b) If> <) <1 letr(y,t) = {(Hi(), 2(1 — @1 (y1))t), 0). (Ho(v2), 2(1 = <pz(yz))t) 0).

0 170 < () <3and 0 <t < 20,0, let i3, 1) = {(Fi 01, G o DVO)- (Ho 021 555 ))0).

d) If0<g(y) < ;and 20,(y) =t <1, letry(y;,0) = {(H1()’1' D, t- 2‘/’1()’1))- (Hz(}’z' 1D, t =20, (}’2))-
e) Ifo;(y) =0 letr;(y;, t) = (¥, ).

Lemma 3.5. If (Y;, 4;) is mixed approximate Serre cofibered pair, where i = 1,2, then (Y; X 0) U (4; X I) is a strong deformation
retract of Y; x I.

Proof: Letn;: (Y; X 0) U (4; X I) c Y; x I be the inclusion map, and let
Y, x> (Y; x0)U(4; XI)

be a retraction. A homotopy

Dyinyry = 1y rel(Yy X 0) U (Ay X I)

And

Dyimary = 1y, rel(Y, X 0) U (A, X 1)

Is given by

Di(yit,t) = (primi(yi, (1 = £)t), (1 = £)pryri(y,, £) + 1)

~3g~
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Where j = 1,2,1 = 3.
Dy(y1.t,t) = (prira(yo, (1 = £)t), (1 — £)prary (31, ) + £8).

Dy(y t,t) = (prory(va, (1 = £)t), (1 = ¢)prary (v, ) + £t).

Theorem 3.6. Suppose that p;: E; = B is M-fibration, that A4; is a strong deformation retract of Y;, and that there exists a map
@;:Y; > I'suchthat A; = p71(0)and 4, = ¢31(0).Then any commutative diagram

Es < fa A, h E,
P2 ha me M P1
B « fa Y; f1 » B

may be filled in with a map h;:Y; = E; such that p;h, = f,, p.hy = f, and hyny = f1, hon, = f,. h; is unique up to homotopy
relA;.

Proof: By hypothesis there exists a retraction ry: Y; = A,,1,: Y, = A,and a homotopy
Dyimyry = 1y, relAyq,
Dyimpry = 1y, relA,.

If h:Y; » E, and h,:Y, — E, such that h;n; = f;, then h; = h;n;1; = f; relA which proves the last assertion of the theorem.
Define D;:Y; X I - Y; by

Di(y1,t) = {D1(y1, Di(yy, Dt = ¢1(y1)

t
(1 vt < o1(y1)

Dy(y2, ) = {Dy(y2, Dy(y, Dt = ¢3(y2)

t
(2(720)) t < 92 (32)

D; is easily shown to be continuous. Because p; is a fibration there exists a homotopy F;:Y; X I = Ej, Fp: Y, X I — E, such that
p1Fy = fiDy, p1Fy = fiDy and Fy (31, 0) = firn (o), F(y2,0) = fara(y2) for each y; €Yy, y, €Y,. hy is given by hy(y;) =
F;(vo 9:(v), where i = 1,2.

Theorem 3.7. Suppose that p;: E; — B is a mixed approximate fibration, that (Y;, 4;) is a mixed approximate Serre cofibered pair,
and that 4; is closed. Then any commutative diagram

By P (vix0)U(AxT) —I By
w V
p2 " o
Ny e
~ -~
B Fs y; X I F 7 B

may be filled in with a homotopy F:Y; X I - E; such that p, F; = F;, p,F, = F,and Fi|(Y; X 0) U (4; X I) = f;.

Proof: According to the lemma(4.5), and by theorem(4.4) there exists a Function ,:Y; » I,,:Y, - I such that A, =
P11(0),4; = ¥37(0).

Define ¢;:YVi X1 =1 and ¢@,:Y, X1 —>1by @,(y,,t) =t (y)and @,(y,, t) = t,(y,). Then (¥; x0)U (4, XI) =
e71(0)and (Y, x 0) U (4, X I) = ¢51(0) and the theorem follows from theorem(4.6) The condition that 4; be closed is not very
restrictive. For instance, A will always be closed if Y; is Hausdorff. Not all M-Serre cofibration are closed. The most trivial
example of a non-closed M-Serre cofibration is the pair (Y, a,), (Y3, a,) where Y; is the two-point space a;, b; with the trivial

