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Abstract

Analysing data becomes complicated when multiple values are missing, as missing data introduces bias,
hampers handling and analysis, and decreases efficiency. Imputation is a technique used to address this
issue by filling in missing values based on existing data and auxiliary information. Various methods are
available for imputation. Once the missing observations are imputed, the complete data set can be
analysed using traditional methods. Historically, methods such as Mean Imputation, Ratio Imputation,
and Compromise Imputation have been employed to address missing data. In this study an alternate
estimator of population mean using estimator given by Khoshnevisan (2007) under compromised
imputation method is given. The expression for bias and mean squared error (MSE) up to the first order
approximation are derived. An empherical study is also carried out in order to compare the efficiency of
the estimator with the previously existing estimators.

Keywords: Population mean, auxiliary information, mean method of imputation, ratio method of
imputation, and compromise imputation

Introduction

Nonresponses or missing values are common occurrences in sample surveys. Item
nonresponse and unit nonresponse are the two types of nonresponse. Item nonresponse is deal
with the imputation method, while unit nonresponse is deal with the weight method. Similarly,
the most common method for solving missing values is by imputation, which replaces missing
values using the existing data as a source. Additionally, many researchers have studied the
auxiliary information available in order to increase the accuracy of population mean estimation
simple random sampling without replacement (SRSWOR). For example, Cochran applied the
auxiliary information at the estimation stage and proposed an estimator to estimate the
population mean. Bahl and Tuteja (1991) [ first proposed new ratio-type exponential method
for estimating the mean of population using information on auxiliary variable and they are
more efficient than the existing estimators.

Let the mean of the population = = {1,2, ..., N}is Y = % .- A sample s of size n is drawn
from the population by simple random sampling without replacement (SRSWOR) to estimate
population mean (V). Let the number of responding units be r out of sampled units. The set of
responding units be R and the remaining non responding units be R®. For every units i € R, the
value of y; is observed and the remaining units i € R®are missed and have to be imputed using
the imputation techniques. Here assume that the imputation has carried using the available
auxillary information x such that xi, the values x for unit i. is known and it is positive for all i
€ s. The following notations used are are given by Lee et al. (1994) for the case of single value
imputation. If the i unit requires the imputation, the value of bx; is imputed where b =

ZieRYi The data after the imputation becomes
YieRXi

Yi=bx; if i € R
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The above imputation method used is known as Ratio method of imputation. The point estimator of population mean under this
method of imputation is given by

Another method of imputation is mean method of imputation. In this method the data after imputation becomes

_{yiifiER
Yi= 9, if i e R°

The point estimator for the above method of imputation is given by
_ 1 _
Yu = ~XierYi = Vr

Singh and Horn (2000) have another imputation procedure called compromise imputation which is giving more efficient result
than the other existing imputation procedures. The data after imputation becomes

n -
_ a;yi+(1—a)bxi ifi€R
(1 —a)bx;if i € R®

Vi

The point estimator of the population mean is given by

_ _ _ X
Yeomp = a¥r + (1 — )y —
xr

The study explores the derivation and compotation procedure of an alternate estimator of population mean using estimator given
by Khoshnevisan (2007) [ under compromised imputation. The article is orientated so that it first discusses the estimators'
theoretical foundation. In the following section, the proposed estimator and its characteristics are described. The subsequent part
demonstrated how the appropriate estimator performed in comparison to the current estimators using a case study. It ends later
with some general remarks.

