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Abstract

In this proposal, we suggest using marginal probabilities to determine the joint distribution of two
random variables. Additionally, we provide a method for calculating the uncertainty of mutual
information in order to determine mutual information in machine learning. Lastly, we apply our newly
discovered mutual knowledge to credit scoring.

Keywords: Mutual information, probability theory, joint entropy, entropy, conditional entropy, machine
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Introduction

In recent times, mutual information has become a crucial indicator of statistical reliance. In
engineering, particularly in machine learning, it has been applied as a criterion for feature
selection (see [*®! and the references therein). Shannon originally presented its antecedent,
known as the rate of transmission, in a classic work [ for the communication system in 1948.
Entropy was initially established by Shannon for a single discrete chance variable. Using the
joint distribution, he subsequently established the joint entropy and conditional entropy for two
discrete chance variables. Lastly, he stated that the difference between the entropy and
conditional entropy represents the rate of transmission. Different definitions of mutual
information have been proposed since Shannon's groundbreaking work ™. These definitions
can be broadly classified into two classes: (1) definitions involving random variables and (2)
definitions involving ensembles, or in mathematical literature, probability spaces.

The joint distribution of two random variables is necessary for the definition of mutual
information. More specifically, Kullback (1959) B! defined entropy, conditional entropy, and
joint entropy using elementary mathematical techniques. Using probability theory, Pinsker
(1960, and 1964]) [ tackled Shannon's basic [*> ¢ jdeas in a more sophisticated way. His
definition of mutual information was more expansive, implying that the two random variables
had different probability domains.

Using Shannon's method, Ash (1965) [/ defined mutual information, specifically presuming
that the two random variables shared the same probability space 171,

The joint probability measure of the joint sample space of two ensembles determines the
definitions. Three authors of such definitions—Fano (1961) [¥1, Abramson (1963) 19, and
Gallager (1968) [*—evolved their concept in a similar way. They defined condition entropy,
ensemble entropy, and joint entropy of two ensembles first.

They then clarified what a joint event's mutual information was. They determined the mean
value of the mutual information of a joint event, noting that it is a random variable. They
dubbed the outcome the mean information of two ensembles.The definition of y's conditional

entropy H, (y) is

He() = = 4. 1) logp (/) = = i) log 25 (11)
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Then the following relation holds
H(x,y) = H(x) + Hx (y) = H(y) + Hy (x)
H(x) — Hy (x) = H(y) — Hx(y) = H(x) + H(y) — H(x,y) (1.2)

The difference between H(x) and H,, (x) is the definition of the information transmission rate, or R. As a result, there are two
methods to express R:

R=HX —Hy (x) = Hy) = Hy(y) = HX) + Hy) = H(x,y) (1.3)

Remark 11.Shannon did not discover the precise equation for R:

R = 3i;p(i,}) log = (14)

Give the following definitions for the joint, entropy, and conditional entropies:
H(x,y) = _ZiZj Pij log DPij
H(x) = — Xip;logp;

H(y) = — X pjlogp;

H(y/x) = Xipi Hy/x) = = i log ! (L5)
H(y/x) = Zips HO/x:) = = %% py log !
Then H(x,y) = H(x) + H(y/x) < H(x) + H(y) and H(y) = H(y/x)

Ash [ started with two arbitrary variables. X and Y made the assumption that their probability spaces were identical. By using
Shannon's approach, he methodically described the entropy, conditional entropy, and joint entropy in . Finally, he indicated
H(X) — H(X/Y) by I(X/Y) and referred to it as the data that Y had sent regarding X. Pinsker [¢1 used probability theory to address
Shannon's basic ideas in a more sophisticated way. Assume that there are two random variables § and p: one defined on a
probability space (€, S, ,Ps), and the other one defined on a probability space (¥, S,, B,), and both of them are taking values in a
measurable space (X, S,) and ((Y,S,). Then, the pairs, p of random variables may be regarded as a single random variable (5, )
with values in the product space XxYof all pairs (X, y) with xeX, yeY.

The distribution of (,) is referred to as the joint distribution of random variables & and p.The product of the distributionsPs (.)and
B, () represents the distribution Ps,,, (.)defined on S, xS, .

Psyu(EXF) =. Ps (E)XPB, (F) (1.6)
For E €S, and F €S,

If X and Y are discrete random variables with countably many points each, for example,{x;, X5, ..... }.and{y,y5, ... } then

Psu(xi,yi)
108, 1) = Xij Poxy (X1, ¥j) logm .7

I(8, ) is called the information of § and u with respect to the other.