topology
~3g~
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4. A mixed criterion for a map to be a mixed APPROXIMATE Serre Co-fibration
The M-criterion, which enables us to identify M-Serre Cofibration when we observe it, is discussed in this section. We frequently
examine pairs (Y;,A4;) that comprise a space A;. and a subspace A4;. Pairs that "behave homologically" in the same way as the

corresponding quotient spaces % are known as M-Serre Cofibration pairs.
A

Definition 4.1. A pair (Y;,4;) is an Mixed Neighborhood Deformation Retract pair (MNDR-pair) if there is a map w:Y; —
I,v:Y, - I such that u=1(0) = A;,v1(0) = 4, and a homotopy h:Y; X I - Y;,k:Y, X I - Y, such that hy = id, h(a;,t) = a,
and ko = id, k(a,,t) = a, for a; € A;,a, € A, and t €1, and h(y,,1) € A; if u(y;) <1, and k(y,, 1) € A, if v(y,) < 1.
(Y;, 4;) isa MDR-pair if u(y;) < 1,v(y,) < 1forall y, € Y;,y, € Y,, that means 4; is a deformation retract of Y; where i = 1,2.

Lemma 4.2. If (h;,u;) and (k;, v;) represent (V;, 4;) and (Z;, B;) as (MNDR-pairs), then (I;, w;) represents the (product pair)
(Y; X Z;,Y; X B; U A; X Z;) as an MNDR-pair, where w; (y;, z;) = min(u;(y;), v;(z;)) and

tv;(z;)
KETHCS))

L zi,t) = {(hi(yi: t), k; (z- tui (ye)

Y vi(z)

)) if vi(z) = w;(y;) (hi< :ki(Zi't)> if wy(y;) = vi(z)

If (Y;,A;) or (Z;,B;) is a DR-pair, then so is (Y; X Z;,Y; X B; U A; X Z;).

Proof: If v;(z;) = 0 and v;(z;) = u;(y;), then u;(y;) = 0 and both (Z;, B;) and (Y;, 4;), therefore we can and must understand
l;(y;, z;,t) to be (y;,z;). This and the symmetric observation make it simple to verify that I; is, as intended, a well-defined
continuous homotopy.

Theorem 4.3. Let A; be a closed subspace of Y;, where i = 1,2. Then the following are equivalent:
o (Y;,A;) isan MNDR-pair.

(Y; x I,Y; X {0} U A; x I)is a MDR-pair.

Y; x {0} U A; x IisaM-retractof ¥; x I.

The inclusion n;: A; = Y; is a M-Serre cofibration.

Proof: According to the lemma, (a) entails (b), (b) simply implies (c), and (c) and (d) are equal, as we have previously
determined. Assume given aretractionr; : ¥; X I - ¥; X {0} U 4; x .

Let pr:Y; X I = Y;and pry,: Y; X I — I be the projections and define u: Y; — I by

u(y,) =sup sup {t — pra 1 (y1, )|t € I},

and v:Y, = I by

v(y,) =sup sup {t — pry 12(y2, t)|t € I}

h:Y; xXI->Y by

h(yy,t) = priri (¥4, £)

andk:Y, x I - Y, by

k(yz, t) = prara (2, t)

Then (h,w), (k,v) represents (Y;,A;) as an MNDR-pair. Here u~1(0) = A, since u(y;) = 0and v~1(0) = 4, since v(y,) =
0 implies that r;(y;, t) € A; x I for t > 0 and thus also for t = 0 since 4; x I isclosed inY; x I,where i = 1,2.

Example 4.4. Letn,: A, — Y;and n,: A, — Y, be a M-Serre cofibration, where i = 1,2. We then have the commutative diagram

o
——
Mane Ag Y2
Mim = Ay o 1
™

Where k;(a,) = (a;,1) and k,(a,) = (a, 1) where M;n; =Y; U, (A; X I). The obviou homotopy inverse [;:Y; - M;n; has
l;(y;) = (y;,0) and is thus very far from being a map A;. The proposition guarantees that I; is homotopic to a map under A; that is
homotopy inverse to r; under A;

5. Conclusion

We mention the most important result that reached through our study mixed structure Serre cofibration as following:
e Every approximate Serre cofibration is Mixed approximate Serre cofibration.

e product Two Mixed approximate Serre cofibration is also Mixed approximate Serre cofibration.

e M-pullback of Mixed approximate Serre cofibration is also Mixed approximate Serre cofibration.

~40~
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Let A; be a closed subspace of Y;, Then equivalent: The inclusion n;: 4; = Y; is a mixed approximate Serre cofibration.
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