Theoretical background
Let us define

Iy
Y
X
§=—=-1
X
Xn
:T_l
1 X

Rao and Sitter (1995) gave the concept of two-phase sampling and the mechanism of that for given r and n we have
E(e) =E(8) =E(m) =0
And

1

E(SZ) = (% - %)CZJ/’ E(62) = (% - ﬁ) sz, E(nz) = (l _ %) sz

n

~~
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E(e6) = (¢ — )pCyCr, E@BN) = (- = D)C2, E(en) = (- — DpCyCx

Where,
2
Cc2 = S_y
y 72
2
C2. = &
X XZ
p= S
(S2Sy)

The properties (Bias and MSE) of the above discussed imputation methods are as follows,
The bias and MSE of Ratio method of imputation is,

Y _ 1 1.5

* B(J/RAT) ~ (; - ;)Y(sz - prCx)

o _ 1 1 1 1

% MSE(rar) = (3 — 1) 5% + G = DIS?, + R% 5%, — 2R;S,]
The bias and MSE of the compromised method of imputation is,

3 — 1 .o
* B(Gcomr) =~ 1 —a)(C— ;)Y(sz - pC,C,)

S

o, — . 1 1 2 _
* MSE(Ycomp) = MSE(Yrar) —C—7) (1 —pa) Y?c?,

Where,

a=1- pZ—y (suitable constant to reduce the variance)
X

Proposed imputation method for missing data
By using the estimator given by Khoshnevisan (2007) ©l, here we proposed a new estimator for missing data. The data after
imputation takes as,

{kfyi +(-Kk)jdifi€R
Yi=)y r
(1 - K)y,dif i € R®

where,

3 aX+b g
[a(afr +b)+ (A —a)(@aX+b)

where a,b # 0 are real numbers or the functions of known parameters of auxillary variables x like standard deviation (o),
skewness [B; (x)], kurtosis [, (x)], and correlation coefficient (p,).

Theorem 3.1
The point estimator of population mean(¥) under proposed method imputation is

aX+b g
+b)+(1—a)(@X+b)

ypzk)_’r+(1_k))_’r[ —
a(ax,

Proof: we have ¥, = %Zza Vi

Y+ Yy

i€R iERC

- % [2 (kgyi +(1-K)7d)+ 2(1 - k)?rd‘

i=1

1
T n

~g~
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L r r n-r

n

ZE[?Z” +(1- k)dZyr +(1 —k)dZ}_’r]
i=1 i=1 i=1

1
n

= ky, + (1 - k)d:)_"r

Then the point estimator is given as

aX+b

== [k;rj/r + (1= k)dry, + (1 = Bd(n - 1)5,]

yp = k:)_]r + (1 - k):)_"r

Theorem 3.2

g
[a(afr +b)+(1—a) (aX + b)]

The bias of the proposed point estimator is given as

gaaXy 1

800 = =R xTn G

Proof: see appendix 1.
Theorem 3.3

1_[(g + DaaX
N’ | 2(aX +b)

sz - pxyCny]

The mean squared error (MSE) of the proposed estimator y, is given by

(1 _ k)ZgZaZaZXZ

2(1 - k)gaaX

_ .1 1
MSE(3,) = yz(; -V [Cyz +
Proof: See appendix 2.

Case Study

In this section, the proposed estimator is compared with existing estimators. For this

(aX + b)?

*7 T (aX +b)

which are given by Murthy (1967), the population constants are as follows.

Table 1: Data description

https://www.mathsjournal.com

Pxy Cy Cxl

Parameters Population 1 Population 2
N 80 80
n 25 25
r (assumed) 20 20
4 5182.638 5182.638
X 285.125 1126.463
Cy 0.3542 0.3542
Cy 0.9485 0.7507
L (X) 1.2680 1.0237
L, (X) 3.5360 2.8306
VX 0.9140 0.9140
Table 2: Bias of estimators.
Estimators Population 1 Population 2
B(Vratio) 30.7116 16.6114
B(Veomp) 10.4823 7.1636
B(Vpraposed) 1.0041 -0.6762

study the two population data was used

The above table 2 is explaining about the bias of the proposed estimator and for the previously existing estimators (Ratio
estimator and compromise imputation estimator) for both the populations. According to the above population it clearly tells us that
for both populations the proposed estimator is showing less bias compared to the other estimators. Hence the proposed estimator

is giving better results than other existing estimators.

Table 3: MSE of estimators.