Assume X is a discrete variable with the probability mass function P(x) = Pr{X= x}, xeX and the alphabet X. The probability
mass function p(y) = Pr{Y =v},, YEY and the discrete variable Y with the alphabet Y are both assumed.

Suppose that the joint mass function (joint distribution) of X and Y is p(X, y). The mutual information 1(X,Y) can then be defined
as

xy)
I(X, Y) = ZXEX Zer p(X' Y) log%

Gallager 9 Jater introduced the idea of mutual information into communication theory using a more complete and in-depth
method. In fact, he merged and combined the findings from Abramson %! and Fano [,

Let's assume that each discrete ensemble, X and Y, has a sample space {a; a,........ agtand {by b,........ b}

Consider the joint sample space {(ay,.b;):1< k <K, 1 <j <J}. A probability measure on the joint sample space is given by the
join probability Pyy(ay,,b;,), defined for ISk <K, 1 <j<1J.
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A joint sample space multiplied by a joint probability measure for outcomes x and y yields a joint XY ensemble.

It is thus possible to determine the marginal probability as

Py (ax) = Xy Pey(ai, by ) k=12,........ K (1.8)
Py (b)) = XK. Pyy(ar, b)), i = 1,2, ] (1.9)
This is expressed in shorter notation as

P(y) = 2« P(xy) (1.10)

Given that outcome a,, of X is, the conditional probability that outcome y is b;, if Py (a,)>0,>0 is defined as

Pxy(ag,bj)
Pov o (b /) = =5 (111)

The definition of the mutual information between occurrences x= a; and y = b; is

P, (b;/ay) Pyy(ay,b;)
Y/ X))\l %k Xy \Y%k,» &),
Iyy(ag, b)) =log————=log—————
o Py (a;) Py (@) Py (b))
_ Pxy(ak,/bj) _ _
=log—= o~ = Irix(ax, bj) (1.12)
_ VK L Pxy(ak,bj)
I(X,Y) = Xk=12j=1 Pxy(ax, b;) log Px@OPy (b)) (1.13)

By means of an information channel consisting of a transmitter of alphabet A with elements a; and total elements t and a receiver
of alphabet B with elements b; and total elements r, Abramson (101 denotedH(A) — H(A/B) = XagP(a,b) log(P(a,b)/P(a)P(b))
by 1(A,B) and called it mutual information of A and B. The rate of transmission in M or the mutual information 1(X,Y) between
two continuous random variables X and Y [ is defined as

P(x,
I(X,Y) = [ P(x,y) log o= dx dy, (1.14)

However, differential mutual information is much less prevalent than discrete mutual information. On the one hand, the joint
density function in question needs to be calculated because it is typically unknown 1% 4. However, as most data utilised in
machine learning and engineering are finite, mutual information between discrete random variables is used.

Our Claims

In information theory Kullback's formulation was more concise and mathematical. While Ash's 2 definition adhered to
Shannon's approach, it was more methodical. Because Pinsker's formulation made use of probability theory, it was the most
mathematical. In terms of communication theory, Gallager's definition was more thorough and comprehensive. Because of its
brevity, Cover and Thomas's concept has become accepted as standard practice in information theory.

Some mathematical errors exist in these different definitions of mutual information, though. Marginal probabilities are redefined
from the joint probabilities. In actuality, the marginal probabilities need not be redefined from the joint probabilities since they are
provided by the ensembles. With the exception of Pinsker's definition, either assume that the two random variables have the same
probability space or ignore the probability spaces. The above definitions make the assumption that there is a joint probability
measure or distribution. However, they all fail to acknowledge a crucial fact: the joint probability measure or joint distribution is
not unique.

Now, if X be a finite discrete random variable on discrete probability space (Q,, F;,,P;,) with Q; = {0, w,,..... }. and range
{X1, X2, .00 } with K< n. Let Y be a discrete random variable on probability space (Q,, F,,,P,,) with Q, = {p{,p2,----Pm-}- and
range {y,¥2,----Yp- }- with L <m.

If X andY have the same probability space (Q, F, P), then the joint distribution is simply

Pyy X =x,Y =y) = P(wQX(w) =x,Y(®) =y) (2.1)

The joint distribution becomes more complex, though, when X and Y have separate probability spaces and, consequently,
different probability measures.

A joint probability measure of Pyy of P, and P, is
Py (A) = Pxy(A4/Q,) = ;'n=1 PXY(A/{pj}) (2.2)
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P, (B) = Pxy(Q, /B) = ¥i%; Pxy({w;}/B)

Claim 2.1. The product probability measure, also known as the product distribution, is the joint probability measure that exists for
any two discrete random variables.