Estimators Population 1 Population 2
MSE (ratio) 203055.82 147179.33
MSE(Vzomp) 98215.14 98215.14

MSE(¥praposea) 74650.61 91095.63

~g~
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The table 3 showing the MSE of Proposed estimator and the existing estimators (Ratio estimator and compromise imputation
estimator). Form the above table for both the populations MSE of proposed estimator is less than the existing estimators by this
we can conclude that the proposed estimator is preferable over the existing estimators by obtaining efficient point estimator.
Figure 1 indicates that the proposed estimator has the lowest bias compared to other two estimators. Similarly, in case of MSE, the
proposed estimator outperforms than the other estimators.

B(ratio) B(comp) B(Propo)

Population1 e Population 2

Fig 1: Bias of the estimators
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150000
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50000

0

B(comp) B(Propo)

Population 1 Population 2

Fig 2: Mean squared of the estimator

Conclusion

A problem of non-response for a specific unit or units in the population occurs frequently in surveys involving the medical
profession, social surveys, and household surveys etc... Due to missing values in the data set, this non-sampling error may creep
and produce wrong inferences. In the present study, the alternative estimator of population mean under compromised imputation
method has been proposed. Its bias and MSE also been proposed. For the proposed estimator the efficiency has been checked and
prove to be more efficient than the existing estimators like ratio method of imputation, mean method of imputation and
compromised imputation.
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Appendix — 1: To prove 3.2 theorem, we have the point estimator as

yp = kyr + (1 - k)yr

Vp=ky(d+e)+ (1-k)y(l+e) L‘ [

aX+b
[a(afr +b)+(1—a)(@aX+b)

g
] expressing in terms of €,8 and n

aX+b g
a(1+8)X+bl+ 1 —-a)(aX +b)

4O+ (- A+ o) 2D ’
=y &)+ ( )y +e) aX + b+ aadX
R SR PR ’
=ky ) +( )y(1+¢) X Th
_ _ [ gaaXs  g(g + 1a?a?X?5?
= ky(1 1-k)y(1 1——— J
ya+e+A-kyd+e |l - 2(aX + b)?

=k}7(1+s)+[37—k37+375—k375—

Yo

Yp__

gaaXys gakaXys gaaXyed gaaXykes g(g+ 1)a’a’X?*ys?

(aX+b) (aX+b) (aX+b) (aX+Db) 2(aX + b)?
kg(g + Da?a?X?yés?
2(aX + b)?
ot en (1 —k)gaaXys (1-k)gaaXyes (1-k)g(g+ Da?a’X?*y5?
ST T TG + b) (aX + b) 2(aX + b)?
_ (1 —-k)gaaXy 9(g + Daaxs?
S I s e - TI T 0
(aX + b) 2(aX + b)

Taking expectation on both side

EGp) -V = YE(e) —

(1-k)gaaXy
(aX+b)

[E6) + E(e6) - L2099 (52|

2(aX+b)

gaaXy 1 1_[(g+ DaaX

B(%)=(0-k)—=—=GC-2) |55 C%— pxycycx]

(@aX+b)r N’'|2(aX+b)

~G~
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Appendix — 2: To prove 3.3 theorem, we have

(1-k)?g%a?a?X?y%6% 2(1 - k)gaaXy?es
(aX + b)? (aX + b)

Gp —¥)? =y +
Now apply expectation on both side

(1 —k)?g2a?a?X?y? E[57] - 2(1 — k)gaaXy?
(aX + b)? (aX + b)

E[ed]

E|, - ¥)] = 7*Ele?] +

_ (1_1)(: , (A —=k)3g*a*a*X*y? <1_1) 2_2(1—k)gaa)?372(1_1) cc
N/ 7Y (aX + b)? r NJ7* (aX + b) r o NPyt
1 1 (1 -k)?g?a?a®X? 2(1 - k)gaaX
MSE(3,) = y*(=—-) |C,* + = 2 -~ I C
%) =7 (r N)[ y (aX + b)? * (aX + b) Parybybx

In order to obtain the value of k differentiate w.r.t. (1-k) and equate to zero, then

o1 aX+b Cy
B gaaX Pxy Cy

~T~
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