Proof: As previously stated, let X and Y be random variables.
Define a function from (Q,x Q,) to [0, 1] as follows:

Pyy (wi'pj) = P1((Di)/P2(pj) (2.3)

Then Xz, Y7L Pry (@i, p5) = Xizq Xj21 Pr(wi) /P2 (py)

=Xt P/ 22, Pa(pp) = 1 (24)
Hence, Pyy can serve as a probability measure on F; x F, by Definition 2. The probability of any event AxBS Q; x Q, is

computed simply by adding the probabilities of the individual points of (w,p)EAx B. Moreover, for any A= {w; w;, ... w;}€
Q, of s elements,

Pyy(A4/Q,) = 25'71:1 Pyy(A/{p;H)

= Xj21 Xu=1 Pey ({wy, }/{p; D)

= Zjn:ll P, (pj)/2151=1 Pl(“)iu)

=2i=1 P (‘Diu) =P, (4) (2.5)

Similarly, Pyy(Q;/B) = P, (B) forany B € Q,. Hence, Pyy ({X = x;}/{Y = y;D=P1({X = x;}or{Y = y;}) is a combined X and Y
probability measure (see) [¥l. We study the discrete probability distributions P and Q.

Then D(P // Q) > 0 with equality if and only if p; = g; for all i. Since the Kullback-Leibler distance is not symmetric and does not
meet the triangle inequality, it cannot be considered a real distance between distributions. However, it is frequently helpful to
consider relative entropy to be a "distance" between distributions. The subsequent characteristic demonstrates that the Kullback-
Leibler distance between the joint distribution Py, and the product distribution Py Py represents mutual information under a joint

probability measure.

Claim 2.2: The Kullback-Leibler distance between the joint distribution and the product distribution is the mutual information of
random variables X and Y.

Proof. Through the use of a mapping from two-dimensional to one-dimensional indices, (i,j) » (i— 1) *L+j2n
fori=1,....... JKi=12,....... , L, (2.6)

and making use of an additional mapping that converts one-dimensional indices back to two-dimensional indices,
1—[E],]—n (i—-1) =L
forn=12,......... JLL+1,. . 2L, ..., (K= DL+......... +KL (2.7)

We rewrite 1(X,Y) as

Pxy (xi.¥j)
P1(X=x;)/P2(Y=Y})

I(X' Y) = }(=1 Z]Lzl PXY(xL',! yj,) lOg

Pxy (X[n/L]¥n—(In/L]-1)+L)

= Zaa Pey (/Y- (njti-n) 108 =Xn/L)/P2 (Y=Y (In/LI-1)+L) (@8)
Since

RE1 Pey (Rpn/L1Yn—(in/Ll-1):L) = Zier Djer Pry (X1, ¥5) = 1

Eﬁ1 P(X = x[n/L])/Pz(Y = yn—([n/L]—l)*L) =Z€(=1 Zlf=1 Pi(X =x)/P(Y = Yj) =1 (2.9)

We obtain

~J6~
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PxY (X[n/L,1¥n—(In/L]-1)+L) (2.10)
Py(X=Xn/1))/P2(Y=Yn—([n/L]-1)+L) '

I(X, Y)=2KE 1 Pey (Rpn/L,1¥n—(In/L]-1)+) 108

Claim 2.3 Let X and Y be two discrete random variables. The information exchanged between X and Y meets

I(X,Y)>0 (2.11)
if and only if X and Y are independent, then with equality.

Proof. To demonstrate the claim 2.2, let's utilise the mappings between two-dimensional indices and one-dimensional indices.

I(X, Y) = 0 with equality if and only if Pxy (Xjn/1,1¥n-([n/L1-1)+.)=P1 (X = Xjn/t)P2(Y = Yn—(ujL-n«0) forn=1,2,., L, L+ 1,.,
2L..., (K= DL +..+K that is, Pyy (x;,¥;)=P1(X = x))P,(Y = y;) fori=1,..,Kandj=1, 2,.., L, or Xand Yare are separate.

I(X,Y)=0 (2.12)

Proof. Suppose the range of X is a constant x and the sample space has only one point w Then,P; (X = x) = P; (w) = 1.
Foranyj=1,2,.L,

ny(x’y]') = 21'1=1 ny(x'y]') =P, (Y = J’j) =P X =x)/P(Y = }’j) (2.13)
Thus, X and Y are independent.

Claim 2.4 Let X be discrete random variables with K values. Then

0 <H(X)<log K (2.12)

Proof. Consider two discrete random variables, X and Y. Then, the connections between conditional entry, entropy, and mutual
information are as follows:

I(X,Y) = H(X) — H(X/Y) = H(Y) — H(Y/X) = I(Y,X)

(2.15)

Consider

K L

Py (X1, y]‘)

IXY) = pry(xi,'Yj,) log _ —

et Pi(X =x)/P,(Y = }’j)

Py/x (xi.yj)

= 2l B Py (6, ) 1og =, (7P = = XIS i P (xi,7;) log P2 (Y = )

+ 285, Xty Pry (%1, ¥;) log Py x (i, ¥7)

= — 2K Mits Pey (x5, ¥;) log P, (Y = y)-(-2i Xjey Pry (%1, ¥5) log Py x (%1, )

= — Nty Xitq Pey (x5, ¥;) log P, (Y = y)-(-2i% Xjey Pry (%1, ¥;) log Py x (%1, )

= =Y P (Y = y)1og P, (Y = y)-(-Xi 1 Bicq Pey (1, ;) log Pyjx (%1, ¥7))

= H(Y) = H(Y/X) (2.16)
Claim 2.5 If all the values of X are distinct, then I(X, Y) = H(Y).

Proof. If every value of X is unique, then K=N, or the number of distinct values of X equals the number of observations.
we observe that

(1) Foralli=1,2,..,Kandj=1,2,..,L,0;=00r1.

(@) Foralli=1,2,.,Kandj=1,2,.,L,p;=0;;/N=00or1/N

(3) foreachj=1,2,.., Lsince Oy;+0;;+......... Okj =n;

Nonzero's 0;; or similar n; nonzero p;;'s, are present.
~y
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@) pi-=1N,i=12,..,K

With the aforementioned findings and the knowledge that 0 log 0=0, we have

Dbij
IXY) Z 121 1p11108 >

=YK pit log Pix +Z <1 Diz log Pi2 e, X% pi log Pi.

= anﬂ,%logpl//l\ll\l Zplzioslogplz/—/l\;\[Jr .................. + ZPIHO;I gpl/—/l\;

= anﬂ%l(’gp_ll +Zpi2¢0%10gi o + Zpiﬁoﬁlogi

=ﬂlogi+nzlogpiz+ .................. +7;ILlogp—1L

=p; 10gp—11+p2 logi+ .................. + leogi

= H(Y) (2.17)

Claim 2.6 Let p and g be two positive numbers less than or equal to 1. Then

pln®~ (p—q) + L (2.18)

The equality holds if and only if p=qg. Additionally, p is near to g.

Proof. Let's now use I (X, Y)"to represent Nx I(X, Y). Then, applying claim 2.5, we obtain 2[(X, Y)= 2N X 12] 1 Dij log p”

045/N
=225 50 8 ni/N) (ny/N)
=2 E:l J,E:] 1()u ()grln /N
< 23K, Ty (0y ~ M + 3K, 3k, S (2.19)
=1 Zij=1\Yjj =1 nim; /N .
2 L O Zzlnlzlnl (Oij_$)2
=23K 2122105 — + 3K 12 L /N
(Wr%)z
=2N-2- +Z 12 W
(Oij—m)2
= B, T, e = 2
=1 nin]-/N

Bl states that it has a degree of freedom of (K — 1) (L— 1) and follows a distribution. Therefore, 2N x I(X, Y) roughly follows a X2
distribution with (K — 1) (L — 1) as its degree of freedom. The well-known Chi-square test for determining whether two random
variables are independent is this one. This enables the assignment of a significant level that corresponds to the values of mutual
information and (K— 1) (L— 1) using the Chi-square distribution.

These are the null and alternative hypotheses

H,: There is no tie between X and Y’; they are independent.

H,:There is a relationship between X and Y, meaning that they are dependent on one other.

The null hypothesis is rejected at the « significance level according to the decision rule if the X? statistic

ninj)z

(045—
K L )
Di=1 Zj:l n

o = 2N/IKY) (2.20)

is greater than X%, the upper-tail critical value from a Chisquare distribution with (K— 1)(L — 1) degrees of freedom. That is,

~J8~
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2
Select feature X if I(X, Y) >22 (2.21)

Conclusions

Using random variables with distinct probability spaces, we have provided a unified definition of mutual information in this study.
Our proposal is to use the marginal probabilities to define the joint distribution of two random variables. Different joint
distributions will yield different mutual information values according to our revised definition of mutual information. We first
established a few characteristics of the newly defined mutual information, and then we suggested a machine learning calculation
approach. Lastly, we used credit rating with our newly specified mutual information.
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